
Fixed point theories and dependent choice

Gerhard J�ager and Thomas Strahm

Abstract

In this paper we establish the proof�theoretic equivalence of �i� ATR and cID��

�ii� ATR� � ���

�
�DC� and cID��� � and �iii� ATR� ���

�
�DC� and cID���

�

� Introduction

The starting points for this paper are �i� Avigad�s �xed point theory FP� �see Avigad
���� and �ii� the recent work in metapredicativity about trans�nitely iterated �xed
point theories �see J	ager
 Kahle
 Setzer
 Strahm ������ Avigad showed that his
FP� is equivalent to the famous theory ATR� introduced by Friedman and gave a
proof
theoretic reduction of FP� to the union cID�� of the �nitely iterated �xed point
theories� In view of Feferman�s proof of Hanckock�s conjecture in ���
 this provides a
new proof that ATR� �and FP�� have proof
theoretic ordinal ��
 the limiting number
of predicative mathematics�

In ATR� and FP� complete induction on the natural numbers is restricted to sets�
Adding the scheme of induction for arbitrary formulas yields a �rst step into meta

predicativity� The corresponding theories are called ATR and FP and will be shown
to be proof
theoretically equivalent to cID� and possess proof
theoretic ordinal ����

According to
 for example
 Simpson ���� the ��
� axiom of choice can be proved in

ATR� and FP�� This is not the case
 however
 for �
�
� dependent choice and
 as we will

see
 additional proof
theoretic strength is gained by adding ���
�
DC� to FP� and FP�

More precisely
 we will prove that there exist mutual interpretations of FP�����
�
DC�

and cID��� 
 and of FP����
�
DC� and

cID���� Using the characterization of the proof

theoretic ordinals of trans�nitely iterated �xed point theories by means of a ternary
� function given in ����
 this yields the proof
theoretic ordinals ���� and ����� for
FP� � ���

�
DC� and FP � ���
�
DC�
 respectively�

It is proved in ��� that the subsystem of analysis based on arithmetic compre

hension and restricted induction plus ��

� dependent choice
 ���
�
CA�� � ���

�
DC�

is proof
theoretically equivalent to the theory for iterated arithmetic comprehen

sion ���

�
CA���� and that the corresponding system with full formula induction

���

�
CA� � ���
�
DC�
 is equivalent to ���

�
CA����� Hence
 the results of this paper
can be seen as analogues of the latter equivalences in the sense that arithmetic
comprehension is replaced by Avigad�s �xed point axiom� Observe
 however
 that
���

�
DC� and ���
�
AC� have the same strength over ���

�
CA�
 which is not the case if
these principles are added to FP�

�



� Second order �xed point theories

In this section we review the �xed point theories FP and FP� of Avigad ��� and
de�ne various dependent choice principles� In the rest of this paper we will then
relate these �xed point theories with �and without� dependent choice to trans�nitely
iterated �xed point theories�

��� The theories FP and FP�

As usual we let L� denote the language of second order arithmetic� L� includes num�
ber variables �a� b� c� f� g� h� u� v� w� x� y� z� � � ��
 set variables �U� V�W�X� Y� Z� � � ��

symbols for all primitive recursive functions and relations
 the symbol � for ele

menthood between numbers and sets
 as well as equality in both sorts� Furthermore

there is a symbol � for forming negative literals��

The number terms �r� s� t� � � �� of L� are de�ned as usual� the set terms are just
the set variables� Positive literals of L� are all expressions �s � t�
 R�s�� � � � � sn�

�s � X� and �X � Y � for R a symbol for an n
ary primitive recursive relation� The
negative literals of L� have the form �E so that E a positive literal� We often write
�s �� t�
 �s �� X� and �X �� Y � instead of ��s � t�
 ��s � X� and ��X � Y �

respectively� The formulas �A�B�C� � � �� of L� are now generated from the positive
and negative literals of L� by closing against disjunction
 conjunction
 as well as
existential and universal number and set quanti�cation� The negation �A of an
L� formula A is de�ned by making use of De Morgan�s laws and the law of double
negation� Moreover
 the remaining logical connectives are abbreviated as usual�

An L� formula is called arithmetic if it does not contain bound set variables �but
possibly free set variables�� we write ��

� for the collection of these formulas� An
arithmetic formula is said to be X
positive if it has no subformulas of the form
�t �� X� and �X � Y �� An arithmetic X
positive L� formula which contains at most
X� Y� x� y free is called an inductive operator form� we let A�X� Y� x� y� range over
such forms� Finally
 L� denotes the �rst order part of L�
 i�e�
 the sublanguage of
L� which does not contain any set variables�

The stage is now set in order to de�ne Avigad�s �xed point theory FP� It is based
on the usual axioms for the two sorted predicate calculus with equality in both
sorts and extensionality for sets� The non
logical axioms of FP comprise �i� de�ning
axioms for all primitive recursive functions and relations
 �ii� the induction scheme
for arbitrary formulas of L�
 and �iii� the �xed point axioms

��X���x��x � X �A�X� Y� x� y��

for all inductive operator forms A�X� Y� x� y�� Observe that this axiom entails arith

metic comprehension� FP� is obtained from FP by restricting complete induction on
the natural numbers to sets�

�This formulation of the language is chosen for the Tait�style reformulation of our systems in

Section ��

�



It is shown in Avigad ��� that FP� and FP are equivalent to Friedman�s ATR� and
ATR
 respectively� It is established in Friedman et al� ��� and J	ager ���� that the
proof
theoretic ordinal of ATR� is ��� Moreover
 results of Friedman �cf� Simpson
����� and J	ager ��� yield that ��� is the proof
theoretic ordinal of ATR�

��� Dependent choice

Our main concern in the sequel is the study of our �xed point theories in the context
of arithmetic dependent choice� Its formulation presupposes the usual way of coding
an in�nite sequence of sets into a single one� We assume that h	� 	i is a primitive
recursive pairing function with associated projections �	�� and �	��
 and we write
s � �X�t instead of hs� ti � X�

Let K be a collection of L� formulas� Then we write �K
DC� for the collection of all
formulas

��X���Y �A�X� Y � 
 ��X���Z���Z�� � X � ��u�A��Z�u� �Z�u���� �K
DC�

so that A�X� Y � is a formula in the class K� For us ���
�
DC� will be most interesting�

In the following proposition we show that this principle implies a �formally� more
general form of dependent choice� In the literature one can �nd various formulations
of dependent choice� Our formulation corresponds to the one e�g� in ��� with function
variables replaced by set variables�

As usual we let ��
� be the collection of all L� formulas ��X�A�X� with A�X� from

��
�� Correspondingly
 ��

� is the collection of all formulas ��X�B�X� with B�X�
from ��

�� Then one has the following result
 whose proof consists in a combination
of folklore arguments and
 therefore
 will be omitted�

Proposition � If A�X� Y� u� is a ��
� formula� then FP� � ���

��DC� proves

��u���X���Y �A�X� Y� u� 
 ��X���Z���Z�� � X � ��u�A��Z�u� �Z�u��� u���

Of course the strength of FP� is not needed for this proposition
 but we did not want
to introduce further theories�

� Trans�nitely iterated �xed point theories

In this section we �rst present trans�nitely iterated �xed point theories cID� and
cID�� for � � �� and � � ��� Of particular interest for us are the theories cID�
 cID���

and cID���
 whose relationship to second order �xed point theories with dependent
choice will be studied� A general proof
theoretic treatment of the theories cID� is
given in J	ager
 Kahle
 Setzer and Strahm �����

�



��� The theories cID� for � � ��

For the introduction of these theories we �x a canonical primitive recursive wellorder

ing 
 of ordertype ��� Without loss of generality we may assume that the �eld of 

is the set of all natural numbers and � is the least element of 
� Hence
 each natu

ral number codes an ordinal less than ��� Moreover
 there exist primitive recursive
functions acting on these codes which correspond to the usual ordinal operations
such as plus
 times and exponentiation�

When working with formal �rst or second order theories
 it is often convenient in
order to simplify notation to use ordinals and ordinal operations instead of their
codes and primitive recursive analogues� Then �for example� � and ��� stand for
the natural numbers whose order type with respect to 
 are � and � � ��

In order to formulate the theories cID� we add to the �rst order language L� a
new unary relation symbol PA for each inductive operator form A�X� Y� x� y� and
denote this new language by L�x� We write PAs �t� for PA�ht� si� and PA�s�t� for
t � h�t��� �t��i � �t�� 
 s � PA�t��

If � is an ordinal less than ��
 then cID� comprises the axioms of Peano arithmetic
with the scheme of complete induction for all formulas of L�x as well as the �xed
point axioms

��a 
 ����x��PAa �x��A�PAa � P
A
�a� x� a��

for all inductive operator forms A�X� Y� x� y�� We write cID�� for the union of the

theories cID� for � � �� Of particular interest in the sequel are the theories cID�

cID��� 
 and cID����

��� Embeddings of cID��� and
c

ID���

In the sequel we are going to show that cID��� and cID��� are contained in FP� �
���

�
DC� and FP����
�
DC�
 respectively� For that purpose is is convenient to assign

a fundamental sequence �	�n� � n � N� to each limit ordinal 	 � �� by setting for all
natural numbers n�

�i� If 	 is of the form � � ����
 then 	��� �� � and 	�n� �� �� � � �� 	 n�

�ii� If 	 is of the form �� �� for a limit ordinal �
 then 	��� �� � and 	�n� �� ��
� � ���n��

In addition
 for each limit number 	 � �� and each natural number n we choose
	��n� to denote the unique ordinal such that 	�n��	��n� � 	�n���� We let 
 range
over codes of limit ordinals less than ��� Further
 we set for all inductive operator
forms A�X� Y� x� y��

HierA�a�X� �� ��b 
 a���x��x � �X�b � A��X�b� �X��b� x� b���

HA�a� b�X� Y � �� HierA�a�X� 
 HierA�a� b� Y � � ��c 
 a���X�c � �Y �c��

�



Here �X��b denotes the set of all s � X so that s � h�s��� �s��i � �s�� 
 b� The
formula HierA�a�X� expresses that X represents a �xed point hierarchy with respect
to A below a� In the second formula
 a � b is supposed to denote ordinal addition
in the sense of our notation system�

The next lemma is crucial for building �xed point hierarchies in FP� ����
�
DC� and

FP � ���
�
DC�� Its proof illustrates the role of dependent choice in a perspicuous

manner�

Lemma � FP� � ���
��DC� proves for all inductive operator forms A�X� Y� x� y��

��u���X���Y �HA�a� 
�u�� 
��u�� X� Y � 
 ��X���Y �HA�a� 
�X� Y ��

Proof� In the following we work informally in FP� � ���
�
DC�� We can readily apply

dependent choice in the form of Proposition � to the premise of our assertion and
yield

��X���Z���Z�� � X � ��u�HA�a � 
�u�� 
��u�� �Z�u� �Z�u����� ���

Now let a set X be given which satis�es HierA�a�X�� Then ��� guarantees the
existence of a choice set Z with �Z�� � X
 so that an easy inductive argument
shows

��u��HierA�a� 
�u�� �Z�u� � ��b 
 a� 
�u�����Z�u�b � ��Z�u���b��� ���

If we take Y �� fy � ��u���y�� 
 a� 
�u�� y � �Z�u�g
 then one immediately checks
that HierA�a� 
� Y �� This �nishes our argument� �

Lemma � Let A�X� Y� x� y� be an inductive operator form and let B�b� denote the
L� formula

��a���X���Y �HA�a� b�X� Y ��

Then FP� � ���
��DC� proves B��k� for each natural number k� and FP � ���

��DC�
proves B��� for each ordinal � less than ���

Proof� Let us �rst sketch the argument for FP� � ���
�
DC�� We show by metamath


ematical induction on k that FP� � ���
�
DC� � B��k�� The case k � � follows by a

simple application of the �xed point axiom� Let us now assume that k � �� then
our assertion holds by the previous lemma for 
 � �k and the induction hypothesis�
The claim of our lemma for FP����

�
DC� is easily handled by observing that in the
presence of full induction
 trans�nite induction is available along initial segments of

 for arbitrary L� formulas� �

From this lemma it is immediate that FP� � ���
�
DC� proves ��X�HierA��

k� X� for
each natural number k� correspondingly
 FP� ���

�
DC� proves ��X�HierA���X� for
each ordinal � less than ��� Summing up
 we have established an embedding of
cID��� in FP� � ���

�
DC� and
cID��� in FP � ���

�
DC��

�



Theorem � cID��� can be embedded into FP�����
��DC�� and

cID��� can be embedded
into FP� ���

��DC�� moreover� both embeddings preserve L� theorems�

Later we will give an embedding of FP into cID�� We do not know whether a di

rect interpretation of cID� in FP is possible� However
 it is shown in ���� that the

proof
theoretic ordinal of cID� is ��� and
 hence
 cID� and FP are proof
theoretically
equivalent according to our discussion in Section ���� In particular
 FP and cID�

prove the same arithmetic sentences�

� Trans�nitely iterated theories for self�re�ecting

truth

In this section we introduce trans�nitely iterated theories for self
re�ecting truth
SRT� and SRT�� for � � �� and � � ��� It will be immediate that SRT� can be

modeled in cID�� In the next section
 theories for self
re�ecting truth will be used in
order to establish reductions of FP
 FP�����

�
DC�
 and FP����
�
DC� to

cID�
 cID���

and cID���
 respectively� Trans�nitely iterated theories for self
re�ecting truth have
previously served as a convenient tool for carrying through wellordering proofs for
cID� in J	ager
 Kahle
 Setzer and Strahm �����

The theories SRT� are formulated in the language Lsrt
 which extends L� by two
binary relation symbols T �for �true�� and F �for �false��� The terms of Lsrt are
just the L� terms� the formulas of Lsrt are given in a straightforward manner
 taking
into account the new atoms T �s� t� ��t is true on level s�� and F �s� t� ��t is false
on level s�� as well as their complementations� In the following we often write Ts�t�
and Fs�t� instead of T �s� t� and F �s� t�
 respectively�

If � is an ordinal less than ��
 then we obtain the sublanguage L�
srt of Lsrt by re


stricting atoms of the form Ts�t� and Fs�t� to closed terms s with value less than or
equal to � �in the sense of our notation system�� Hence
 variables are not allowed
in the �rst place of the relation symbols T and F in L�

srt formulas�

In order to describe trans�nitely iterated truth theories below
 we presuppose a stan

dard G	odelization of the languages L�

srt

 uniformly in � � ��� In particular
 we have

G	odelnumbers ptq and pAq for each L� term t and each L�
srt

formula A� Moreover

we will use the following L� de�nable functions and predicates on G	odelnumbers�
CTer�x� ��x is closed term of L���� Forn�f� a� ��f is an La

srt
formula with at most

n free variables��� Atm�f� a� ��f is a positive literal of La
srt��� num�x� ��the xth

numeral of L���� val�z� ��the value of the closed term z��� neg�f� ��the negation
of the positive atom f��� and�f� g� ��the conjunction of f and g��� or�f� g� is de

�ned analogously� all�x� f� ��the universal quanti�cation of f with respect to the
xth variable of L���� ext�x� f� for existential quanti�cation is de�ned analogously�
In the following we write Sen�f� a� instead of For��f� a� and �x instead of num�x��
Finally
 if R is an L� relation symbol
 CTer�x� and CTer�a�
 then expressions like
pR�x�q
 pTa�x�q
 and pFa�x�q have their obvious meaning�

�



We conclude our tedious but standard preliminary remarks by adopting some con

ventions concerning substitution� If Forn�f� and CTer�x��� � � � �CTer�xn�
 then
f�x�� � � � � xn� denotes �the code of� the formula which is obtained from f by substi

tuting the ith free variable of f by xi� in particular
 Sen�f�x�� � � � � xn��� Similarly
 if
the free variables of A are among x�� � � � � xn
 then pA� �x�� � � � � �xn�q is an abbreviation
for pAq� �x�� � � � � �xn��

If � is an ordinal less than ��
 then the theory SRT� for � times iterated self�re�ecting
truth comprises the axioms of Peano arithmetic with the scheme of complete induc

tion for all formulas of Lsrt as well as the following axioms�

I� Atomic truth�

��� For each relation symbol R of L��

CTer�x�� � 	 	 	 � CTer�xn� � a 
 � 


�Ta�pR�x�� � � � � xn�q�� R�val�x��� � � � � val�xn��� �

�Fa�pR�x�� � � � � xn�q�� �R�val�x��� � � � � val�xn����

��� CTer�x� � CTer�b� � val�b� 
 a 
 � 


�Ta�pTb�x�q�� Tval�b��val�x��� � �Ta�pFb�x�q�� Fval�b��val�x��� �

�Fa�pTb�x�q�� �Tval�b��val�x��� � �Fa�pFb�x�q�� �Fval�b��val�x����

II� Composed truth�

��� Atm�f� a� � a 
 � 


�Ta�neg�f��� Fa�f�� � �Fa�neg�f��� Ta�f���

��� Sen�f� a� � Sen�g� a� � a 
 � 


�Ta�and�f� g��� Ta�f� � Ta�g�� � �Fa�and�f� g��� Fa�f� � Fa�g���

��� dual clauses for disjunction


��� Sen�all�v� f�� a� � a 
 � 


�Ta�all�v� f��� ��x�Ta�f� �x��� � �Fa�all�v� f��� ��x�Fa�f� �x����

��� dual clauses for existential quanti�cation�

III� Self re�ecting truth�

� � CTer�x� � CTer�a� � val�a� 
 � 


�Tval�a��pTa�x�q�� Tval�a��val�x��� � �Tval�a��pFa�x�q�� Fval�a��val�x��� �

�Fval�a��pTa�x�q�� Fval�a��val�x��� � �Fval�a��pFa�x�q�� Tval�a��val�x����

�



This �nishes the description of the theories SRT� for � less than ��� We write SRT��

for the union of the theories SRT� for � � �� It is completely straightforward to
model the theory SRT� for � times iterated self
re�ecting truth by means of a �xed
point hierarchy of length �� for a similar argument in the case of non
iterated truth
theories
 the curious reader is advised to consult Feferman ���� Therefore
 we can
state the following proposition without proof�

Proposition � We have for each ordinal � less than �� that SRT� can be embedded
into cID�� moreover� L� theorems are preserved under this embedding�

Let us now turn to some crucial consequences of theories for self
re�ecting truth�
We �rst observe that Ta and Fa are complementary on sentences of level less than a�
This is easily established by �formal� induction on the build up of such sentences�

Proposition � We have for each ordinal � less than �� that SRT� proves

��a� b� f��Sen�f� b� � b 
 a 
 � 
 �Ta�f� � �Fa�f����

If a is a variable of L�
 then we call an Lsrt formula �Ta� Fa� positive
 if it is built from
L� literals which do not contain a
 atoms of the form Ta�t�
 Fa�t� so that a does not
occur in t
 and by closing against conjunction
 disjunction as well as quanti�cation
with respect to variables di�erent from a� Hence
 in a �Ta� Fa� positive formula only
positive occurrences of Ta and Fa are allowed
 and in addition
 the variable a is
used as an �unquanti�ed� level variable only� If A�a� x�� � � � � xn� is such a �Ta� Fa�

positive formula with level variable a and additional free variables among x�� � � � � xn

then there is associated uniformly in a valuation �a� �x�� � � � � �xn for a� x�� � � � � xn a
G	odelnumber pA� �a� �x�� � � � � �xn�q of the corresponding La

srt
formula� The following

proposition is characteristic for self re�ective truth theories �cf� e�g� Cantini ���� and
is easily established by induction on the complexity of A�

Proposition � Assume that A�a� x�� � � � � xn� is a �Ta� Fa� positive formula with at
most a� x�� � � � � xn free� Then we have for each ordinal � less than �� that SRT�

proves

��a 
 ����x�� � � � � xn��Ta�pA� �a� �x�� � � � � �xn�q� � A�a� x�� � � � � xn���

There is a natural notion of rami	ed set in our truth theoretic framework
 namely

sets of natural numbers are understood as propositional functions� More formally

we de�ne the notions �f is a set of level a�
 f � Sa
 and �x is an element of a set f
of level a�
 x �a f 
 as follows�

f � Sa �� For��f� a� � ��x��Ta�f� �x��� �Fa�f� �x���

x �a f �� Ta�f� �x���

In the sequel we often write x � f instead of x �a f if it is clear from the context
that f is a set of level a� Moreover
 if A�X�� � � � � Xn� is an arithmetic L� formula

 



with its free set variables among X�� � � � � Xn
 then we write A�f�� � � � � fn� for the Lsrt

formula which is obtained from A by replacing each atom of the form t � Xi by
t � fi for � � i � n�

We �nish this section by stating a �uniform� version of the second recursion theorem

which is available in our truth theoretic framework� Its proof is standard and makes
use of Proposition � and standard diagonalization techniques
 cf� Cantini ��� for a
similar argument�

Proposition 	 Let A�X� Y� x� y� be an inductive operator form and � a limit ordinal
less than ��� Then there exists a primitive recursive function �A� so that SRT� proves

��a 
 ����y���f � Sa���A�f� y� � Sa�����x��x � �A�f� y��A��A�f� y�� f� x� y����

It is immediate that this proposition provides for an interpretation of the �xed point
axiom in SRT� and hence cID� for limit ordinals ��

� Reductions of FP	 FP�����
��DC�	 and FP����

��DC�

In this section we compute upper bounds of the theories FP
 FP� � ���
�
DC�
 and

FP � ���
�
DC� in terms of trans�nitely iterated �xed point theories� In particular


we show that FP can be embedded into cID�� moreover
 we provide suitable partial
cut elimination and asymmetric interpretation arguments
 thus establishing conser

vativity with respect to arithmetic statements of FP� � ���

�
DC� and FP� ���
�
DC�

over cID��� and cID��� 
 respectively�

��� Embedding FP into c

ID�

We obtain a straightforward embedding of FP into SRT� by letting range the set
variables of FP over sets of level � � in the sense of SRT�� Equality between sets
is interpreted as extensional equality according to this translation� Proposition  
guarantees the translation of the �xed point axiom of FP and
 hence
 the embedding
of FP into SRT� is established�

Theorem 
 FP can be embedded into SRT� and� hence� cID�� moreover� L� theorems
are preserved under this embedding�

As we have mentioned at the end of Section ���
 we do not know yet whether a
direct converse embedding exists� Nevertheless
 thanks to ��
 ���
 FP and cID� are
proof
theoretically equivalent with proof
theoretic ordinal ����

��� Reduction of FP� � ���
��DC� to SRT���

In the sequel we provide a Tait
style reformulation T of FP�����
�
DC�
 which allows

us to prove partial cut elimination� Quasinormal derivations of T are then reduced
to SRT��� by means of an asymmetric interpretation argument�

�



We let ��!� � � � range over �nite sets of L� formulas� we often write �for example�
�� A for the union of � and fAg� The Tait
calculus T is an extension of the classical
Tait
calculus �cf� ����� by the non
logical axioms of FP�����

�
DC�� It comprises the
following axioms and rules of inference�

I� Axioms� For all �nite sets � of L� formulas
 all ��
� formulas A and all ��

� formulas
B which are axioms of FP��

�� �A� A and �� B�

II� Propositional and quanti�er rules� These include the usual Tait
style inference rules
for the propositional connectives and all sorts of quanti�ers�

III� ��
� dependent choice� For all �nite sets � of L� formulas
 all ��

� formulas A�X� Y �
and all set variables U �

�� ��X���Y �A�X� Y �

�� ��Z���Z�� � U � ��u�A��Z�u� �Z�u����
�

IV� Cut rules� For all �nite sets � of L� formulas and all L� formulas A�

�� A �� �A

�
�

The formulas A and �A are the cut formulas of this cut�

Observe that in our formulation the �xed point axioms of FP� are ��
� formulas so

that these are the main formulas of axioms of T according to I� The notion T
n

�
is used to express that � is provable in T by a proof of depth less than or equal to
n� we write T

n

�
� if � is provable in T by a proof of depth less than or equal to

n so that all its cut formulas are ��
� or ��

� formulas� In addition
 T � or T
�

�
means that there exists a natural number n so that T

n
� or T

n

�
�
 respectively�

One immediately observes that the main formulas of all non
logical axioms and
rules of T are ��

� formulas� Hence
 the following partial cut elimination theorem is
a matter of routine�

Proposition �� �Partial cut elimination for T
 We have for all 	nite sets �
of L� formulas�

T � �� T
�
��

Furthermore
 the axioms and rules of T are tailored so that FP� � ���
�
DC� can be

easily embedded into T�

Proposition �� We have for all L� formulas A�

FP� � ���
��DC� � A �� T A�

Combining the previous two propositions yields the following corollary
 which will
be used for the proof of Theorem �� below�

��



Corollary �� If the L� formula A is provable in FP� � ���
��DC�� then there exists

a natural number n so that T
n

�
A�

In a next step we want to provide an asymmetric interpretation of T into SRT��� �
For that purpose
 we need the following notation� Asume that A� �X� is an L� formula

with all its free set variables among �X� If the �X are replaced by sets �x in the sense
of our truth theories
 then we let A��x��a�b� denote the Lsrt formula which is obtained
from A by letting range the universal set quanti�ers over Sa
 and the existential set
quanti�ers over Sb� Similarly
 if �� �X� is a �nite set of L� formulas
 then ���x��a�b�

denotes the disjunction of the formulas A��x��a�b� for A in ��

Theorem �� �Asymmetric interpretation of T into SRT���
 Assume that �
is a 	nite set of L� formulas so that T

n

�
� for some natural number n� Then we

have for all natural numbers k � n�

SRT�k � ��a 
 �k����x � Sa����x�
�a�a��n��

Proof� This theorem is proved by induction on n� In the following we tacitly use the
usual persistency properties of our asymmetric interpretation� If � is a �xed point
axiom
 then the claim is immediate by Proposition  � the remaining axioms of T
are easily dealt with
 too� If � is the conclusion of a propositional or quanti�er rule

then the claim is immediate by the induction hypothesis� If � is the conclusion of a
cut rule
 then one proceeds as in similar asymmetric interpretations
 cf� � 
 ��
 ����
Hence
 the only critical case comes up if � is the conclusion of an application of
the dependent choice rule� Then there exists a natural number n� � n and an ��

�

formula A�X� Y � so that

T
n�

�
�� ��X���Y �A�X� Y �� ���

Without loss of generality we may assume that n� � �� Let us now choose a k � n

and work informally in SRT�k � Then the induction hypothesis applied to ��� yields

��a 
 �k����x � Sa�����x�
�a�a��n� � � ��f � Sa���g � Sa��n� �A�f� g� �x��� ���

Let us now choose an arbitrary a 
 �k and sets �x � Sa� We have that �x contains a
parameter y � Sa which is the initial set in the conclusion of the dependent choice
rule� If ���x��a�a��n� � holds
 then we are done by persistency� Otherwise we obtain
from ��� that

��f � Sa���g � Sa��n� �A�f� g� �x�� ���

Depending on a and a natural number u we set a�u� �� a � ��n� 	 u�� further
 we
de�ne a set ��u� � Sa�u��� by primitive recursion on u as follows� ���� is just y
and ��u � �� is the set in Sa�u����� which is given by the following formula B�x�

i�e� ��u� �� is the G	odelnumber of B�x��

B�x� �� ��z��z � �
g � Sa�u����A���u�� g� � Ta�u����z� �x����

��



By making use of ��� one readily veri�es that the following are true�

��u����u� � Sa�u����� ���

��u�A���u�� ��u� ��� �x�� ���

If we now choose h as the G	odelnumber of the formula C�x� given by

C�x� �� Ta��n����x���� ��x����� ���

then we have by ��� that h � Sa��n 
 and indeed we get

�h�� � y � ��u�A��h�u� �h�u��� �x�� ���

Here equality and projection of sets are understood in the obvious way� But ���
readily yields ���x��a�a��n�
 thus con�rming our claim� This concludes the treatment
of dependent choice and indeed �nishes the proof of our asymmetric interpretation
theorem� �

Together with Theorem �
 Corollary �� and Proposition � we thus have established
the following corollary�

Corollary �� We have that FP� � ���
��DC� and cID��� prove the same arithmetic

statements�

This �nishes our characterization of FP�����
�
DC� in terms of trans�nitely iterated

�xed point theories� The argument for the theory FP����
�
DC� is similar
 and in the

following let us brie�y sketch the modi�cations which are necessary in the presence
of full induction�

First of all
 one provides an in�nitary Tait
style reformulation T� of FP����
�
DC��

T� is essentially T plus � rule� The latter rule is used in order to prove full formula
induction as usual� T� enjoys partial cut elimination in the same way as T� the
di"erence is that we now end up with quasinormal derivations of length less than
��� Such derivations are then treated by means of an asymmetric interpretation
as in Theorem �� above
 and the truth levels used are now bounded below ���
Standard careful formalization of the whole procedure indeed yields conservativity
with respect to arithmetic statements of FP � ���

�
DC� over cID���� Together with
Theorem � we have thus established the following theorem�

Theorem �� We have that FP � ���
��DC� and cID��� prove the same arithmetic

statements�

Our results also answer a question asked by Simpson in ���� concerning the proof

theoretic ordinals of the second order theories ��

�
TI� � ��
�
TI� as well as ��

�
TI �
��

�
TI� Without going into details we just repeat that ��
�
TI� is a system of second

order arithmetic with arithmetic comprehension
 induction on the natural numbers
restricted to sets
 and bar induction for ��

� formulas� ��
�
TI
 on the other hand
 is

��



��
�
TI� plus full induction on the natural numbers� The systems ��

�
TI� and ��
�
TI

are de�ned analogously� For details and further notation cf� �����

The proof
theoretic characterization of ��
�
TI� and ��

�
TI is given in Simpson ���� by
showing that the theories ���

�
CA������
�
DC� and ��

�
TI� prove the same theorems�
With respect to ��

� bar induction he shows that the theories ��
�
TI� and ATR� plus

��
� induction on the natural numbers prove the same theorems� It is left open


however
 what the proof
theoretic ordinals of ��
�
TI����

�
TI� and ��
�
TI���

�
TI are�
These ordinals are now immediately available by Simpson�s results
 the results of
this paper and by �����

Corollary �� 
i� We have that ��
��TI����

��TI� and
cID��� prove the same arith�

metic statements�


ii� We have that ��
��TI���

��TI and
cID��� prove the same arithmetic statements�


 Conclusion

In this paper we have related second order �xed point theories with �and without�
dependent choice to trans�nitely iterated �rst order �xed point theories� By Avi

gad�s results ��� this actually also yields a correspondence between extensions of ATR
with dependent choice and trans�nitely iterated �xed point theories�

In J	ager
 Kahle
 Setzer and Strahm ���� a thorough ordinal analysis of the theories
cID� is carried through
 and the proof
theoretic ordinals of trans�nitely iterated �xed
point theories are characterized by means of a ternary � function �a straightforward
generalization of the binary Veblen function�� Hence
 all the proof
theoretic ordinals
of the theories studied here are available by �����

The following theorem summarizes the results of this article
 including the corre

sponding proof
theoretic ordinals� For completeness
 we display the relevant theories
without dependent choice as well�

Theorem �� We have the following proof�theoretic equivalences�


i� FP� � ATR� � cID���


ii� FP � ATR � cID��


iii� FP� � ���
��DC� � ATR� � ���

��DC� �
cID��� � ��

��TI� ���
��TI��


iv� FP� ���
��DC� � ATR� ���

��DC� �
cID��� � ��

��TI���
��TI�

The corresponding four proof�theoretic ordinals are ��� ���� ����� and ������

We mention that the above equivalences hold at least for arithmetic statements�
Theories based on the second order �xed point axiom are even logically equivalent
to their relatives based on arithmetic trans�nite recursion
 cf� ����

��
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