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Abstract

In this paper we study admissible extensions of several theories T' of reverse math-
ematics. The idea is that in such an extension the structure 9 = (N,S, €) of the
natural numbers and collection of sets of natural numbers S has to obey the axioms
of T while simultaneously one also has a set-theoretic world with transfinite levels
erected on top of 9 governed by the axioms of Kripke-Platek set theory, KP.

In some respects, the admissible extension of T can be viewed as a proof-theoretic
analog of Barwise’s admissible cover of an arbitrary model of set theory (in his book
“Admissible Sets and Structures”). However, by contrast, the admissible extension
of T is usually not a conservative extension of 7. Owing to the interplay of 7" and
KP, either theory’s axioms may force new sets of natural to exists which in turn may
engender yet new sets of naturals on account of the axioms of the other.

The paper discerns a general pattern though. It turns out that for many familiar
theories T', the second order part of the admissible cover of T' equates to T augmented
by transfinite induction over all initial segments of the Bachmann-Howard ordinal.
Technically, the paper uses a novel type of ordinal analysis, expanding that for KP to
the higher set-theoretic universe while at the same time treating the world of subsets
of N as an unanalyzed class-sized urelement structure.

Among the systems of reverse mathematics, for which we determine the admissible
extension, are I1}-CAy and ATRy as well as the theory of bar induction, BI.

Keywords: Kripke-Platek set theory, I} comprehension, infinite proof theory, reverse
mathematics, ordinal analysis, ordinal representation systems, cut elimination.
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1 Introduction

In this paper we study admissible extensions of several theories T' of reverse mathematics.
The idea is that in such an extension the structure 9t = (N, S, €) of the natural numbers
and collection of sets of natural numbers S has to obey the axioms of T" while simultaneously
one also has a set-theoretic world with transfinite levels erected on top of 9t governed by
the axioms of Kripke-Platek set theory, KP.

In some respects, the admissible extension of T' can be viewed as a proof-theoretic
analog of Barwise’s admissible cover of an arbitrary model of set theory (in his book
“Admissible Sets and Structures”). However, by contrast, the admissible extension of T’
is usually not a conservative extension of T. Owing to the interplay of T" and KP, either
theory’s axioms may force new sets of naturals to exists which in turn may engender yet
new sets of naturals on account of the axioms of the other.

This approach will be studied in detail and paradigmatically by combining II} com-
prehension on the natural numbers with Kripke-Platek set theory, the respective theory



being called KP + (II}-CA*). In the next two sections we present the syntactic machinery
of this system and then turn to its Tait-style reformulation, which is convenient for the
later proof-theoretic analysis. For this proof-theoretic analysis we make use of a more or
less standard ordinal notation system, following Buchholz [3], that includes the Bachmann-
Howard ordinal BH and the collapsing functions needed later.

Section 5 introduces the semi-formal system RS* in which KP + (IT}-CA*) will be em-
bedded. For the subsequent analysis of RS* the paper uses a novel type of ordinal analysis,
expanding that for KP to the higher set-theoretic universe while at the same time treating
the world of subsets of N as an unanalyzed class-sized urelement structure.

Based on these results we turn to the reduction of KP+ (I1}-CA*) to IT{-CA+ TI(<BH)
in Section 6. Main ingredients here are the notions of a-suitable trees - extending Simpson’s
suitable trees in [18] - and a specific truth definition based on those.

The final section shows how the previous results can be extended to other systems of
reverse mathematics such as ATRy and BI.

2 KP and (I1}-CA¥)

Let L¢ be the usual language of set theory with € as its only non-logical relation symbol
plus set constants @ (for the empty set) and w (for the first infinite ordinal). £5¢ is the
extension of L¢ by countably many unary relation variables.

The set terms of L5 are the set constants and the set variables. The atomic formulas
of L5 are the expressions of the form (a € b), (a ¢ b), U(a), and —U(a), where a,b
are set terms and U is a relation variable. The formulas of £5¢ are built up from these
atomic formulas by means of the propositional connectives V, A, the bounded set quantifiers
(3x € a), (Vz € a), the unbounded set quantifiers 3z, Vz, and the relation quantifiers 3.X,
VX. We use as metavariables (possibly with subscripts):

e u,v,w,x,y, z for set variables,

e a,b,c for set terms,

e U V,W. X Y,Z for relation variables,
e A B,C,D for formulas.

Observe that all £5¢ formulas are in negation normal form. We assume classical logic
throughout this article. Therefore, the negation —A of an £5* formula A is defined via
de Morgan’s laws and the law of double negation. Furthermore, (A — B) is defined as
(mAV B) and (A<« B)as (A— B)A (B — A)).

To simplify the notation we often omit parentheses if there is no danger of confusion.
Equality is not a basic symbol but defined for sets and relations:

(a=0b) == (Vzxea)(xeb) N (Vzeb)(x € a),
U=V):= Ve ew)(U(x) + V(x)).

Since relations are supposed to range over subcollections of w — see axiom (Sub w) below
— this definition of the equality of relations makes sense.

The vector notation @ will be used to denote finite sequences of £5° terms. A® results
from A by restricting all unbounded set quantifiers to a; relation quantifiers QX are not
affected by this restriction. The Ag, 3, II, 3,,, and II,, formulas of L5 are defined as usual
where relation variables are permitted as parameters. The bounded formulas are all those



L5 formulas which do not contain unbounded set quantifiers; they may contain relation
quantifiers.

Moreover, we shall employ the common set-theoretic terminology and the standard
notational conventions, for example:

o Tranla] = (Vx € a)(Vy € z)(y € a),
e Ordla] := Tran[a] A (VYx € a)Tran|x],
e Succla] = Ord[a] A (3z € a)(a =z U {x}),

inonata | Ordlal A (a=2 v Sucelal) A
o FinOrdla] := (Vo € a)(z =2 V Succlz]).

Clearly, Succla] and FinOrd|a] express that a is a succesor and finite ordinal, respectively.

Now we formulate Kripke-Platek set theory KP in L5, based on classical logic.! Its

non-logical axioms are:
Equality) a=0bA Dla] — DJbl.
Sub w) U(a) = a € w.
Pair) Jz(a€z A bE2).

Union) Jz(Vy € a)(Vz € y)(z € 2).

Infinity) a€w < FinOrd|a).

Ag-Sep) Jz(z = {z € a: D[z]}).

Ap-Col) (Vz € a)JyD[z,y] — 3z(Vx € a)(3y € z)D[z,y].
e-Ind) Ve ((Vy € x)Aly] — Alz]) — VaAlx].

The formulas D in the schemas (Equality), (Ap-Sep), and (Ag-Col) are Ay whereas the
formula A in (€-Ind) ranges over arbitrary formulas of £5.

(
(
(
(
(Empty set) (Vz € @)(x # x).
(
(
(
(

It is easy to see that the theory KP is a conservative extension of the usual first order
formalization of Kripke-Platek set theory with infinity.
In this article we are interested in the theory that is obtained from KP by adding the

following form of II} comprehension, where D[z, Y] is a A formula of £5¢,

(IT-CA*) 3Z(Vr € w)(Z(x) < VY D[z,Y]).

From (Ap-Sep) — and here it is crucial that relations are permitted as parameters — we
immediately obtain that the intersection of any relation with w is extensionally equal to a
subset of w. On the other hand, in view of (IT}-CA*) we also know that for every subset of
w there exists a relation with the same elements.

Let Lo be the usual language of second order arithmetic as presented, for example,
in Simpson [18]. A natural translation of Ly into £5¢ is defined as follows: The number
variables of Lo are interpreted in £5° as ranging over w and the set variables of Ly are
replaced in L5 by relation variables. The other symbols and connectives of Ly are dealt
with as in [18, VIL.3.9].

It is also clear that our comprehension schema (II{-CA*) implies the usual form of I1}
comprehension of second order arithmetic modulo its natural translation into £5¢.

!Observe that (a = a) and (U = U) are provable by logic.



Remark 1. Let A'[z,Y] be the natural translation of an arithmetical A[z,Y]. Then
KP + (TI}-CA*) proves that

(Fz Cw)(Vx ew)(z € 2 < (Vy Cw)A[z,y]).

3 A Tait-style reformulation of KP + (II{-CA*)

The basic idea of a Tait-style is that it derives finite sets of £5¢ formulas rather than indi-
vidual £5¢ formulas. The intended meaning of such a set is the disjunction of its elements.
This reformulation is for technical reasons only and simplifies the proof of Theorem 21.

The Greek capital letters I', ©, A (possibly with subscripts) will act as metavariables for
finite sets of £5¢ formulas. Also, we write (for example) I', Ay, ..., A, for TU{A1,..., Ap};
similarly for expressions such as I', ©, A.

The Tait-style axioms of KP + (IT}-CA*)

(TuD) T, -D, D.

(Equality) T, a # b, =Dla], D[b]

(Sub w) I, ~U(a), a € w.

(Pair) I'3z(aez AN be z).

(Union) I, 32(Vy € a)(Vx € y)(x € 2).

(Empty set) TI',a & @.

(Infinity) [, a €w « FinOrdla).

(Ag-Sep) I', 32(z = {z € a: D[z]}).

(Ap-Col) I, (Vz € a)3yD[z,y] — Fz(Vz € a)(Jy € 2)Dl[z,y].
(e-Ind) I, Vo ((Vy € z)Aly] — Alz]) — VaA[z].
(IT}-CA*) [, 3Z(Vz € w)(Z(z) + VY Dlx,Y]).

, (Equality), (A¢-Sep), (Ao-Col), and (IT13-CA*)
€-Ind) may be an arbitrary £5° formula. (TnD)

In these axioms the formulas D in (TnD
are supposed to be Ag. The formula A in
stands for “Tertium non datur”.

)
(

The Tait-style Inference rules of KP + (I[3-CA*)

m ) : ;1, A /\Fé =W
roar O A W)
1?,7 é)ai . g)j [[g] (63) Fp’,u(\fxae ;j[g]‘] (bY)
% (32) % (V)
ra Lo



Of course, it is demanded that in (V) and (bY) the eigenvariable v must not occur in the
conclusion; the same is the case for the variable U in (V2).
We say that I is Tait-style devivable from KP+(IT}-CA*) iff there exists a finite sequence
of finite sets of L5 formulas
©0,...,0p

such that ©p, is the set I' and for any ¢ = 0,...,h one of the following two conditions is
satisfied:
e O; is a Tait-style axiom of KP + (T[{-CA*).
e O; is the conclusion of an inference of a Tait-style inference rule of KP + (I1}-CA*)
with premise(s) from Oy,...,0;_1.

In this case we write KP 4 (IT}-CA*) " T and say that T' has a proof of length h. It
is an easy exercise to show that a formula A is provable in one of the usual Hilbert-style
formalizations of KP+ (IT}-CA*) iff KP+ (IT}-CA*) " A for some natural number h. Details
are left to the reader.

4 Ordinal notations

In the next sections we establish the upper proof-theoretic bound of the theory KP -+
(IT}-CA*). Our method of choice is the ordinal analysis of KP + (II1-CA*) via a system RS*
of ramified set theory. And in order to build up this system and to control the derivations
in RS* we work with specific ordinal notations. The following outline is based on ideas
going back to Buchholz [3].

Definition 2. The set of ordinals C'(«, ) and the ordinals ¢)(«) are defined for all ordinals
« and 8 by induction on .

(i) {0,Q}UB < C(a, B).

(ii) If n,& € C(a, B), then n + & € C(a, B) and wt € C(a, B).
(iii) If € < a and € € C(a, B), then ¥(€) € C(a, B).
(iv) ¥(a) == min({n € On : C(a,n) N Q =n}).

The following lemma summarizes some key properties of the sets C(a, ) and the
function . For its proof see Buchholz [3].

Lemma 3. We have for all ordinals o, oy, s, B:
(1) (o) < 9.
(2) Cla,p(a)) NQ=y(a).
(3) Y(a) is an e-number.
(4) If cn < ag and a1 € C(ag,P(az)), then Y(ar) < P(az).
(5) [f aq < a2, then 1;[)(051) < 1,[)(0[2) and C(a17¢(a1)) - C(OZQ,'(ﬁ(OZQ))'
(6) C(e,0) = Cla,p(a)).
We write g1 for the least ordinal o > €2 such that w® = «v. Its collapse BH := 1(eq+1)
is called the Bachmann-Howard ordinal. This number gained importance in proof theory
since it is the proof-theoretic ordinal of the theory ID; of one positive inductive definition

and of Kripke-Platek set theory KP; see, for example, Buchholz and Pohlers [6], Jager [11],
and Pohlers [13].



5 The semi-formal ramified system RS*

In this section we introduce the semi-formal proof system RS* of ramified set theory. We
begin with extending our language £5¢ to the language £* and then present the axioms
and rules of inference of RS*. Afterwards we turn to operator controlled derivations and
some basic properties of RS*. We show that KP + (IT}-CA*) can be embedded into RS* and
prove cut elimination and collapsing for RS*. Henceforth, all ordinals used in this section
on the metalevel range over the set C(eq+1,0) if not stated otherwise.

5.1 The language L£*

The basic idea is to extend the language £5° to the language £* by adding unary relation
symbols M, and new quantifiers 3z¢ /Vz® for all a < Q. The quantifiers Qx® are sup-
posed to range over M,, and later, see Subsection 6.1, an atomic formula M, (a) will be
interpreted as stating that a can be coded by a so-called a-tree.

Definition 4. The formulas F of RS*, their ranks rk(F) and parameter sets |F| are
inductively defined as follows.

1. If @ and b are set terms of £5%, then (a € b) and (a ¢ b) are formulas with
rk(a € b) :==rk(a ¢ b) := 0 and |(a € b)| := |(a ¢ b)| := {0}.
2. If a is a set term and U a relation variable, then U(a) and —U(a) are formulas with

rk(U(a)) := rk(=U(a)) := 0 and |U(a)| := |-U(a)| := {0}.

3. If a is a set term and M, one of these new relation symbols, then M, (a) and =M, (a)
are formulas with

rk(My(a)) := rk(-My(a)) := wa and [My(a)| := |- My(a)| := {a}.
4. If F and G are formulas, then (FV G) and (F A G) are formulas with
rk(FV G) :=1k(F A G) := max(rk(F), rk(G)) + 1,
|FVG|:=|FAG|:=|F|U|G|.
5. If Flu] is a formula, then (3z € a)F[z] and (Vx € a)F[z] are formulas with
rk((Jz € a)F[z]) := rk((Vx € a)F[z]) := rk(u € a N Flu]) + 1.
Bz € a)Flz]| := |(Va € a) Fla]| := |Flu]].
6. If Flu] is a formula, then 32® Flz] and Yo®F[z] are formula with
rk(Ix*Flz]) := rk(Va“Flz]) := rk(Mq(u) A Flu]) + 1.
B Fla]] == [Va® Flz]| := {a} U |Flu]].
7. If Flu] is a Ag formula of £5%, then 3z F[z] and Vo F|x] are formulas with
rk(JzF[z]) := rk(VaFz]) := Q,
B Fla]] == [V Flz]| := |Flu]|.



8. If Flu] is not a Ag formula of £5¢, then 3z F[z] and VzF|x] are also formulas but
with

rk(3xF[z]) := rk(VzF[z]) := max(Q + 1, rk(F[u]) + 3),
|FxF[z]| := |VaFx]| := |Flu]|.

9. If F[U] is a formula, then 3X F[X] and VX F[X] are formulas with
rk(AX F[X]) = rk(VX F[X]) := rk(F[U]) + 1,
|IAXF[X]| := VX F[X]| := |F[U]].

Finally, we define the level of a formula as

max(|F|) if rk(F) < Q,
lev(F) =
Q if @ < rk(F).
To be precise: If F'is a formula of RS*, then |F'| collects the levels of the relations

symbols M, and of the quantifiers Qx® occurring in F' plus possibly the number 0.
There are several collections of £* formulas that will play an important role later.

1. D is the collection of all £* formulas in which unbounded set quantifiers Qx and
relation quantifiers QX do not occur.

2. § is the closure of D under the propositional connectives, quantifiers Qz%, bounded
quantifiers (Qx € r), and unbounded existential set quantifiers.

3. & is the subclass of S that contains all 3 formulas of £5¢ that are not Ay.
4. B consists of all £* formulas that do not contain unbounded set quantifiers Qx.

Some important properties of the ranks of RS* formulas are summarized in the following
lemma. Its proof is straightforward and will be omitted.

Lemma 5.

1) rk(F) = rk(-F) < w-lev(F) 4w < Q4+ w.

2) rk(F) < Qiff F belongs to B.

4) rk(My(a) A Fla]) < rk(3x*Flz]) < rk(3xFz]).

5

(1)

(2)

(3) If rk(3F[z]) = Q, then F[u] is a Ag fromula of L3,
(4)

(5) rk(s € A Fls]) < rk((3z € r)Flz]) < rk(3zF|z]).
(6)

6

h(F[P)) = rk(F[U]) < rk(3XF[X]).



5.2 Axioms and rules of inference of RS*

For technical reasons we shall use a Tait-style sequent calculus as proof system for RS*. This
means that we derive finite sets of £* formulas rather than individual £* formulas. In the
following the Greek capital letters I', ©, A (possibly with subscripts) act as metavariables
for finite sets of £* formulas. Also, we write (for example) I', Fi, ..., F,, for TU{F}, ..., F,};
similarly for expressions such as I', ©, F'. If ' is the set {F1,..., F} we define

U] :== |F|U...U|F;| and TV := Fj V...V F

such that |T'| collects the parameter sets of the formulas in T and TV is the disjunction of
its elements. Clearly, I'V reflects the inteded meaning of T

Axioms of RS*
(1) T, ~F, F for F € B.
(2) T, a #b, ~Fla], Fb] for F[u] € B.
(3) T, ~U(a), a € w.
(4) T, =Mo(a).
(5) T', My(2).
(6) I',a ¢ @.
(1) Ty My (w).
®) T, (a ew ¢ FinOrdla)).
(9) T, ~Ma(a), Ms(a) for a < 5.
(10) T, =May1(a), b ¢ a, Ma(b).
(11) T, =My (a), ~Mg(b), 3zt (a€z Abe2) fora<p.
(12) T, =Ma(a), 322(Vy € a)(Vz € y)(z € 2).
(13) T, =Ma(a), 3:°* (2 = {z € a: D[z]}) for D[u] from Ag of L5,
(14) T, 3Z(Vz € w)(Z(z) ¢ VY Dlz,Y]) for Du, V] from Ag of L5,

Please observe that the main formulas of all axioms belong to B. This will be important
in the later subsections when it comes to the ordinal analysis of the derivations in RS*.

Inference rules of RS*

V) I, F G
I,FVG
" rF T,G

[,EAG



I', -Mpg(a) for all B < A

for A limit
T, My (a) or A limi

(=M)

I', Mg(a) N Flal
I, 3z F[x]

I', ~Mg(a) V Fla] for all < Q and all a
I, Vo F[z]

I', Mg(a) A Flal
I, Jz*Fx]

for p <«

I', ~Mpg(a) V Fla] for all 8 < o and all a

(%) I, Vxo Fx]
I'bea AN F[b]
(63) I', (3z € a)F[z]
I'ybo¢aV F[b for all b
(59) I, (Vx € a)F|x]
T, F|U]

(32) T, IXF[X]

I, F[U] for all U

(v2) T, VXF[X]
oy DF . r,-F
(So-Ref) F,l—ﬂ‘izi(z) for F € S
(BC) L, F? for F € S

T, 325+ F()

If F is from S, we write F? for the result of replacing each unbounded existential quantifier
Jz by 32°. This must not be confused with F(®) where each unbounded set quantifier Qz
in F' is replaced by (Qz € a).

The meaning of the rules (V) — (Sp-Ref) should be self-explaining. Rule (BC) will be
needed in connection with the boundedness and collapsing results in subsection 5.7.

5.3 Derivation operators

The general theory of derivation operators and operator controlled derivations has been
introduced in Buchholz [4]. In the following we adapt his general approach to the more
specific (and simpler) situation with which we have to deal here.

Definition 6. Let Pow(On) denote the collection of all sets of ordinals. A class function
H : Pow(On) — Pow(On)

is called a derivation operator d-operator for short) iff it is a closure operator and satisfies
the following conditions for all X,Y € Pow(On):
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aceH(X) <= ai,...,ar € H(X).

These requirements ensure that every d-operator H is monotone, inclusive, and idem-
potent. Every H(X) is closed under + as well as £ — w¢, and under the decomposition of
its members into their Cantor normal form components.

let H be a d-operator. Then we define for all finite sets of ordinals m the operators

Hm] : Pow(On) — Pow(On)
by setting for all X € Pow(On):
Hm](X) = H(mUX).

Also, we simply write H[o] for H[{c}]. If H and K are d-operators, then we write H C K
to state that
H(X) C K(X) for all X C On.

In this case K is called an extension of H. The following observation is immediate from
these definitions.

Lemma 7. If H is a d-operator, then we have for all finite sets of ordinals m,n:
(1) H[m] is a d-operator and an extension of H.

(2) If m C H(D), then H[m] = H.

(3) If n C H[m|(@), then H[n] C H[m].

Now we turn to specific operators H,. They will play a central role in the collapsing
process of RS* derivations; see Theorem 24.

Definition 8. We define, for all d-operators H, the operators
Ho : Pow(On) — Pow(On)
by setting for all X C On:
Ho(X) = ﬂ{C(a,B) X CCla,B) & 0 < a}.

In the following lemmas we collect those properties of these operators that will be
needed later. For their proofs we refer to Buchholz [4], in particular Lemma 4.6 and
Lemma 4.7.

Lemma 9. We have for all ordinals o, 7 and all X C On:
(1) Hy is a d-operator.

(2) Ho(@) =C(o+1,0).

(3) T<o and T € Ho(X) = (7)€ Ho(X).

10



(4) o<1 = HsCH,.

(5) Ho(X) N Q is an ordinal.

Lemma 10. Let m be a finite set of ordinals and o be an ordinal such that the following
conditions are satisfied:

mCClo+1,9(c+1)NQ and o € Hym|(D).
Then we have for & = o +w™™® and B := o + w?B:
(1) a € Ho[m](2) = a€Hom|(@) and ¥(Q) € Ha[m|(2).
(2) a € Holm)(@) and a <f = (@) < v(B).
(3) Ho[m](2)NQ C (o +1).

Convention. From now on the letter A will be used as a metavariable that ranges over
d-operators.

5.4 Operator controlled derivations in RS”
For formulas F', finite formula sets I', and d-operators H we define
HIF]|:=H[|F|]] and H[[]:=H[T]].
Likewise, if each f1,f2,...,fx is an ordinal, a formula or a finite set of formulas we define

Hfr, f2l == HIfl[f2l,  HIFr, T2, f3] == Hlf1, Follfsl, -

and you can convince yourself immediately that the order of the expressions fi,f2,...,fx
does not matter.

Definition 11. Given a derivation operator H and a finite set © of RS* formulas, H }% S}
is defined by recursion on «:

1. If © is an axiom of RS* and {a} U|©| C H(2), then H }% ©.

2. For the inference rules of RS* we proceed according to the ordinal assignments listed
below; in addition, we always demand that {a} U |0©| C H (@) for the conclusions ©
of all rules.

Inference rules of RS* with ordinal assignments

HIEC T, F, G
(V) —r ap <
”Hb IFvG
HEE T, F  HET,G
(N) £ = L ap, a1 < @
’Hb I FAG

11



(=M)

(63)

(bv)

(Cut)

(So—Ref)

(BC)

H[B] }QTB I', =Mga(a) for all § < A
HE- T, ~My(a)

X
=
T
—

J
=
5
<

B!

[a] for all 8 <« and all a
, Vo Fx]

X
SE
.

- T,beaAF[y)
}% I, (3z € a)F|x]

H
H

HIS- T, b¢aV F[p] forall b

HE- T, (Vo € a)Fla]

HIS- T, F[U]
HE- T, 3XF[X]

HI- T, F[U] for all U
HE- T, VXF[X]

ag
HE T,

12

ag < «
A limit

o) <
b <«

B<O¢5<a

o) <
B<a

apg < o

o) <

o) <

o) <

o) <

o) < o
rk(F) < p

ap, ) <
Feds

o) <
Fes



This concludes the list of the rules of inference of RS* with their respective ordinal assign-
ments.

The following lemmas collect a few basic properties of the system RS*. They are proved
by straightforward induction on «a.

Lemma 12 (Weakening).

HIST & a<BeH®@) & p<o & [8]CH(E) = HIZT,6.

Lemma 13 (Inversion).

LHET,AVE & Q<rk(RVE) = U T, R, E.

2 HE- T, AIANE & Q<rk(AR) & ic{l,2} = HE T, F.
3. HIZ- T)VaFla] & BeH(@)NQ = HIT T, ~Ms(a) V Fla].

4 M T,VaFz] & BeH(@)NQ = HI T, Va'Fla]

5 HE-T, (Vo€ a)Fa] & Q< rk(F[w)]) = HIS T,b¢aV Fls].
6. HIZ- T, VXF[X] & Q<rk(FIU]) = HI- T, F[U].

Lemma 14 (Boundedness). Assume FF € S, a < 3 < Q, and 8 € H(D). Then we have
for all T that
HE-T,F = HE T, F

This boundedness lemma is one of the main ingredients of impredicative cut elimina-
tion and will play a central role in the proof of the collapsing theorem in Subsection 5.7.
However, before dealing with cut elimination we turn to some embedding results.

5.5 Embedding

In a next step we show that KP + (II3-CA*) can be embedded into RS*, and as it will turn
out, that finite derivations in KP + (II{-CA*) translate into uniform infinitary derivations
in RS*. We begin with showing (TnD).

Lemma 15. For any H and any F we have that
H[F] rk(F)qgé'r‘k(F) ~F, F

Proof. We proceed by induction on rk(F'). If F' is from B, then —F, F' is an axiom, and
we are done. Now suppose that F' is of the form 3xG[z] and observe that, for any § < Q,
the rank of the formula Mgz(a) A G[a] is independent of a. Therefore, we can set

ps = rhk(Mg(a) NGla]) and p = rk(IzGlz])
and immediately obtain 8 < pg # p < p # p. Moreover,
H[Mpg(a) A Glal] = H[FzGx], b].
Thus the induction hypothesis yields

H[F2Glz], B EELE ~Mpy(a) v ~Gla), Ms(a) A Gla)

13



and an application of (3) gives us
H[FaGlx), B] 2L ~Mg(a) V —Gla], 3xGla]).
This is so for all 5 < © and all a. Therefore, by means of (V) we obtain
H[F2Glz]] AL Va-Glz], 3G,

as desired. The other cases are similar. O

Lemma 16 (Lifting). For p := rk(3x*F[z]) and all H we have that
H[F[u)) K22 ~32°F (2], JoF[z).
Proof. For pg := rk(Mga(a) A Fla]) we obtain from the previous lemma that
#
HIF[u), B] 257 ~Mg(a) V ~Fla], Mg(a) A Fla]

for all 8 < . By applying (3) and (V) our assertion follows. O

Lemma 17 (&-induction). For every formula Flu] and all H we have

HIF[u]] Kot Va((Vy € 2)Fly) — Fla]) — VaFlal,
where o = wE(Vz(Yyer)Fly|=Flz]))
Proof. We set
G = Va((Vy e 2)Fy] = Flz]), o = o™~y = o #w®
and prove in a first step

(*) H[Fv a] % —|G, _‘Ma(a)7 F[a]

by induction on «. If || = 0, then simply apply Axiom (4). If a is a limit, then the
assertion is immediate from the induction hypothesis by means of inference rule (—M).
Now suppose o = 3+ 1. Then H[F, 3] = H|[F, a] and the induction hypothesis gives us

HIF, o] - —G, =Mg(b), Fb].
In view of Axiom (10) we also have
H[F, o]ty ~Ma(a), b ¢ a, Ms(b).
Therefore, a cut yields
H[F, o] 2L —G, ~M,(a), b ¢ a, F[b].
Using (V) and (bV) we can continue with
H[F, o] P2 —G, ~M,(a), (Vz € a)Fla].
On the other hand, the previous lemma also implies that

H[F, o] g —F[a], Fla).

14



From the previous two assertions we obtain
H[F, o] P2 —G, =M, (a), (Vz € a)F[z] A —F[d], Fla]
via (A) and from the latter
HIF, o }'yﬁﬂi -G, = My(a), My(a) A (Vz € a)F[z] A =F|al), Fla]
via Axiom (1) and (A). Thus (3) and the definition of G lead to
H[F, o] Fs- ~G, ~M,(a), Fla).

Therefore, (*) is proved.
The rest is simple. The rule (V) applied to (*) yields

H[F, o] Bs G, ~Mg(a) V Fla]
for all a < Q and all a. Hence we are in the position to apply (V) and deduce
o+
H[F, | Fq— -G, VoF|x].

From this our assertion follows by applying (V). O

Lemma 18. We have for all H, all a,b, and all o, 3:
(1) Hig Mi(@) A (Vz € @)(z # ).

(2) HE- My (w).

(3) H% -“My(a), (a € w + FinOrdlal).

whBt+2

(4) Hlew Bl togrors ~Mala), ~Mp(b), 3z(a €z A bE2) fora <B.

wa+2

(5) H|a] }m —My(a), 3zVy € a)(Vx € y)(z € 2).

Proof. These five assertions are immediate consequences of the respective axioms and
Lemma 16. O

It d=aj,...,ar and @ = ay, ..., ax, then we write =Mgz(a) for the set
{-My,(a1),...,~ My, (ag)}.

Now we turn to Ag separation and our form of II} class comprehension. Again, they are
basically given by the axioms. However, for (Ag-Sep) a cut is needed.

Lemma 19 ((Ag-Sep) and (IT}-CA*)). Let A[u,v] and Blu, @, W] be Ao formulas of L5

whose free set variables are from the list w,v. Then we have for all H, all o, B, and all a,b:
(1) Hle, 5] e =M (a), ﬂMﬁ(g), J2(z={x €a: Alz,b]}), where p:= wmax(e)+2,
(2) HB] kg ~Mj(b), 3Z(Va € w)(Z(x) VY Blz,b,Y]).

Proof. The first assertion is obtained from Axiom (13) and Lemma 16 by a cut. The second
is a direct consequence of Axiom (14). O

15



Lemma 20 (Sy reflection). Let Ali] be a formula from Sy whose free set variables are
from the list 4. Then we have for all H, all &, and all @ that

H[@) Iy ~Ma(@), Ald] — 32A[a),
where o = w™ AL+
Proof. In view of Lemma 15 we have

H[a]H ~Mg(@), ~Ald), Ald)

for p := rk(Ala]) # rk(A[d]). Since A[d] is a proper ¥ formula, we know that 2 < p. Now
we apply (Sp-Ref) and obtain

H[@] AL ~Ma(a), -Ala), 3:44)[a)

Thus an application of (V) yields our assertion. O

Theorem 21 (Embedding). Let T'fuy,...,ux] be a finite set of L formulas whose free
set variables are exactly those indicated and suppose that

KP + (II}-CA*) " Tluy,. .., uxl.

Then there exist m,n < w such that

wQ+m . .
H]A | g ~Ma(a@), Tla]
forall H, alld = aq,...,ap, and all @ = aq,...,a;.

Proof. We proceed by induction on the length h of the derivation of I'[¢] in the Tait-style
formalization of KP + (IT1}-CA*). If T'[&7] is an axiom, then the assertion follows from
Lemma 15 — Lemma 20. Observe that Ag collection is a special case of Sy reflection.

As a first example of an inference rule we treat (V). Then I'[¢] contains a formula of
the form Vz A[z, @] and in KP + (I1}-CA*) there is a shorter derivation of

[@], Alv, @],

where v is a fresh set variable not occurring in T'[¢] and IV[u] is either T'[@] or T'[@] \
{VzA[x,u@]}. Thus the induction hypothesis provides us with mg, ng < w such that

wQ+m0

H[&a /8] }Tno ﬁM&(a)v _'Mﬁ(b)7 F/[JL A[baa]
for all @, 8 and all @,b. Now we apply (V) and then (V) and obtain

LUQ+"L

H|A g ~Ma(a@), T'[d], Vo Alz, @]

for m := mp-+1 and arbitrary @ and a@. Since Yz A[z, d@]belongs to I'[@] this is our assertion.

As second example we treat the rule (3). Then I'[4] contains a formula of the form
JxAlz, @] and in KP + (IT1}-CA*) there is a shorter derivation of

I[@], Alb, ],

for some set term b and I"[@] is either I'[&] or T'[@]\{VzA[b, @ ]}. Now we have to distinguish
three cases:

16



(i) bis the term & or the term w. Then the induction hypothesis supplies us with mg, ng < w
such that

w!l+m0

H[&] }Tno _‘M&(C_L'), F[C_i]a A[baa]
for all & and all @. Together with Axiom (5) or Axiom (7) and (A) we thus obtain

wSttmo 41

H[E] 1t —Mg(@), T[a], Ms(b) A Alb, d]

(where 3 is 1 or w + 1) and thus, by (3),

wﬂ+m

H[d] bgme ~Ma(a@), T'ld], JzAlz, a].

for m := mgy + 1 and arbitrary @ and a.
(ii) b is the variable u;, 1 <i < n. Then the induction hypothesis yields

wﬂ+m0

/H[O_Z] }Tno _‘M&(c_i), F[Cﬂ, A[aha]

for suitable mg, ng < w, all @ and all @. Now Axiom (1) and (A) give us

wQ+m0 +1

7-[[07] Q+no _'MO_Z(&’)v F[ﬂ? Mai(ai) A A[aiv C_’:]

and from there we proceed as in (i).

(iii) b is a set variable not occurring in I'[#]. Then the induction hypothesis supplies us
with mg,ng < w such that

for all @ and all @. Now we make first use of Axiom (5) and a cut and then of Axiom (5)
and (A) to derive

wttmo 42

H[O_Z] Q+no _'Md'(a’% F[(_i]a Ml(g) A A@? a]

from where we can proceed again as in (i).

In all three cases we obtain
wQ-Q—m

HI&) Ko —M(@), Tfd, 3w Alz, ]

for m :=mg + 1 and arbitrary & and @. Since JzA[z, @] belongs to I'[@] this finishes (3).

All other cases are straightforward from the induction hypothesis or can be treated in
the same vein. ]

5.6 Predicative cut elimination

The rules of inference of RS* can be divided into two classes: (i) In all rules except (Sp-Ref)
the principal formula is more complex than the respective minor formulas. We may, there-
fore, consider these rules as predicative rules. (ii) The rule (Sp-Ref), on the other hand,
transforms (in the general case) a formula of rank greater than € into one of rank 2. This
is a sort of impredicativity and we consider (Sp-Ref) as an impredicative inference.

Also remember that the principal formulas of the axioms of RS* belong to B and,
therefore, have rank less than 2. These formulas are an obstacle for cut elimination below
Q. However, above Q2 we can follow the pattern of the usual (predicative) cut elimination.

In this section we sketch how all cuts with cut formulas of ranks greater than ) can
be eliminated by standard methods as presented, for example, in Schiitte [17] or Buchholz
[4].
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Lemma 22. Let F be a formula of the form G1V Ga, (3x € a)Gz], Ix*Glz], IxG[z] or
IXG[X] and assume that the rank p of F is greater than Q. Then we have:

HIS T,-F and HIZ ©,F = HIST, 6.

Proof. By straightforward induction on 5. O

Theorem 23 (Predicative cut elimination). We have the following two elimination results,
where the second is an immediate consequence of the first. For all H, I', o, and alln < w:

(1) H Q+C:L+2 r = * Q-:Jn-i-l , I
(0) i T = HIFET.
ol

Recall that wola] := a and wy 1| == w@rlol,

Proof. The proof of the first assertion is standard. For details see, for example, Buchholz
[4]. The second assertion is an immediate consequence of the first. O

5.7 Collapsing

We begin this subsection by showing that specific operator controlled derivations of finite
sets of formulas from S U B in which all cut formulas have ranks < 2 can be collapsed into
derivations of depth and cut rank less than 2. This technique — called collapsing technique
— is a corner stone of impredicative proof theory. See Buchholz [4] for more on general
collapsings.

Together with the results of the previous subsection this collapsing theorem will then
lead to our main theorem about the SU B fragment of RS* derivations and the ¥ formulas
provable in KP + (IT3-CA*).

For the collapsing theorem we work with the derivation operators H, introduced in
Definition 8.

Theorem 24 (Collapsing). Let I' be a finite set of formulas from S UB and suppose that
| CCoc+1,9(c+1)) and o€ H (D).

Then we have, for all a,

a i @
Mol T = Mall] P2

where & = o + W,

Proof. By induction on . Assume H, }QL—H I'. Then we certainly have (see Lemma 9 and
Lemma 10):

(1) TlU{a} € H,lMl(@) C Halll(2),
(2) G €M, [(2) and (@) € Hall)(2).

Now we distinguish cases according to the last inference of H[I'] }QLH I' and note that

this cannot be (V). In the following we confine our attention to the interesting cases; all
others can be dealt with in a similar manner.
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(i) T is an axiom. Then H4[I }% I" follows from (1) and (2).

(ii) The last inference was (V7). Then I' contains a formula of the form Va7 F[z] and we
have

3 HolL €] 125 T =Me(@) v Fla]

with ag < o for all £ < 7 and all a. We know 7 € H,[I'](@). Lemma 7, Lemma 9(5), and
(1) yield

(4) § € Ho[l'(2) C Halll(2), Holl, &) =Ho([l], Hall', €] = Hall].

Hence (3) gives us

Ho [T Q% I, =M¢(a) V Fla]

and by the induction hypothesis we obtain that
He [T %‘Ei T, ~M(a) V Fla]
Qe

and, therefore,

(5) Hall) 2O 1 —Me(a) V Flal,

P(ag)
always for all £ < 7 and all a. Then Hz[I'] }% I follows immediately by an application
of (V7).
(iii) The last inference was (3). Then I' contains a formula of the form JxF[x] and we have
(6) H, [T ’;Tol T, Mg(a) A Fla]

for some ap < v and some 5 < a. In view of (6) we have ag, 8 € Ho[I'](@). The induction
hypothesis yields

Has T 122 T, My(a) A Flal,

thus also .
HaT] % T, Ms(a) A Fla).
a0

Now recall from Lemma 10(3) that
Ha[T(2) NQ C (o +1) < (@)

and conclude that f < v¥(@). In addition, ¥(ap) < (@) follows from Lemma 10(2).
Therefore, an application of (3) yields H,[I'] }% I.

(iv) The last inference was (Sp-Ref). Then there exist an F' € Sy and an oy < « such that
J2F®) belongs to I' and
(7) Ho[[| -2 T, F.

Q+1

The induction hypothesis immediately yields

Ha U] HAeS- T, F.
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Since F' € Sy, we are in the position to make use of Lemma 14 and obtain
&[T A @),
P(ao)
Now we apply (BC) to derive

(8) []}MTFEIﬁF)

for 8 := ¢ (ap) + w. On the other hand, Lemma 16 yields

(9) Hap[D) 2L 3P F (), 327 (@)
for p := rk(32°F(3)). Furthermore, since F is from Sy we can easily see that the rank

of 32°F(®) is smaller than wf + w. Hence some trivial ordinal computations yield that
P(ag) + 1, p # p < (). Therefore, a cut applied to (8) and (9) implies Hz[T] }% .
(03

(v) The last inference was (Cut). Then there exist a formula F' and an ordinal oy < «a such
that rk(F) < Q+ 1 and

(10) []%PF and ’H[]}Qa—f:lf,ﬁF.

Therefore, ag € Ho[I'](9D), |F| € Ho[I'](2) NQ and, by Lemma 10(3),
IF| € H,T)(2)NQ C ¢(o+1) < 9(a).

We distinguish two cases.

(v.1) rk(F) < Q. Then rk(F) < (@) according to the line above. Furthermore, I' U
{F,~F} C SUB and thus the induction hypothesis yields

&[0 ]& I, F and He[l]HY 1 R
Y(ao) Y(ao)

As above, we can easily convince ourselves that i(ag) < v (@). Hence, (Cut) yields

Y(@)
Hal|——— T.
i) P(@)

(v.2) rk(F) = Q. Then F is of the form J2G[z] or VaG[z] and Gu] is a Ay formula of
L5, We assume that F is 3zG[z]. Clearly, 3xG[z] belongs to Sy. Hence, the induction
hypothesis applied to the left hand side of (10) yields

Ha[T115 T, 3aGlal
for B := v (ap). Since f € Hg[I'](D) (see Lemma 9), we can apply Lemma 14 and obtain
(11) M [T % T, 32°Gz].

Furthermore, applying Lemma 13 to the right hand side of (10) yields
(12) Hapl] o= T, Vo' =Glz].

Q+1

Now we exploit the fact that Va®—G[z] is from B and convince ourselves that the induction
hypothesis can be applied to (12). So we obtain

$(v)
[T % I, V2’ -Gz
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with v = ag 4+ w0 = g w0 4 0 < 54 e = G Moreover, it is easy to check
that v € H,['](@), hence () < (@) according to Lemma 10. An easy computation,
similar to above, also shows that

rk(3z°Glz]) < ¥(aQ).

[0}

Therefore, (Cut) applied to (11) and (12) establishes Hg[I'] }% r

(vi) All other cases are trivial or can be dealt with similarly. This completes the proof of
collapsing. O

5.8 Finite bounds for the lengths of formulas in infinitary derivations

Clearly, every proof P in the theory KP + (II1-CA*) is finite and, therefore, there exists
a natural number p such that every formula in P has a length less than p. We sketch
now how this bound p carries over to the “proof-theoretically treated” derivation stemming
from P. First we introduce a suitable definition of length of an £* formula.

Definition 25. The length ¢(F') of an £* formula F'is inductively defined as follows:
1. If F is of the form (a € b), (a ¢ b), U(a), ~U(a), My(a) or =My(a), then £(F) := 0.
2. If F is of the form (GV H) or (GA H), then {(F) := max({(G),¢(H)) + 1.

3. If F'is of the form 3zG[z], VaG[z], Jz*G|z], Vz*Gz], (3z € a)Gz] or (Vz € a)G|x],
then ((F) := ¢(G[u]) + 1.

4. If F is of the form 3XG[X] or VXG[X], then ((F) := {(G[U]) + 1.

Based on this definition we now introduce a refined notion of derivability in RS*. Given
a natural number p we let

H}pf“—pr

be defined as H }% I' in Definition 11 with the additional requirements that ¢(F') < p for
every element F' of I

The proofs of the following three theorems do not raise any questions of principle.
We simply follow the original proofs and check by a tedious case to case analysis that
the additional requirements are satisfied. In the infinitary derivations new formulas may
occur; however, their lengths are always bounded by the lengths of formulas in the finite

derivation in KP + (IT13-CA*).

Theorem 26 (Refined embedding). Let T[u1, ..., ux] be a finite set of L5 formulas whose
free set variables are exactly those indicated and suppose that

KP + (II}-CA*) H" Tluy, ..., u

such that £(F) < p for all formulas occurring in this proof. Then there exist m,n < w such
that

wQ+m . .
Hd] tgry ~Mal(@), I'la]
forall H, alld = ay,...,ar, and alld = aq,...,a.

Theorem 27 (Refined predicative cut elimination). For all H, T, a, and all n,p < w,
Hi2 T = pp@ p
Q+n+1,p Q+1,p ~°
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Theorem 28 (Refined collapsing). Let I be a finite set of formulas from SUB and suppose
that
T CCloc+1,¢9(c+1)) and o€ H,[T)(2).

Then we have, for all a and all p < w,

Hol[]}2 T = Hall] 22T,

Q+1,p »(@),p

where @ := o + Wta,

6 Reduction to I1}-CA + TI(<BH)

The goal of this section is to interpret certain RS*-derivations of length and cut rank < 2
in the theory I}-CA + TI(<BH). Here I}-CA stands for the usual system of second
order arithmetic with II} comprehension and full induction on the natural numbers; it is
formulated in the language Lo. This is a familiar theory in proof theory and, therefore,
we refrain from saying more about this theory. If you are interested in all details you may
consult, for example Simpson [18|.

In the sequel — when arguing in the framework of second order arithmetic — we assume
an arithmetization of the notation system C(eq+1,0) such that all relevant ordinal sets,
functions and relations become primitive recursive. Also, we will identify the ordinal
notations with their arithmetical codes. In addition, we write < for the primitive recursive
relation defined on C(eqy1,0) N by

a<p:=ap€lCleqgr,0) N a< <.

Recall that (the codes for) the elements of C'(eq4+1 N denote exactly all ordinals less than
the Bachmann-Howard ordinal BH. In the context of Lo quantifiers Ja, V3 range over the
latter set.

By TI(<BH#) we mean the scheme of transfinite induction over all initial segments
(indexed externally) below the Bachmann-Howard ordinal BH. More precisely, T1(<BH)
is the collection of all formulas

Va((VB < ) F[B] = Fla) — (Vo < ih(wn[2 + 1)) Fla]

where F[u] is any formula of Ly and 7 is any natural number (or rather the n'* numeral).

6.1 «-suitable trees

To interpret set theory in II}-CA+ TI(<BH) we use well-founded trees, also called suitable
trees. We will mostly follow the terminology and presentation in Simpson [18, VIL.3].

Definition 29. Let variables o, 7, p, 09, 071, . . . range over finite sequences of naturals, i.e.,
elements of N<N,

1. () will denote the empty sequence of NN and (ng,...,n,) the sequence of numbers
no, ..., n, coded as a single number (see 18, 11.2.6]).

2. The length of a sequence is defined by 1h(()) = 0 and 1h({ng,...,n,)) =7+ 1.

3. The concatenation operation on N<N will be denoted by o « 7. This means that
ox ()= xoc=o0and (ng,...,n.) x (mg,...,ms) = (ng,...,Np, M, ..., Ms).
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4. We write ¢ C 7 to mean that o is a proper initial segment of 7, i.e., 7 = o % p for
some p # ().

5. For a function f: N — N let f[0] = () and f[n + 1] := (f(0),..., f(n)).

Definition 30. 7' C N<N is said to be a tree if T is nonempty and closed under initial
segments, i.e., (Vo € T)(V7 Co)(r € T). T is a suitable tree if T is also well-founded, i.e.,

(Vf:N—= N)In(f[n] ¢ T).
Remark 31. If T is a tree and o € T', we put
T ={r|oxT €T}
and note that if T is suitable tree then so is T.

Suitable trees furnish a way of talking about sets in the language of second order
arithmetic. Two such trees are considered to be coding the same set if there is a bisimulation
between them.

Definition 32 (=* and €%).

1. Let T be a tree. We write Iso(X,T) to mean that X C T x T and, for all 0,7 € T,
(o,7) € X if and only if

. Vn(o*(n) € T — Im((ox(n),7*(m)) € X))
VYm(r* (m) € T — In((ox (n),7*(m)) € X)).
2. For trees S and T, we define

i SOT = {0} U{{0)xo|oe S} U {(1)xr|7eT}

S=*T iff 3IX(Iso(X,S®T) A ({0), (1) € X),
Se*T iff 3X(Iso(X,S@T) A In(({0), (1,n)) € X)).

Lemma 33 (ATRy). Let T' be a suitable tree. Then there exists a unique set X such that
Iso(X,T). Moreover, for all o,7 € T,

T°="T" iff (o,7)€ X,
T° €T 4ff In((o,7*(n)) € X).
In particular, X is an equivalence relation T'.
Proof. See [18, Lemma VIL.3.17]. O
Corollary 34 (ATRg). Given suitable trees S and T, one has
Se*T iff 3In(S="TM).

Definition 35. In order to model the set-theoretic naturals and w via suitable trees we
introduce trees n* for n € N. Let

0" = {0}
(mn+1)* = n"U{(n)xo|oen}

w' = {)}u{(n)xo|oen”, neN}
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Note that n* €* w* and m* €* n* whenever m < n. Since the sequences in n*, and thus
in w*, are strictly descending sequences of naturals it is clear that n* and w* are suitable
trees. Moreover, there is a map f: w* — w+1 such that

TCoANoew = f(o)=< f(r).

To see this, let f(()) =w and f((n1,...,n,)) = n,. This means that w* is an w+1-tree in
the sense of Definition 36 below.

The natural translation of the set-theoretic language into that of second order arith-
metic, Lo, proceeds by letting quantifiers range over suitable trees and interpreting € and
= as €* and =*, respectively. In [18, Theorem VII.3.22] it is shown that this yields an
interpretation of the axioms of ATRS® in ATRq.

In what follows it is our goal to interpret the richer language of RS* in Ly. For the
predicates M, and the quantifiers Vz® and Jx® we use the notion of an a-tree.

Definition 36. For an ordinal notation «, we say that a tree T' is an «a-tree if the exists
a function f: T — {8 € BH : § < a} such that

(Vo e T)NT(Tr Co — f(o) < f(7)].

The interpretation of the predicate M, for trees T" will be that M,(T) means that
T is an a-tree. Quantifiers Vz®(...z...) and Jz*(...z...) will then be interpreted as
VI'(T a-tree — ...T...) and 3T(T a-tree A ...T...), respectively.

Relation variables U, VX, Y, ... will be interpreted to range over w+1-trees T such that
T C* w*, ie., (Y(n) € T) (T €* w*). Tt is perhaps worth mentioning that any suitable
tree satisfying T" C* w* can be seen to be an w+1-tree.

Note that if we have an ordinal notation a < Q given externally, then I1}-CA+T1(<BH)
proves transfinite induction along the ordinals < «, and consequently the notion of an a-
tree becomes Al in TI{-CA + TI(<BH).

Lemma 37. The notion of an a-tree is Al in the theory ATRy + WO(a), where WO(«)
expresses that < restricted to {8 : < a} is a wellordering.

Proof. For a tree T', define a function g with domain {3 : § < a} by arithmetical transfinite
recursion as follows

g(8) = {oeT:(vreT)ccT —» e |Jg@)}
§<pB

Note that g is uniquely determined by 7. One can then show that:
T is an a-tree < T is the image of g.

If T is an a-tree witnessed by a function f : T' — {f : f < a}, then one shows, using

<-induction on f(c¢), that o € g(f(o)) for all o € T, hence T is the image of g.
Conversely, if T is the image of g, then a function f: T — {5 : § < a} witnessing the

a-treeness of T' is obtained by letting f(o) be the least § < « such that o € g(5). O

Remark 38. In ATRy + WO(«) every [-tree for 5 < « is suitable.

The next task, which presents itself, is to translate the formulas of £* that belong to
the collection B into the language of second order arithmetic, L.
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Definition 39. For convenience assume that we have injections x — T, and X +— Tx
from set variables x and relation variables X of £* to second order variables of Ly in such
a way that T is always different from any 7T'. The latter provides a translation of the
terms of £* except for the constants () and w. These can just be translated as {()} and w*,
respectively (see Definition 35).

Since the relation €* of Definition 32 has only be defined for trees, let us agree that
henceforth a formula S €* T will be considered a shorthand for S, T trees A S €*T.

The translation * from B to Ls is then effected as follows.

1. (a €w)*is T, €* w*. (-a € w)* is the negation of (a € w)*. (a € P)* is 0 = 1 while

—a € 0)* is 0 =0.

acx)isTy, € T,. (a¢ x)* is the negation of (a € z)*.

(
(
(
3. (Ula)*isT, €Ty N Ty CF w*. (=U(a))* is the negation of (U(a))*.
(My(a))* is T, is an a-tree. (—My(a))* is T, is not an a-tree.
(FV@G)" and (FAG)* are F*V G* and F* A G*, respectively.
((3z € a)F[z])* and ((Vx € a)F|x])* are
T, (T, € T, N F*[T,]) and VT,.(T, € T, — F*[T}])
respectively, where F*[T,] stands for (F[x])*; note that * replaces x by Ty.
7. (Fx*Flz])* and (Vz*F[z])* are
AT, (Ty a-tree A F*[T;]) and VT, (T, a-tree — F*[T,]),
respectively.
8. (X F[X])* and (VXF[X])* are
ITx (Tx w+l-tree A Tx C* w* A F*[Tx])
and
VTx(Tx w+l-tree A Tx C"w* — F*[Tx]),
respectively. Here F*[Tx| stands for (F[X])*, noting that * replaces X by T'x.

In order to show that the collapsed derivations of Theorem 28 prove true statements
when subjected to the interpretation of the previous, we need to show that the rule (BC)
preserves truth. This will mainly be a consequence of X1-AC .

Lemma 40. Let Flzo,...,zq,Uo,..., U] be a S-formula of L5 with all free variables
indicated, and £r be the length of the latter formula as a string of symbols. Let

F*zo,...,zq,Up,...,U;] and F(a)[xg,...,xq,Ug,...,Ur]

be the results of replacing the unbounded existential set quantifiers Az in the formula by
dz® and dx € a, respectively.

Arguing in the theory II}-CA + TI(a+w), we have that whenever Ty, ..., T, are a-trees
and Qq, - .., Qr are trees such that Q; C* w* (so actually w+1-trees), and the x-translation
of

Fa[fL‘(],...,:L'q,Uo,...,UT]
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with x; and U; replaced by T; and Q;, respectively, is true, then the x-translation of
EIyaMFF(y) [zo, ... ,zq,Up,..., U],

again with x; replaced by T; and U; replaced by @Q;, holds true as well.

Proof. We proceed by (meta) induction on ¢r. The most interesting case arises when this
formula starts with a bounded universal quantifier, i.e., if it is of the form

Yo € zg Fy'[zo, ..., 2q,v,Up, ..., Up].
So assume that Ty, ..., T, are a-trees and Qy, ..., @, are trees such that Q; C* w* and
(V(n) € T))GY[To,- -, Ty, TS, Qos - - -, Q]
holds, where Gf is the *-translation of F§*. Inductively we then have
(1) (V(n) € Tp)3S(S an a+Lp-tree A G Ty, ... Ty, T, Qo ..., Qy)),

where G(()S)[TO, - 7Tq,Tém, Qo, - - ., Qr] results from G§[Tp, ... ,Tq,TOW, Qo, - - ., Q] by re-
placing any part of the form 3Q[Q an a-tree A ...Q...] by (3(n) € S)(...8™ ...).

Now it follows from Lemma 37 that the part (...) in (1) is A]. As a result, we may
apply ¥1-AC (which is provable in IT}-CAg) to conclude that there exists a set Z such that
for all (n) € Tp,

Z
(2) Z(n) an a+{p -tree A G((] (n))[T(), ooy Ty, Tz<n>, Qo, - .. ,Qr]
where Z(,,y = {k: (n,k) € Z}.
Using 21-AC again, we can also single out a sequence of functions

f2n3k : Zé:i; — Oé"‘EFO

such that fyn.3x witnesses that Z* s an a+Lr,-tree whenever (n) € Ty and (k) € Z(,,).

(n)
Now define a tree S by

S = {0} U {(2"8") %0 (n) €Ty A (k) € Ziuy A 0 € Z0)}.

By design, S is a tree and, moreover, S is an a+{p-tree as witnessed by the function
1S = a+{r defined by

FO) == a+lp, and f((2"3%) x0) = fonsr(0).

As a consequence of (2) and the fact that Fzo,..., 24, Uy, ..., U] is a X-formula, we infer
that
(V(n) € To)GS[To, ..., Ty, T, Qo, .. ., Q]

and thus, as desired, the truth of the -translation of Jy®+tr Fv) (xo,...,2¢,Up,...,Up)
with the substitutions x; — T; and U; — @Q; follows. O
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6.2 Conservativity

It remains to ascertain that KP + (IT13-CA*) is conservative over IT}-CA + TI(<BH) for
formulas in the language of second order arithmetic. More precisely, if F is a formula of
second order arithmetic (as for instance defined in [18, 1.2]) and Fy denotes its natural
translation into the language £5¢, then we aim to show that

KP + (TI{-CA*) - Fo = M}-CA+ TI(<BH) - F.

Now assume KP + (IT13-CA*) - Fy. The latter being a finite deduction, it follows from
what we have etabhshed in the previous sections that we can determine fixed naturals n, p
such that H }— Fo for some derivation operator H and 5,7 € C(wy,[Q2 + 1],0). This
follows from Theorems 26, 27, and 28. To dilate on this, note that because of the finiteness
of the deduction in KP + (IT}-CA*) we can find this a priori bound w,[Q2 + 1] so that the
entire ordinal analysis, commencing with the embedding of this finite deduction into the
infinitary proof system, solely uses ordinals from C'(w,[Q2 + 1],0).

Moreover, we can carry this ordinal analysis out in the background theory IT}-CA +
TI(<BH) as there exists an order preserving map from C(wy[2+1],0) into the segment of
ordinals < ¥ (wp+1[2 + 1]) for which transfinite induction is available in this theory. Such
a map exists, for if §,n € C(w,[Q2 + 1],0) with § < 7 one has

Y(wn[Q + 1] + w0 < P(wn[Q + 1] + ) < (Wi [Q + 1))

by Lemma 10(2).

In light of the previous, the next step will be to show that H }% Fo entails that F is
true, all the while working in our background theory IT3-CA+ T1(<BH). This is where the
up to now neglected parameter p comes into its own in that the idea is to employ a formal
truth predicate for formulas of length < p. However, it is not possible to just focus on
formulas .7-"0, where F resides in the language of second order arithmetic, since in showing
that H }— Fo implies the truth of F we shall induct on § and the pertaining derivation
is usually not cut-free, so we have to take formulas from B of length < p into account.

It is perhaps noteworthy that if H }— I' with I' a set of formulas in B and 3,7 < €,
then all formulas occurring in the der1vat1on must be in B, too, as there can be no cuts in
it involving formulas with unbounded set quantifiers since their ranks would be > Q (see
Definition 4 items (7) and (8)).

The translation of the formulas from B into Ly formulas has been introduced in Defi-

nition 39. The purpose of the following definition is to fix an arithmetized truth definition
for B-formulas of length < p in II}-CA + TI(<BH).

Definition 41. Let Z be a set of naturals such (Z)j is an a-tree for all k. We'd like to
engineer a formula 7,(z, X) of Ly such that for all B-formulas Fx1,...,z,,U,...,Us] of
length < p with all free variables exhibited,

(*) %(FF[xla"')xr‘aUla"',US]—l7Z) AEe F[Z(l)a"'Z('I‘)aZ(T—I—l)a"'7Z(7‘+S)]

where " F[z1,...,2,,U1,...,Us ' stands for the Godel number of F[z1,...,x,,Uy,...,Ug]
whilst

F[Z(l)a s Z(’!‘)? Z(T—i—l)a SR Z(r+s)]
denotes the formula obtained from (Flz1,...,2,,Ur,...,Us])* by replacing Ty, by (Z);

and Ty, by (Z)r+j. Thus the sections (Z)g of Z furnish an assignment of a- trees to the
free variables of (Fxy,...,z,, Ui, ..., Us])*.
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The formal definition of such a truth predicate is a standard but cumbersome procedure.
A place in the literature, where one finds this carried out in detail, is Takeuti [20, CH. 3,19],
and another is Troelstra [21, 1.5.4].

Theorem 42. Fiz an n and p. Let TV (Z,«a) be short for “Vk (Z)y is an a-tree”. Then
IT1-CA + TI(<BH) proves that for all sequents of formulas T in B consisting of formulas

of length < p and o, B, p € C(wp[Q2 4+ 1],0) N Q that H }nip T implies
VZ(TV(Z,a) = T,("VI, Z))
where \/ T stands for the disjunction of all formulas of T, but if T is empty let \/ T be O) € .

Proof. We reason in II1-CA 4+ TI(<BH) by induction on 3. The axiom cases are obvious.

If H }n‘% I' is the result of an inference of a form other than (BC), then this follows
immediately from the induction hypothesis applied to the immediate subderivations. Note
also that in case of a cut, the cut formulas belong to B and have lengths < p. Observe also
that the derivation cannot contain (Sp-Ref) inferences since g < Q.

So it remains to deal with the case where the last inference is an instance of (BC).
Fortunately, this is what Lemma 40 is really about. The latter shows that if the premise
O of an instance of (BC) is true under an assignment Z, then so is the conclusion. O]

Theorem 43. KP + (II1-CA*) is conservative over II1-CA + TI(<BH) for formulas of
second order arithmetic. More precisely, if F is sentence of second order arithmetic (i.e.
L) and Fy denotes its natural translation into the language L5, then

KP + (I}-CA") F Fy = TI{-CA+ TI(<BH) - F.

Proof. Assume KP + (TI}-CA*) - Fy. As elaborated on before, with the help of the results
in subsection 5.8 and Theorem 42, it follows that

I1{-CA + TI(<BH) FYZ(TV(Z) — T,("Fo™, Z)).
Thus, in light of (*) and noting that Fy has no free variables,
II}-CA + TI(<BH) - F§

where F§ is the translation of Fy according to Definition 41. It remains to establish the
relationship between F; and F.

F§ arises from F by translating numerical quantifiers (Jn as ranging over the immediate
subtrees of w* and second order quantifiers as ranging over w+1-trees T such that T' C* w*.
Now, as the naturals with their ordering are isomorphic to the immediate subtrees of w*
ordered via €* and also the collection of sets of natural numbers is naturally isomorphic to
the collection of w+1-trees T' such that 7' C* w*, it follows that F; implies F, completing
the proof. Anyone insisting on a more formal proof is invited to proceed by induction on

the buildup of F. O

Remark 44. In this article we do not compute the proof-theoretic analysis of the system
I3-CA + TI(<BH). However, it seems that the ordinal analysis of TI}-CA + TI(<BH)
simply has to follow that of IT1}-CA with &y replaced by BH. So we conjecture that it is
the ordinal 1o (€2, - BH) in the terminology of Buchholz and Schiitte [7].

For the ordinal analysis of I1}-CA see, for example, the relevant chapters in Buchholz,
Feferman, Pohlers and Sieg |5|, Buchholz and Schiitte [7], and Jager [10].
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7 Extensions

Thus far we have investigated what happens if one adds Kripke-Platek set theory to the
subtheory of second order arithmetic based on ITi-comprehension. There obtains a certain
analogy to what Barwise [2] called the Admissible Cover, Covgy, of a basic structure 9.
In his case, the basic structures 991 were models of set theory. Covgy is the intersection of
all admissible sets which cover 90 (see [2], Appendix 2.1).?

In our context, the admissible cover amounts to grafting the theory KP onto a subsystem
of second order arithmetic, 7. This could be called the proof-theoretic admissible cover of
T. There is, however, a crucial difference between Barwise’s model-theoretic construction
and the proof-theoretic one employed in this paper. In the former the basic structure one
starts from remains unchanged in a strong sense when building its admissible cover in that
no new subsets of 9 become available in Covgy (see [2] Appendix Corollary 2.4), whereas
in the proof-theoretic case the axioms of the basic theory T' will interact with the axioms
of the set theory KP, witnessed by the fact that, in general, more theorems of second order
arithmetic become deducible in 7'+ KP than in T alone.

It is also interesting to investigate how the proof-theoretic admissible cover plays out
in the case of other well-known subsystems of second order arithmetic. It turns out that a
certain pattern emerges. Moreover, the techniques developed in this paper, when combined
with insights from the literature, suffice to get these additional results.

Definition 45. We will focus on two well-studied theories.

1. ATRy with its signature axiom of arithmetical transfinite recursion is the fourth
system of the “big” five of reverse mathematics (see |18, V).

2. The second system we will consider is traditionally called the theory of bar induction,
Bl, by proof theorists. In [18, VII.2.14] it is denoted by IIL -Tly. The axioms of Bl
are those of ACAg plus the scheme of transfinite induction

VX(WO(X) — TI(X,A))
for every Ly formula A[x], where T1(X, A) stands for the formula
Vu((Vv <x u)Av] = Alu]) — Vud|u]

with WO(X) expressing that the ordering <x defined by v <x u <= 2¥-3"% € X is
a well ordering.

(ATR}) and(BI*) are the axiom schemas — formulated in the language L5 — that
comprise the natural translations of all instances of arithmetical transfinite recursion and
transfinite induction, respectively. If C is a collection of sentences of Lo and T3, T, are
theories of the language Lo or E;et, we write T =¢ T> to convey that T} and T, possess

the same C-theorems (perhaps modulo the translation of C into £§).
Theorem 46. KP + (ATRj) =1 ATRo + TI(<BH).

Proof. The proof of Theorem 43 essentially carries over with (ATR}) replacing (I1}-CA*)
since the crucial Lemma 40 is also provable in ATRy as the latter theory proves ¥1-AC, too
(this is an old result, see [18, Theorem V.8.3|). O

2The proper proof-theoretic counterpart of the admissible cover was developed in Jiger [12].
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Theorem 47.

(i) KP + (BI¥) = BI.
(ii) KP + (BI¥) =m KP.
(11i) KP + (ATRg) =m KP.

Proof. (i) The proof of Theorem 43 also works with Bl in lieu of IT}-CA since ATRy is a
consequence of Bl (see [18, Corollary VIL.2.19]. So we infer that KP + (BI*) =i Bl +
TI(<BH). However, it is well known from the proof-theoretic literature that Bl already
proves TI(<BH), yielding (i) (for more details see [8, 5, 7]).

(ii) By Jager [11] and the papers cited in the previous line, it is known that KP and Bl
share the same proof-theoretic ordinal. Moreover, from the ordinal analyses of these two
theories it can be inferred that they prove the same I1}-theorems.

The degree of conservativity, though, cannot be improved much beyond this level as
ATR( has a I}-axiomatization and KP does not prove ATRj. To see this, first note that
KP has a model HYPsy which is the intersection of all admissible sets that contain the
standard structure 9 of the naturals as a set (see [2, Theorem 5.9] ). The subsets of N in
HYPsy are the hyperarithmetical sets. Then we can proceed, for example, in one of the
following two ways:

- The collection of the hyperarithmetical sets, as apparently proved by Kreisel, consti-
tutes the smallest w-model of 1-AC, but it cannot be a model of ATRy as it would
have to have a proper w-submodel that is again an w-model of ATRy, and thus of
Y1-AC. The result about w-models of ATR is due to Quinsey [15, pages 93-96] (for
more details see [18] Theorem VIII.6.12 and the Notes for §VIIL.G).

- Alternatively, observe that the theory ATR is equivalent to the theory FPy which
extends ACAg by axioms stating that any positive arithmetic operator has a fixed
point; see Avigad [1]). But the hyperarithmetical sets do not constitute a model of
FPo according to Probst [14, I1.2.4] and Gregoriades [9].

(iii) By Theorem 46 we have ATRj+KP =1 ATRo+TI(<BH). Since ATRy+T1(<BH)
is a subtheory of Bl and BI" + KP =1 KP, it follows that ATRj 4+ KP =1 KP. O

In connection with the previous results we would also like to mention Sato [16]. He
states there, among other things, a special case of Theorem 47(ii), namely that the addition
of a 1} theorem of Bl to KPw does not increase the consistency strength of the augmented
theory. Further interesting work about the relationship between Kripke-Platek set theory
and TIi comprehension on the natural numbers is presented in Simpson [19]. There the
interplay between KP and H%—CA is studied from a recursion- and model-theoretic perspec-
tive. However, it does not provide the exact proof-theoretic strength of KP + (II{-CA*).
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