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1 Introduction

In this thesis we will study different principles in the context of the well-known
second order theories ACAg and ACA and we will give a proof-theoretic analysis of
the resulting theories. These two fragments of the formal system of second order
arithmetic comprise the usual number-theoretic axioms as well as the defining equa-
tions for all primitive-recursive functions, comprehension for arithmetical formulas
as well as induction on the natural numbers, for ACAq this is formulated for sets as
for ACA this is the full second order induction scheme. Further we have the following
principles:

1. The axiom of w model reflection in second order arithmetic (RFN) basically is
the axiom that for every set X, there exists a set Y, which models ACAy and
contains X.

2. The (w-Jump) axiom states that for any given set X, there exists a set (a
hierarchy) Y, satisfying (Y)o = X and (V&)((Y)e41 = TJ((Y).)), where T'J
denotes the Turing jump.

3. Finally we have the Bar Rule (BR), which permits one to infer the scheme
of transfinite induction on a primitive recursive relation < when it has been
proven that < is well-ordered.

The following results extend and refine previous similar results of Rathjen, who
showed in [7] that |[ACAq + (BR)| = |ACAq + (w-Jump)| = ¢20. In Section 3 we will
show that the principle of w model reflection (RFN) is equivalent over ACAg, and
hence ACA, to the (w-Jump) axiom. As an immediate consequence we obtain that
the proof-theoretic ordinal of ACAq+(RFN) is ©20 as it was announced in Jéger and
Strahm [4]. An upper bound for the proof strength of ACAg + (BR) is obtained in
Section 4 by embedding this theory into the theory ACAg+(RFN). Further we will
see in Section 6 that in fact this bound is sharp, when we will give a well-ordering
proof of ACAg + (BR). As an extension of Section 3 we will determine in Section 5
the proof strength of the theory ACA augmented first with (w-Jump) and secondly
with (RFN). We will give a well-ordering proof of ACA+(RFN) and therefore obtain
a lower bound for the proof-theoretic ordinal, and by making use of Schiitte’s semi-
formal system RA* of [9], we will see that in fact this is the greatest lower bound.

[ am grateful to Prof. Gerhard Jager for introducing me to proof theory and Dr.
Thomas Strahm for guiding me during my work. I also thank Dieter Probst for his
helpful advices and the interesting discussions we often had together with David
Steiner.






2 Introduction of £, and second order theories

2.1 The syntax of second order theories

For technical reasons we choose a Tait-style formulation of the language £, of second
order arithmetic. More precisely, £, contains the following basic symbols:

1. Countably many free number variables a,b,c,...,u,v,w and bound number
variables x,y,z,... as well as free set variables U, V,W,... and bound set
variables X, Y, Z, ... (all four sorts possibly with subscripts).

2. Symbols for all primitive recursive functions and relations.

3. The symbol ~ for forming negative literals.

4. The symbols € for the membership relation between numbers and sets.
5. The propositional connectives V and A and the quantifiers 9 and V.

As auxiliary symbols we have parentheses and commas. Observe that there is no
propositional connective — for negation. Further we exhibit the relation symbols <
and = which denote the standard less and equality relation on the natural number,
respectively. If Z and agy,...,a, are finite strings and wuy,...,u, is a sequence of
pairwise disjoint free variables, then

Zlay, ..., a,/u,. .., Uy

is the L,-formula which is obtained from Z by simultaneously replacing all free oc-

currences of the variables uy, ..., u, by aj,...,a,. We often simply write

Z(ay,...,a,) instead of Z[a;,...,a,/u,...,u,]. The number terms r,s,t,... of
L, are defined as usual, the set terms are just the set variables. Positive literals
of L, are all expressions R(si,...,s,) and (s € U) for R an n-ary relation symbol.

The negative literals of £, are all expressions ~ F so that E is a positive literal of L,.

The formulas of £, A, B, F,. .. are defined inductively as follows:
1. All literals of £, are Lo-formulas.
2. If A and B are Lr-formulas, then (AV B) and (A A B) are Lr-formulas.

3. If Ais an Lo-formula in which x does not occur, then (3z)A[z/u| and
(Vx)A[x/u] are Lo-formulas.

4. If A is an Lp-formula in which X does not occur, then (3X)A[X /U] and
(VX)A[X/U] are Lo-formulas.



We often write (s # t) and (s ¢ U) instead of ~ (s =t) and ~ (s € U), respectively.
The notation €'is a shorthand for a finite string ey, . . ., e, of expressions whose length
will be specified by the context. We also write A[u] to indicate that @ comprises all
free number variables occuring in A and A[[j | if U comprises all free set variables
occuring in A.

The negation —A of an arbitrary L,-formula A is inductively defined as usual by
making use of the law of double negation and the De Morgan’s laws. This means
in particular that —=A is ~ A, if A is a positive literal, and —A is B, if Ais ~ B
for some positive literal. The remaining logical connectives are abbreviated as usual.

An Lor-formula is called A, if it contains no bound set variables and, in addition,
every number quantifier is bounded. An £, formula is called TI° if it has the form

(Va1)(Fz2) ... (Quan)A

with A being Ag. A formula is called X0 if its negation is a ITY formula. A formula
is called arithmetic if it does not contain bound set variables; we write II} or TI2, for
the collection of these formulas. Analogously, an £, formula is called T if it has
the form

(VX1)(3X2) .. (@nXn)A

with A arithmetic. A formula is called X} if its negation is a IT} formula.

For brevity we often omit brackets in formulas, when there is no risk of confusion.
Sometimes we will also use the following abbreviations:

a<b = a<bVa=b
Uity = telU
UCV = (Va)(zeU—-zxzeV)
U=V = (Vz)(xelU—zeV)
(Fz < )A(x) = (Fz)(x <t A Ax))
(Vo <t)A(z) = (Va)(z <t— A(x))

We presuppose standard notation for coding sequences of natural numbers: (...) is
a primitive recursive function for forming n tuples (to,...,t,_1); Seq denotes the
primitive recursive set of sequence numbers; [h(t) gives the length of the sequence
coded by t, i.e. if t = (tg,...,t,_1) then lh(t) = n; (t); denotes the ith component
of the sequence coded by t if i < [h(t).

In the following we make use of the usual way of coding a finite or infinite sequence
of sets of natural numbers into a single one by writing s € (U); instead of (s, t) € U.



Accordingly, we have for each £, formula A its relativization to the set U, de-
noted by AY, which is obtained from A by replacing all quantifiers (VX)(... X ...)
and (3X)(...X...)in A by (Vz)(...(U);...) and (Fz)(...(U),...), respectively.
Note that AU is always arithmetic. Finally, element-hood UEV between sets has
to be read in the obvious way as (Jz)(U = (V),). Therefore we also denote the
relativization of an £, formula A to a set U sometimes as (3XeU)(...X...) and
(VXeU)(...X...).

In the sequel we let LO(<1) denote that < is a linear ordering relation, that is
for all a, b, c:

—(a < a) adbANb<c—a<dc a<bVa=bVa<b

Furthermore we set for all primitive recursive relations C,

= (Vo)(Vy)yCz—(yel)) — (zel))
PROG(C,U) — (Vz C a)(x € U)
PROG(Z,U) — (Vz)(z € U)
(VX)TI(T, X)

= LO(C) AWF(C)

-
n
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2.2 The theories ACAJ, RFNg, and ACA; + (BR)

It is the purpose of this section to introduce the theories ACAj, ACAT, RFNgy, RFN
and ACAq + (BR). All of these subsystems of second order arithmetic will be as-
sumed to contain the rules and axioms of the classical two-sorted Hilbert calculus
with equality for numbers, further they consist of the axioms of the theory ACAq
(or ACA) and some further set existence axioms or rules of inference. Therefore we
shortly state here the non-logical axioms of the theory ACAy and ACA. They consist
of the following L,-formulas:

I. Number-theoretic Axioms
These comprise the defining equations for the primitive-recursive functions and re-
lations as well as the following axiom for the successor function S:

S(0)#£0

I1. Set Induction Axiom

0cUANNV2)(zeU—2z+1€U)— (V2)(2€U) (INDy)



III. Arithmetical Comprehension Scheme

(3X)(V2)(z € X < A(2))  (ACS)

where A(u) is an arithmetical formula of £,.
The theory ACAg comprises the axioms of I, IT and III.
IV. Formula Induction Scheme

A(0) A (V2)(A(z) = A(z+ 1)) — (V2)A(2) (IND)

where A(u) is an arbitrary formula of L.
Adding scheme IV to ACAq gives theory ACA.

In general, for any theory Th the subscript 0 denotes restricted induction. This
means that Thy does not include the full second order induction scheme (IND).
Notice that ACA, is finitely axiomatizable by a IT} sentence, see for example Simp-
son [10] Lemma VIIL.1.5. We will denote these sentences from now on by Faca,-

We continue with the following definitions.

Definition 2.2.1 Let Fﬂ(e,g, [7) be a 119 formula of Ly with ezactly the displayed
free variables. We say that F, is a universal lightface 19 if for all TI formulas Fy
of Ly with the same free variables as F, we have

(Vo) By) (VA (VZ)(Frly, 2, Z) < Fu(@, 2, 2))

It is well-known that for all numbers of variables there exists a universal lightface
119 formula.

Definition 2.2.2 Let F.(e,b,U) € 119 denote a fived universal lightface formula in
Lo with ezactly the displayed free variables. That is e.g. Fy(e,b,U) := —(32)TY (e, b, 2),
where TY is Kleene’s T-predicate, relativized to U. Note that TV is primitive recur-
siwe in U.

Definition 2.2.3 The Turing jump of any set U, denoted by T J(U), is defined as

TJU) = {{e,b) : (32)TY(e,b,2)}
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This means that T'J(U) is the set of all (e, b) such that =F} (e, b, U) holds. In a theory
comprising ACAq the existence of these sets becomes provable. For more details
concerning Kleene’s T-predicate, fixed universal lightface formulas and recursion
theory in general see Rogers [8].

The stage is now set in order to introduce our theories.

V. w-Jump Hierarchy
The axiom of w-Jump hierarchy denotes the following formula.

(VX)EYV)((Y)o = X A (V2) (V)1 =TJ((Y)2)  (w— Jump)

T J(U) denotes the Turing jump of a set U as defined in 2.2.3. That is the complete
recursively enumerable set relative to U. The theory ACA] stands for ACAq plus the
axiom (w — Jump). Often we will abbreviate this formula by (VX)(3Y)J,(X,Y).

VI. w Model Reflection

Let us now turn to the axiom of w model reflection. For any set U, this reflection
principle guarantees the existence of a countable coded w model of ACAg which con-
tains U. More formally, we have:

(VX)(FY)(XEY A Faca,) (RFN)

Accordingly, RFNy denotes the theory ACAy augmented with (RFN).

VII. Bar Rule

The bar rule (BR) is the rule of inference, which permits to infer the scheme of
transfinite induction for arbitrary L£,-formulas F' on a primitive recursive relation <
once it has been proved that < is well-ordered.

WO(=)
TI(=, F) (BR)

Obviously the theory ACAq + (BR) extends ACAq by each instance of (BR). Rathjen
showed in [7] that the bar rule does not permit us to profit from parameters occurring
in the relation <. Therefore we just suppose from now on that there occurs no
parameters at all in the relation <.

11



Definition 2.2.4 Let Th be a theory formulated in a language containing L,.

1. We say that the ordinal « is provable in Th if there exists a primitive recursive
well-ordering < of order type a so that Th = (VX)TI(=<, X).

2. The proof-theoretic ordinal of Th, denoted |Th|, is the least ordinal which is
not provable in Th.

It is well known that |[ACAq| = go and |ACA| = pleg (see for example Schiitte [9] The-
orem 23.3, Theorem 23.4 and Pohlers [6] Corollary 15.9). Further Rathjen proved
in [7] Theorem 3.5 that |[ACAq + (BR)| = |ACA{| = ©20.

Notice that the (RFN) axiom is a special case of the general scheme of w model
reflection in second order arithmetic as it has been introduced in Friedman [1] and
basically states that for every true formula A of second order arithmetic, possibly
with parameters, there exists a countable coded w model of the theory ACAg, con-
taining these parameters so that A is true is this model. More formally we have for

any Lo-formula A(U)
A(U) — AX)UEX A Frepa N AX(U))

The w model reflection considered in this work (RFN) is the general scheme of w
model reflection, as stated above, restricted to II} formulas. Since if A € II} and
A(U) holds, then clearly also AV (U).

We will prove in the next section that the proof-theoretic ordinal of RFNy is also
©20 as it was announced by Jiger and Strahm in [4]. As a further result we have
from Section 5 that |RFN| = |ACA™"| = ¢2¢o.

12



3 Equivalence of (RFN) and (w — Jump) over ACA,

The purpose of this section is to show the equivalence of two set existence axioms
over a certain theory. Namely that (RFN) is equivalent to (w — Jump) over the the-
ory ACA,.

3.1 RFNg proves the (w — Jump) axiom
The following is provable in ACAy.

Lemma 3.1.1 The Turing jump hierarchy is unique, that is
To(U V1) N Tu(U,Va) — Vi = Vs

PROOF: Given any set U and any two V;, with ¢ € {1, 2}, such that we have (V})o =
UNN2)((Vi)z41 = TJ((Vi).)), we show with arithmetical induction (INDp) on u that
Vi = V,. In the base-case, where u = 0, we have (V1)g = (V2)o. According to the
definition of (w — Jump) and hence (V}); = (V)1 because the Turing jump is unique.
In the case u — u+1 we have by the induction hypothesis that (V1), = (V2),, which
is (Vz)(x € (Vi)y <> x € (V2),). Again, since the Turing jump is unique, we have
(Vz)(x € TJ((V1)y) < x € TJ((V2)y)), which is (Vz)(z € (Vi)us1 < = € (Va)ut1).
(]

Compare also Simpson [10] Lemma V.2.3.

Theorem 3.1.2
ACAo + (VX)(3Z)(XEZ A Fia,) — (VX)(3Y)TL(X,Y)
Proor: Let Hier(U,V,u) denote the Lo-formula given by
Hier(U,V,u) := (V)o = U A (Vy <u)((V)y1 = TI((V)y))

Further, in the following M will denote a set which is a model of ACAg and which
comprises U. First we want to show that (Vz)(3Y EM)Hier(U,Y,x) holds. Notice
that this is an arithmetical formula with set parameter M, and since M is a model
of ACAq it is closed under arithmetical comprehension. We prove the claim by
arithmetical induction (INDg) on z.

13



u=20:

We have to show that (3YEM)((Y)o = U). We obtain a set V by arithmetical
comprehension as follows,

(Vy)(y € V = (Fu)(y = (v,0) Av e U))

Note, this is clearly an element of M and hence we have (3Y€M)((Y)y =U).
u—u+1:

We have to prove that
(ElYNGM)HZeT(U, YN, u+ 1)

holds under the induction hypothesis
(IYLEM)Hier(U,Ya, u)
Now we construct the set Yy by arithmetical comprehension that satisfies the claim.
Yv=YsU{(z,u+1):2€TJ(Ya)u))}

This set Yy is clearly also an element of M, since M is a model of ACAqy by supposi-
tion. We are done because we know by Lemma 3.1.1 that the Turing jump hierarchy
is unique.

It remains to prove that there exists a set Z in ACAq such that
(Vz)Hier (U, Z, x)

We construct this set Z by arithmetical comprehension as follows, where M is again
the set from the supposition.

(V2)(z € Z < (Fx)Fy)FYEM) (2 = (x,y) ANz € (Y), A Hier(U,Y,y)))

3.2 ACA; proves the (RFN) axiom

First we have to give some definitions and prove some general properties.

Definition 3.2.1 For any two sets U and V', we say that V' is many-one reducible
to U ,denoted by V <,, U, if there exists a recursive function f such that
Ve(z € V « f(x) € U)

14



The following is provable in ACAy.
Lemma 3.2.2 For any sets U, V we have
V' is recursively enumerable in U <=V <, TJ(U)

PROOF: Suppose that V is recursively enumerable in U, then there exists an index
g of a partial recursive function ¢ such that

beV o (Fgt" (0) =z < (3,0) € TI(U)

and thus V' <,,, TJ(U). On the other hand, T'J(U) is recursively enumerable in U
by its definition and together with the supposition that V' is many-one reducible to
TJ(U) we immediately obtain the claim. For more details cf. e.g. Hinman [3] O

Definition 3.2.3 For any two sets U and V', we say that V is recursie in U,
written V- <p U, if there exists eg, e1 such that for all b the following holds.
(beV — Fi(e,b,U))N(b¢ V < Fr(ey,b,U))

In this case we say that e = (eg, e1) is the U-recursive index of V' and we also often
say that 'V is Turing reducible to U. Here Fy(e,b,U) is a fixzed universal lightface
119 formula as in definition 2.2.2.

Lemma 3.2.4 The following are provable in ACAq.
1. The relation <t s transitive, i.e. U <p VANV <o W = U <o W.
2. U<, VU<V
3. U<,y TJ(U)
4. JUVIANW <p (V)jANj<i—W <p(V),

PRrOOF: 1.) and 2.) cf. for example Simpson [10] Lemma VIII.1.2 and Rogers [§]
Theorem 9.XII and Theorem 9.XIII.

3.)It is immediate from the definitions of <7 and T'J.

4.)It is immediate from 3.) and 1.) O

For more details concerning recursion theory see Rogers [8].

We shortly state here the well-known theory RCAg, which will play an important
role in the proof of this section.

The theory RCAg is the formal system in the language £, whose axioms consist

of the number-theoretic axioms plus the schemes of ¥? induction as well as A
comprehension as stated below.

15



Definition 3.2.5 For each k < w, the scheme of ¥ induction consists of all axioms
of the form
A0) A (V2)(A(z) = A(z+ 1)) — (V2)A(2)

where A(u) is any X0 formula of L.

Notice that ACAq proves the X9 induction scheme for all k < w, i.e. ACAg proves all
instances of arithmetical induction (cf. Simpson [10] Lemma IX.1.1)

Definition 3.2.6 The scheme of AY comprehension consists of all azioms of the
form

(V2)(A(2) = B(z)) — (3X)(V2)(z € X < A(2))
where A(u) is a X and B(u) a 119 formula.

We have the following important Lemma.

Lemma 3.2.7 X%-comprehension is equivalent to arithmetical comprehension over
RCA,.

PROOF: cf. for example Simpson [10] Lemma II1.1.3. O

Theorem 3.2.8
ACA I (VX)(3Y)TL(X, Y) = (FX)(3Z)(XEZ A Fien,)

PROOF: We have to show that under the supposition 7, (U, V) we can construct
in ACAg a set M which comprises U and models ACAg. We obtain this model M
explicitly with arithmetical comprehension as follows.

(V2)(z € M < (3m0)(31)(Fyo) (Fy1) (Fr (21, 90, (V)yy) A ~Fr (@05 Y0, (V)y)
Az = (Yo, (Y1, Zo, T1))))

This means that in M we collect all sets recursive in any (V);. Clearly U€M, i.e.
(F2)(U = (M),), since (V)g = U and every set is recursive in itself and hence there
exists u = (v, eg, €1) with U = (M),.

What remains to show is that M is a model of ACAy, i.e. is closed under arithmetical
comprehension. By Lemma 3.2.7 it is sufficient to prove that M is a model of RCAq
and is closed under Y%-comprehension. To show that M is a model of RCAg we
have to prove that M is closed under Af-comprehension. Since X{-comprehension
comprises AY-comprehension we are done, if we can prove the M is closed under

16



¥0-comprehension.

We claim that M is a model of X{-comprehension. Define an arbitrary set W € ¢
with parameters U = Uy, Us, ..., U, from M, which exists in ACAq by arithmetical
comprehension, with Uy €(M);,, Us€(M),,, ..., U, E(M);,, that is

(V2)(z € W A(z, 4, 0))

where A € $Y. We have to show that WEM.

Notice that Uy <7 (V)i),...,Un <7 (V);, and by Lemma 3.2.4.4 we have U; <p
(V)is oo, Uy < (V); with 4 = mazx(iy, . .. ,i,). Therefore W is already X{-definable
in (V);. By Lemma 3.2.2 we conclude that W <, TJ((V);), that is W <., (V);41.
By Lemma 3.2.4.2 we obtain W <z (V);41. Since W is recursive in (V'); 1 we clearly
have by the construction of M that WEM. O

Corollary 3.2.9 The theory RFNg has the proof-theoretic ordinal p20.
Proor: This is an immediate consequence of Theorem 3.1.2 and Theorem 3.2.8,

since RFNg and ACA{ are equivalent and we know by Rathjen [7], Theorem 3.5 that
|ACA; | = ¢20. O

Corollary 3.2.10 The theories ACAT and RFN are equivalent.

In Section 5 we will determine the proof-theoretic ordinal of ACA™, respectively

RFN.

17



4 Upper bound for proof strength of ACA; + (BR)

4.1 Embedding of ACAy + (BR) into RFNy

According to Rathjen [7] Theorem 3.5, ACA{ proves the same II} sentences as
ACAo + (BR). We know from Section 3 that the theories ACAS and RFNg are equiv-
alent, therefore it’s an immediate consequence that RFNg also proves the same IT}
sentences. In this section we will give a direct way of embedding ACAq + (BR) into
RFNg and we will show that RFNg even proves all I1} sentences of ACAq + (BR). In
the following M, N, ... will denote sets of £, which model ACA,.

Lemma 4.1.1 The following is provable in RFNg with V= Vi,oooy Vi
FY)(VEY A Fica,)

PROOF: First we code the sets V; of V into a single one and obtain by the (RFN)
axiom a set from which we obtain again by arithmetical comprehension a set M,
which clearly has the desired properties.

O

—

Lemma 4.1.2 We have for all Ly-formulas C[V]
ACAo+ (BR)FC[V] =  RFNgF Fil, AVEM — CM[V]
PROOF: We prove that by induction on the length n of the derivation in ACAg + (BR).

n =0:

—

e If C[V] is a number theoretical axiom of ACAg+ (BR) or a tautology, then
obviously CM[V] is an axiom of the same kind of RFNy and therefore RFNg =
Faéa, N\VEM — CM[V].

e For the case that C[V] = A(t) — (3z)A(x) or C[V] = (Va)A(z) — A(t) it is
easy to see that the claim holds.

—

e If C[V] is one of the remaining logical axioms of the Hilbert calculus, then
UeV,and C[V] = AU) — 3X)A(X) or C[V] = (VX)A(X) — A(U).
Thus obviously RFNg = FAls A UEM — (A(U) — (3X€ M)A(X)), and
respectively RFNg = Fala AUEM — ((YXEM)A(X) — A(U)).

—

o If C[V]is of the form (0 e UAN(Vz)(z € U — z2+1 € U)) — (Vz)(z € U),
where U =V, then clearly RFNg - FAl, AUEM — CM[U].

18



o Let C [17] be an instance of the arithmetical comprehension scheme
(3X)(V2)(z € X < A(x,V)). Then CM[V] is of the form

(AXEM)(V2)(z € X «— A(z,V))

where A(u, ‘7) is an £, formula which is arithmetical in V. We reason in
RFNg and have to show that RFNg F FAla, A VEM — (3z)(V2)(z € (M), <
Az, V).

By Lemma 4.1.1 we obtain a set M, which is a model of ACAy and comprises
V. Since models of ACAg are closed under arithmetical comprehension, the
claim follows easily.

n > 0:

e If the last inference was Modus Ponens, then ACAq + (BR) = C[V], i.c.
there exist ng < n,n1 < n such that ACAq + (BR) °> A[U,V] — C[V] and
ACA, + (BR) - A[U, V], where we assume the elements of U to be pairwise
disjoint from the elements of V. By the induction hypothesis, we have

RFNo b Faga, AU, VEM — (AM[U, V] — CM[V)) (1)
RFNy F Fita, AUEM — AM[U, V] (2)

Hence we can infer from (1) and (2) that
RFNo - Faia, AU, VEM — CM[V]

Because U does not occur in CM [‘7] and surely the empty set ¢ is an element
of every model of ACAy, we set U = ¢ and obtain

RFNg - Faga, AVEM — CM[V]

e If the last inference was an existential or universal number quantification, then
we have the induction hypothesis and apply just the same rule of inference
again.

e If the last inference was an existential set quantification, then there exists
ng < n such that . .
ACA, + (BR) % A[U, V] — B[V]

where U is different from all V; in V. Then C[V] = (3X)A[X,V] — B[V].
With the induction hypothesis we obtain

RFNo F Fata, AU, VEM — (AM[U, V] — BM[V])
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By means of propositional logic this is equivalent to
RFNo - AM[U, VI AUEM — ((Fpta, AVEM) — BM[V])
By applying the existential set quantification inference we obtain
RFNo - (3X)(AM[X, V] A XEM) — ((FAta, A VEM) — BY[V))
and again by means of propositional logic we finally obtain

RFNo - FAta, AVEM — (3XEM)AM X, V] — BM[V])

For the case that the last inference was an universal set quantification the
proof is similar.
If the last inference was the bar rule (BR) then
ACA, + (BR) F- TI(=, F[V]) for an F' € £,
Thus there exists ng < n and
ACA, + (BR) 2~ WO(=)
from the definition of WO we have
ACAq + (BR) = (VX)TI(=, X) A LO(<)

Since (VX)TI(<, X) ALO(<) contains no free set variables we obtain with the
induction hypothesis that the following holds in RFNg

Faca, — (VXEM)TI(=, X) ALO(<) (3)

—

and we have to show that if F'[V] is an Lo-formula and N is a model of ACA,
that comprises V, the following holds in RFNg

TI(=, FN[V]) A LO(<)

First notice that the formula FV [‘7} is arithmetical. Therefore we have by
arithmetical comprehension a set Z,

Z ={x: FN(z,V)} (4)

Now by the (RFN) axiom we obtain a set O, which models ACA, and contains
7. Together with (3) we can conclude that

(VXeO)TI(=,X) ALO(=)
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and since O comprises the set Z, we clearly have TI(<, Z)ALO(<) and therefore
obtain with (4)
TI(=<, FM[V]) ALO(=)

Theorem 4.1.3 Let C be a 1T} formula of Ly such that ACAg + (BR) - C[V],
then also RFNg = C[V].

PRrROOF: C[V]is of the form (VY )(3Z)B[V,Y, Z] with B € 11°,. From Lemma 4.1.2,
we obtain

RFNo - FALL AV € M — (Vy)(32) B[V, (M),, (M).]
and therefore we can infer that

RFNo - FALy, AV € M — (32) B[V, (M), (M),]

Since the class of the models of ACAg, which contain 17, clearly is a super class of
the models of ACAq, which contain V' and any U, we can conclude that

RFNo - FALL AV, U € M — (32)B[V, U, (M),]
but then it immediately follows that
RFNo - Fita, AV, U € M — (32)B[V,U, Z]
and obtain by a existential set quantification
RFNo + (EIY)(F)(CAO AV, U e Y)— (EIZ)B[V, U, 7]
By (RFN) we have B
RFNg - 3Y(V,U€Y A FXCAO)
and hence we finally obtain
RFN, - (32)B|V, U, Z]

which is in fact B
RFNo - (VY)(32)B[V,Y, Z]

Corollary 4.1.4 The proof-theoretic ordinal of ACAg + (BR) is <20.

PROOF: By Theorem 4.1.3 we know that any II} sentence provable in ACAq + (BR)
is also provable in RFNg. By Corollary 3.2.9 that |RFNg| = ¢20 and together with
the fact that (VX)TI(=, X) € IT3, the result follows easily. O

In Section 6.1 we will see that Corollary 4.1.4 in fact determines the least upper
bound for the proof-strength of ACAq + (BR).
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5 The proof-theoretic strength of ACA™ and RFN

5.1 The wellordering proof of RFNy and RFN

In this section we will analyze the proof-theoretic strength of RFN. Since we know
from Section 3 that RFN and ACA™ are equivalent, the result therefore also holds
for RFN. First we will determine a lower bound for the proof-theoretic ordinal by
showing that any ordinal a < p2¢( is provable in RFN. To show that this bound is
strict, we embed ACA™ into the semi-formal system RA* of Schiitte [9].

Small Greek letter o, 3,7, 0, ..., possibly with subscripts, will denote ordinals < I'y
We fix a primitive recursive standard wellordering < of order-type I'y. Without loss
of generality we may assume that the field of < is the set of all natural numbers
(and that 0 is the least element with respect to <). Hence each natural number a
codes an ordinal, say ord(a), less then 'y, and each ordinal a < Ty is represented
in our theories by an unique natural number, say nr(«) (we will denote this natural
number often as @). The reader is assumed to be familiar with the Veblen functions
©a, cf. Pohlers [6] or Schiitte [9].

Further, we inductively define w,(«) and €, ().
Definition 5.1.1 For all ordinals o and natural numbers n, we define

wo(a) == o go(a) ==«

Wy (@) 7= worl® Ent1(Q) 1= Ecp(a)
Moreover, there exist binary primitive recursive functions +,®,®,é,&, ¢, which

model the usual ordinal operations on these codes, i.e. for m and n natural numbers
we have :

+>

1. +(m,n) := nr(ord(m) + ord(n))

ord(m)

2. @w(m,n) :=nr(w

&

3. ©(m,n) = nr(wy(ord(n)))
4. &(m,n) :=nr(en(ord(n)))
5. ¢(m,n) := nr(p(ord(m))(ord(n)))

We use +,,0, &, ¢ as primitive symbols of our formal language; and in order to
keep notation as simple as possible, we write:
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at+b for +(a,b), Eq.(b) for £(a,b),
w* for @(a,b), w* for @(a,l),

Wa(b) for @(a,b), g, for ¢(1,a),
pab  for  $(a,b),

In the sequel we also often write PROG(U) and Tl(a, U) instead of PROG(=<,U) and
TI(<,a,U).

Further we make the following definitions.

Definition 5.1.2
Z(a) := (VX)TI(<,a, X)

Definition 5.1.3 For any given set U, we define the set Sp(U), if this set exists,

as follows:
Sp(U) =={a: (Vy)(y CU — y+u"} CU)}

where a C U abbreviates (Vz)(z < a — xz € U).

Note that the existence of these sets become provable in a theory comprising ACAg.
This jump operator Sp enables us to jump from a to w®.

Lemma 5.1.4

ACAq F Z(a) ANZ(b) — Z(aitb)
Lemma 5.1.5

ACAoFZ(a) Nb<a — Z(b)
Lemma 5.1.6

ACAp - (Vx < a)Z(x) — Z(a)
Lemma 5.1.7

ACA, F PROG(=, V) — PROG(=, Sp(V))
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Lemma 5.1.8
ACAy F Tl(a, Sp(V)) — TH(w*, V)

PROOF: For the proofs of these Lemmata compare Schiitte [9] Lemma VIII.21.1,
Lemma VIIL.21.7,(J4) and Pohlers [6] Lemma 15.5,Lemma 15.6. O

Lemma 5.1.9 We have that RFNg proves the following
Z(a) — ()
PROOF: We have the supposition
(VX)Tl(a, X) (5)

Now fix an arbitrary U and show that TI(é,, U) holds. Because of the (RFN) axiom
we have that for this fixed set U there exists a set W such that UEW and Fyt,.
Further define a set V' by arithmetical comprehension

(V2)(z € V = IV ()

where ZW is the relativization of Z to the set W, that is ZW (£,) = (VXEW)TI(E,, X).
Under the supposition that
PROG(=,V) (6)

we have by (5)
(Vo <a)(zeV) (7)

But since the following holds in RFNg
PROG(V)A (Vo <a)(x € V) —aecV
we obtain by the supposition and (7) that (a € V). That is
(VXeW)TI(E,, X)

Since UEW we have
TI(E,,U)

What remains to be proved is that this set V', from supposition (6), is progressive.
In order to establish PROG(<, V) it is equivalent to prove the following:

1.0eV
2.beV 5bileV

24



3.

Lim(b) A (Vx <b)(zx € V) —-beV

where Lim(b) indicates that the natural number b codes a limit ordinal.

1.

b=0:

The proof is completely analogous as where we prove (9), but in this case we
prove the following formula in RFNg with induction on z

(V2) (VX EW) TI(@.(0), X)

because if ¢ < £j, then there already exists a natural number u such that
¢ < @,(0), and therefore by Lemma 5.1.5 and Lemma 5.1.6, it is sufficient to
prove the above.

b codes a successor ordinal:

We have the supposition b € V, that is
(VXEW)TI(E, X) (8)
and have to show that (b+1 € V) also holds, which is equivalent to

(VXEW)TI(E 1), X)

because, if ¢ < £,,17), then there already exists a natural number u such that
¢ < @u(&:+1), we only have to show by Lemma 5.1.5 and Lemma 5.1.6 that

(V2) (VX EW) TG, (6,4+1), X) (9)

We prove this by arithmetical induction (INDg) on z.

We clearly have that RFNg - Z(1) and together with the supposition (8)
and Lemma 5.1.4 we obtain

(VXEW)TI(&+1, X)
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o yu—u—+1:

We have the induction hypothesis
(VX EW)TH@,(6,+1), X)
and want to prove that
(VX EW)TIGua(2T), X)

First notice that Sp(U) is an arithmetical formula with set parameter
U. Choose an arbitrary set UEW. Since W is a model of ACA,, it is
closed under arithmetical comprehension and therefore the set defined by
Sp(U) is also an element of W (i.e. Sp(U)EW). Hence by the induction
hypothesis we have

Tl(@,(ép41), Sp(U))

Together with Lemma 5.1.8 we obtain
T|(d)c7)u(éb§q), U)

Since U was an arbitrary set of W and RFNg proves that @t =
@uy1(ZpF1) we finally obtain

(VX EW)THDyy1(8p+1), X)

completing the induction step.

3. b codes a limit ordinal:

We have the presupposition (Va < b)(z € V), that is
(Vz < b)((VXEW)(PROG(X) — (Vy < &,)(y € X)))
and want to show (b € V), which is
(VXEW)(PROG(X) — (Vy < &)(y € X))

We suppose that PROG(U) and have to show that (Yy < &,)(y € U). Since
b codes a limit ordinal, we have for all y < &, there exists a by < b such that
already y < &, and by the supposition we know therefore that y € U.
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With this Lemma 5.1.9 we immediately obtain the following Theorem.
Theorem 5.1.10 RFNg proves the formula Z(a) for all a < ¢20.

ProOF: If a < 20, then there is an n < w such that a < £,(0). Since RFNg
(Vx)(—z < 0), we clearly have
RFN, - Z(0)

n-fold application of Lemma 5.1.9 leads to
RFNo - Z(£7(0))

which is
RFNo - (VX)(PROG(=<, X) — (Vz < £5(0))(z € X)

Together with Lemma 5.1.5 this implies
RFNp F (VX)(PROG(=,X) — (Vz < @)(z € X))

which is in fact
RFNgo - Z(@)

O

Corollary 5.1.11 For a lower bound of the proof-theoretic ordinal of RFNg we have

IRFNo| > 20

If the theory RFNgy comprises in addition the full second order induction scheme
(IND), we get another lower bound for the proof-theoretic ordinal of this theory
RFN.First we want to show that

Lemma 5.1.12 RFN proves the following
Z(a) — (V2)Z(£:(a))

PROOF: Assume that Z(a) holds. We prove (Vx)Z(é,(a)) also holds by induction
(IND) on z.
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u=20:

Clearly
REN FZ(a) — Z(a)

and hence it holds for v = 0.
u—u-+1:

By induction hypothesis we have

Z(éu(a))
and obtain by Lemma 5.1.9 that
I(ééu(a)>
which is
I(Eur1(a))

since RFNg proves éz,(q) = Euy1(a).

Lemma 5.1.13 We have that RFN proves
PROG(Z($2a))

PROOF: Again in order to establish PROG(Z($2a)) it is equivalent to prove the
following.

1. Z(¢20)
2. T($20) — T(F3(a + 1))
3. Lim(a) A (Vo < a)Z(p2x) — Z($2a)

Clearly
RFN = Z(0)

Together with Lemma 5.1.12 we get

RFN F (V2)Z(2.(0))
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and if ¢ < ¢20 then there exists a natural number u such that ¢ < £,(0).

Using Lemma 5.1.5 and Lemma 5.1.6 we obtain

RFEN F Z($20)
. a codes a successor ordinal:
We have the supposition
Z(p2a)

and have to show that

Z($2(a+1))
also holds. Clearly

RFEFN -7 (T) (10)

and with Lemma 5.1.4 we obtain from (10) and the supposition

Z(¢2a+T). (11)

From (11) and Lemma 5.1.12 we obtain

(V2)I(¢,($2a+1)).

~ =

Further, we have that if ¢ < $2(a+1) then there exists a natural number u
such that ¢ < &,(¢2a+1).

Using Lemma 5.1.5 and Lemma 5.1.6 we obtain
Z($2(a+1))

. a codes a limit ordinal:

We have the supposition (Vo < a)Z($2a), that is
(Vz < a)((VX)(PROG(X) — (Vy < @2z)(y € X)))
and want to show Z($2a), which is
(VX)(PROG(X) — (Vy < ¢2a)(y € X))

We suppose PROG(U) and we need to show that (Vy < $2a)(y € U). Since a
codes a limit ordinal, we have for all y < ¢2a there exists an ag < a such that
y < ¢2ay and by the supposition we know therefore that y € U.
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Theorem 5.1.14 If a < ¢2¢, then RFN F Z(@)
PROOF: Letting A(t) := Z($2t) we have by Lemma 5.1.13
RFN F (Vz)(Vy < zA(y) — A(x))
Since we know by Schiitte [9] Lemma VII1.21.6 that
ACA I (Vz)(Vy < 1A(y) — A(z)) — (Vo < B)A(z)

holds for every ordinal 3 < ¢

RFN I A(B)

follows for all § < gp. If @ < p2¢eg, there exists § < ¢¢ such that o < p23. Hence

by Lemma 5.1.5 we obtain
RFN - Z(@)

for all a < p2e. O
Corollary 5.1.15 |[RFN| > ¢2¢q and |ACAT| > ¢2¢

PROOF: It is immediate from Theorem 5.1.14 and Lemma 3.2.10. O

In the next section we will see that Corollary 5.1.15 determines in fact the greatest
lower bound for the proof-strength of RFN, respectively ACA*.
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5.2 An upper bound for the proof strength of ACA™

The purpose of the next subsection is to introduce the semi-formal system RA*
(compare Schiitte [9] for more details).

5.2.1 The semi-formal system RA*

In the language £* of RA* we have countably infinitely many bound number variables
(x,y,2,a,b,c...), as well as countably infinitely many free set variables of level « for
each ordinal o (U*, V* W ...) and countably infinitely many bound set variables
of level 3 for each ordinal 3 # 0 (X?,Y? ZP ...). Further, £L* comprises the same
function and relation symbols as £,. That means there is a symbol for each n-ary
primitive recursive function and n-ary primitive recursive relation. Number terms
of L* (r,s,t,...) are exactly the closed number terms of £,. The numerals of £* are
inductively given by 0 := 0 and n+ 1 := n + 1. The set terms of £* (S,T, R) are
defined simultaneously with the formulas of £L* (A, B, F,...):

Definition 5.2.1
1. U® is a set term.
2. If F is an L*-formula, then {z : F'} is a set term.

3. R(ty,...,t,) is an L*-formula for n-ary primitive recursive relation symbols
R and number terms ty,... . t,.

4. (t€S),(t¢5S) are L*-formulas for number terms t and set terms S.
5. Formulas are closed under V, A, (3z), (Vx), (3X?), (VX*) for a # 0.

The negation —F of an L*-formula F'is defined as usual by applying the de Morgan’s
rules. We say two formulas F' and G are numerically equivalent, if they differ
only in (closed) number terms which have the same value. Further we use the
same abbreviations as in L,, that is e.g.: S =T := (Vz)(z € S < z € T) and
(Vo <r)A(z) == (Vo) (z <r — A(2)).

The level of a set term S and a formula F' of £* is defined by
Definition 5.2.2

lev(S) = maz{a : a set variable X or U® occurs in S}

lev(F) = maz{a : a set variable X or U* occurs in F'}
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otherwise the level of S, or of F' respectively, is 0.

Now we define inductively the rank rk(A) for an L£*-formulas A:

Definition 5.2.3 1. A is of the form R(t1,...,t,), then rk(A) = 0.
2. Ais of the form (F AN G) or (FV G), then rk(A) = max{rk(F),rk(G)} + 1.
3. A is of the form (3x)F(x) or (Vz)F(z), then rk(A) = rk(F(0)) + 1.
4. A is of the form (t € U®) or (t ¢ U®), then rk(A) = wa.

5. Ais of the form (t € {w: F(x)}) or (t ¢ {x : F(2)}),
then rk(A) = rk(F(t)) + 1.

6. A is of the form (3X*)F(X®) or (VX*)F(X?),
then rk(A) = maz{w - lev(VX*)F (X)), rk(F(U°)) + 1}.

Notice that rk(F') = rk(—F"). We make the following observations:
e If lev(F) = «, then wa < 1k(F) < w(a+1).
e If lev(S) < «, then rk(F(9)) < rk((3X*)F(XY)).

Derivations in RA* are denoted in a Tait-style manner: I', A\, ... denote a finite set
of L*-formulas.
The axioms of RA* are given as follows:

I. Number-theoretic Axiom:
L, R(ty, ..., t) (Azxl)
if R is primitive recursive relation symbol and R(t1,...,t,) is true.
I1. Equality Axiom for set variables:
IseUYtg U (Ax2)

for arbitrary set variables of level a and s,t (closed) number terms which have the
same value.

The rules of RA* are divided into four groups:

II11. Logical Rules:

T, A 1) T, B v2) r'A T,B "
T,AVB " T,AVB ’ T,AANDB '
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IV. Set Term Rules:

I, F(t) [, -F(t)
Iitef{r: Fx)} (€ 1), Ité¢{r: F(x)} (€2)
V. Quantifier Rules:
I, F(s) 0 DL E(s), ... for all number terms s 0
T, (3z)F(x) 3, T, (Vo) F(x) (V)

[, F(S) lev(S) < «
T, (3X*)F(X°)

ILE(S), ... for all S, lev(S) <«

3. — I, (VX)) F(X) ()

VI. Cut Rule:

I F T,-F
T (cut)

Definition 5.2.4 Inductive definition of RA* }% F

1. If Fis an axiom of the system RA* then RA* }% F holds for all
ordinals a and p.

2. If RA* }% F; and a; < « for every premise F; of an inference or a cut of rank
< p then RA* }% F holds for the conclusion F' of that inference.

As an immediate consequence we obtain the following Lemmata by an easy transfi-
nite induction on the length a of the derivation.

Corollary 5.2.5
If RA* }% I' ,a<pandp <o, then RA }é I' also holds.
Corollary 5.2.6
If RA™ }% A and A C T, then RA* }% I.

A formula F' is said to be deducible in RA* with order o and rank p if RA* }% F
holds. Thus « is an upper bound for the orders of the inference which occur in the
deduction of F' while p says that every cut which occurs in the deduction of F' has
rank < p. If RA* }% F holds then the formula F' has a cut-free deduction
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with order «.

Further we also introduce the following notation. We write RA* }% [ if there exists
(6%

an oy < « such that RA* }% I', and analogously RA* }<—p [' if there exists a py < p
such that RA* % r.

In addition we have the following Lemmata for all ordinals o and p:

Lemma 5.2.7
RA* }% A(n) = RA* }% A(t) for all number terms t with value n
Lemma 5.2.8

RA* }% I, (Vo) A(z) — RA* =T, A(t) for all number terms t

p
Lemma 5.2.9

RA*}%P,A/\B — RA*}%F,A and RA*=T,B

.
PROOF: The proof of these Lemmata is an easy transfinite induction on the length
a of the derivation in RA*. O
Lemma 5.2.10
RA*}%F,AVB — RA*}%F,A,B
PRrROOF: The proof is by transfinite induction on .

e If AV B is not the main formula of the last inference, then either I" is an axiom
and so is I', A, B or we have the premises RA* }% I';, AV B. But then we have

RA* }% I';, A, B by the induction hypothesis and obtain RA* }% I', A, B by the

same inference.

e If AV B is the main formula of the last inference, then it is an (V)-inference
whose premise is RA* }% I'AvV B, A or RA* }% I', A from which we obtain

by Corollary 5.2.6 also RA* }% ' AV B, A. By the induction hypothesis it
follows RA* }CTTO I' A, B, A and by Corollary 5.2.5 RA* }% I', A, B, since the set
{A, B, A} and {A, B} are equal.

O
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Lemma 5.2.11 If Ay and Ay are two numerically equivalent L*-formulas with rank
a, we have

RA* 122 <A, A,

Proor:
We prove the claim by induction on the rank of Ay, resp. A;.

Tk‘(Ao) = 0:

Then the set {—Ag, A1} clearly is an axiom.

T’k?(Ao) > 0:

Ap is a complex formula, then the claim follows immediately from the induction
hypothesis.

Ap is of the form s € U®, then clearly A; is of the form ¢t € U* and hence the
set {s € U*,t ¢ U} is an Axiom (Ax2).

Ay is of the form By V Cy. Then we have by the induction hypothesis that
RA*I°2 —By, B RA* [ -y, C)

for ag = rk(By) and a; = rk(Cy) and where again By, B; and Cy, C; are
numerically equivalent formulas.

With the (V1) and (V2)-inference we obtain
% @0 2+1 % o1-2+1
RA }T ﬁBo,Bl\/Cl RA }T _|C(],B1\/Cl
Because oy < «a, a1 < o we have with an (A)-inference
RA* 1% =By A =Cy, By V C)
The case that Ay is of the form By A Cy can be proven in the same way.

If Ap is of the form (Jz)By(x). Then we have by the induction hypothesis an
ap = rk(Bo(s)) < a such that

RA* }QOT'Q —By(s), Bi(s) for all number terms s

where By(s), Bi(s) are numerically equivalent formulas.

With the (V°)-inference we obtain
RA* 2250 (W)= By (), Bi(s)

35



and finally with an (3°)-inference we have

a2

RA* = (Vo) =By (z), () B ()
For the case that A is of the form (Vx)By(x) the proof is analogous.
Ay is of the form (3X7)By(X") then we have by the induction hypothesis that

RA* }QOT'Q =By(S), B1(5) for all set terms S of level < v

with ag = rk(By(S)) < a and where By(S), B1(S) are numerically equivalent
formulas.

With the (V!)-inference we obtain
RA* 2220 (WX )= By(X7), By(S)
and finally with an (3')-inference we have
RA* 22 (VX 7)=Bo(X"), (3X7)Bi(X")
For the case that Ay is of the form (VX7)By(X"”) the proof is analogous.

Ay is of the form r € {z : Fy(x)} then we obtain by the induction hypothesis
an oo = rk(Fy(r)) < a such that

RA* }QOT'Q —Fo(r), Fi(s) for all terms r, s, which have the same value

where Fy(r), Fi(r) are numerically equivalent formulas. Together with (€ 1)
and (€ 2) we obtain

RA* }%'TM ré¢{x: Fy(x)},s €{z: Fi(z)}

The case that Ay is of the form r ¢ {x : Fy(x)} can be proven similarly.

O

Further we have that RA* proves the following equality lemma for arbitrary set
terms.

Lemma 5.2.12 For S, T arbitrary set terms and Ag(U°) and A;(U°) numerically
equivalent formulas we have with ag = rk(Ag(S)), a1 = rk(A1(T)) that

RA® exlo.e) 28 (G ) A4 (S), Ay(T)
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PROOF: We prove the claim by the complexity of the formula Ay (U?).

o If Ag(UY) is of the form R(sy,. .., s,) then A;(T) is also of the form R(ty,. .., t,)
where s; has the same value as ¢; for all i € {1,2,...,n}. Then clearly the set
{=(S=T),-R(s1,...,8,), R(t1,...,t,)} is an Axiom (Az1) of RA*.

e If Ay(U?) is of the form s € U°, then A(T) is of the form ¢ € T, where s,
have the same value and we have to prove that

RA* frazl0oa) 213 (g —T) s ¢ St e T
We obtain from Lemma 5.2.11 that
RA* 12 s ¢ SiteTtes

RA*I2 s SteT,tgT

where again s and ¢ have the same value.
By the (A)-inference we obtain

RA* etl00c)®H ] o g gt eTte SAtET
and therefore by the (V1)-inference

242

RA® fresleno) 22 o g gy e T (te SAtET)V (¢ SAtET)

This is
242

RA*%sg&S,teT,ﬁ(teSHteT)
And finally by the (3°)-rule
RA*}M sgSteT,~(Vx)(xeS—xzel)

o If Ag(UY) is of the form s € {z : By(z,U°)}, then A{(T) is of the form
t € {x: Bi(z,T)}, where By(0,U°) and B;(0,U°) are numerically equivalent
formulas and we obtain by the induction hypothesis 5y = rk(By(0,5)) < ap
and (1 = rk(B1(0,7T)) < ayq such that

RA" RS (5 = T), ~Bo(s, ), Ba(t, )
where s,t have the same value. Together with (€ 1) and (€ 2) we obtain

RA* }—ma‘”(ﬁo(’)ﬁl)aﬁ ~(S=T),s¢ {x: By(x,5)},t € {x: By(x,T)}
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If Ag(U?) is of the form By(UY) v Co(U"), then A;(T) is of the form By (T) V
Cy(T), where again By(U°), B;(U°) and Cy(U°), C;(U°) are numerically equiv-
alent formulas. By the induction hypothesis we obtain

243

RA* Pt 22 (S = T), By (S), Bi(T)

RA® 1202 (g — ) ~Cy(S), C(T)

with Sy = 7k(Bo(S)) < ao, 0 = rk(Co(5)) < ao, 1 = rk(Bi(T)) < o and
Y= T]C(01<T)) < .
With the (V1) and (V2)-inference we obtain

RA® (el B2 (g ) S B(S), By(T) V Cy(T)

-2+4

RA* PRI (8 = T),2Co(S), By(T) v C1(T)
and have by the (A)-inference

RA* }maz(ﬂoﬁlé’Yo,’h)Q—&-B —|(S — T)’ _'Bo(S) A —|C’0(S)’ B (T) v C, (T)

The case that Ag(U°) is of the form By(U®) A Cy(U°) can be proven in the
same way.

If Ag(UY) is of the form (3z)By(z, U°), then A;(T) is of the form (3z)B;(z,T),
where By(0,U?), B;(0,U°) are numerically equivalent formulas. Then we have
by the induction hypothesis 5y = rk(By(0,5)) < ap and
61 = rk(Bl(O,T)) < ay such that
RA* max(Bo,01)-243 (S . T) B ( g
5" (S =T),2By(s,S), Bi(s,T) for all number terms s

With the (3°)-inference we have
RA* [P0 (S = T), By (s, S), (3) Bu(x, T)
and finally with the (V°)-inference we obtain

RA® 1) (5 T), (V)= By(z, S), (32) Bu(a, T)

The case that Ayg(UY) is of the form (Vz)By(x, UY) can be proven similarly.
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o If Ay(U") is of the form (3X7)By(X7,U?), then A(T) is of the form
(3X7) By (X7, T), where By(V°,U?), B;(V°, U°) are numerically equivalent for-
mulas. Then we have by the induction hypothesis Gy = rk(By(R,S)) < ap
and #; = rk(B1(R,T)) < ay such that for all set terms R of level < ~

RA* (et 243 (g — T ~By(R, S), Bi(R,T)
With the (3')-inference we have

2+4

RA" BB (5 = T), ~Bo(R, S), (3X ") Bi(X", T)

and finally with the (V!)-inference we obtain

2+5

RA® (1l B2 (g — ) (VX7)=By(X7, S), (3X7)By(X7,T)

O

Further standard proof-theoretic techniques can be applied for the system RA* to
obtain the following cut elimination Theorems, cf. Pohlers [6] Theorem 12.3 and
Theorem 18.4 or Schiitte [9] Theorem 22.7 and Theorem 22.8

Theorem 5.2.13

RA'ES-T =  RAE-T

p

Theorem 5.2.14
e * | PP

5.2.2 Embedding of ACA" into RA*

In the next step we embed ACA™ into RA*. For that we have to make the following
definition:

Definition 5.2.15 An L*-formula F® is an a-instance of an Ly-formula F if F'¢
1s obtained from F' by

1. replacing all free number variables by arbitrary closed number terms.
2. free set variables are replaced by arbitrary set terms of L* with level < .

3. bound set variables get the superscript c.
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Notice that if F'* is an a-instance of an L-formula, then rk(F*) < w(a + 1).

We want to prove that if ACAT  F, and F'“ is an w-instance of F' then there exists
a natural number n such that RA* % F>.

Lemma 5.2.16 Let Aluy,...,u,, U, ..., Uyl be one of the number-theoretic or log-
ical azioms of ACA. Then we have for all a-instances A“ of A that

w(a+1)-243

RA* DS pa(py o, ST, SO

(with ~; < «).

Proor:
o If Aluy, ..., u,, Uy, ..., Uyl is one of the number-theoretic axioms or the equal-
ity axiom u = u, then A%(ry,...,7,, 57", ..., S)") is an axiom (Azl) of RA*.

o If Aluy,...,u,, Uy,..., Uyl is of the form B(t) — (Jz)B(x) then we have
by Lemma 5.2.11 that RA* }W B(r),—~B%(r). Applying first the (3°)-
inference RA* }W (3z)B*(x), ~B*(r) and then the (V)-inference twice

we obtain RA* }w B(r) — (3z)B*(x).

o If Aluy,...,u,, Uy,...,Uy] is of the form (Vz)B(z) — B(t) then we have
by Lemma 5.2.11 that RA* }W B(r),—~B%(r). Applying first the (3°)-
inference RA* }w (z)-B*(x), B*(r) and then the (V)-inference we
obtain RA* }w (Vx)B*(x) — B*(r).

o If Afuy,...,u,, Uy,..., Uyl is of the form B(U) — (3X)B(X) then we have
by Lemma 5.2.11 that RA* }W BY(S7),~B*(S7) for arbitrary set terms
S with level v < a.

Applying the (3')-inference RA* }%ﬂ“ (IXY)B*(X*),~B*(S7) and then
the (V)-inference twice we obtain RA* }M BY(S7) — (3IX*)B*(X?).

o If Afuy,...,u,, Uy,..., Uyl is of the form (VX)B(X) — B(U) then we have
by Lemma 5.2.11 that RA* }“)(%1)'2 BY(S7),~B*(S7) for arbitrary set terms
S with v < a.

Applying the (3')-inference RA* }% (IX*)-~BY(X?*), B*(SY) and then
the (V)-inference we obtain RA* }w (VX*)BY(X*) — B*(S7).
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o Aluy,...,u,, Uy,...,Upy]isof the form s(@0) = t(@) — (B(u, s(2)) — B(d,t(w)))
with « = wuy,...,u,. We denote rq,...,7, as 7 and have to distinguish two
cases.

1. If s(7) and ¢(7) have not the same value. Then the formula s(7) # ¢(7) is
an axiom (Azl). Therefore we have that

RA* I () # 1(7), =B (7. s(7), B (7" (7))
Applying four times the (V)-inference we obtain
RA” b 5(7) = t(7) — (B*(7 (7)) — B*(7, (7))
2. s(7) and ¢(7) have the same value. Hence
* w(a+1)'2 of = —\ o = —
RA }ﬁ -B (Tv S(T))v B (T’,t(?"))

by Lemma 5.2.11. With applying the (V)-inference three times we obtain

RA® 255 (1) = 1(7) — (BY(7, s(7) — B*(7,1(7)).
Therewith the proof of the Lemma is finished. O

So now let us turn to the full second order induction scheme (IND).

Lemma 5.2.17 If A%(0) is an L*-formula of level o, then we have for all natural
numbers n that

RA® (DI 4 (), ~(var) (A%(2) — A°(x + 1)), A°(7)
PrOOF: We prove the claim with induction on n.

n=20:

Holds obviously by Lemma 5.2.11.
n—n+1:

From the induction hypothesis we have

242n

RA" P22 40(0), (V) (A% () — A% (w + 1)), A°(7)
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Moreover, we have again from Lemma 5.2.11 that

RA* U2 ge(f ), A%(n + 1)

By the (A)-inference we obtain

RA® (EZEEL 42 (D), (V) (A% (3) — A%(2+1)), A® (@) A=A®(n + 1), A°(n + 1)
and then by applying the (3°)-inference

2+42n4-2

RA® [AOEDZENE2 o (), = (V) (A% (z) — A% (2 + 1)), A*(n + 1)

Lemma 5.2.18 If F is an instance of the full second order induction scheme
A0) A (Vo) (A(x) — A(z + 1)) — (Vo)A(x), and F* is an a-instance of F' then

RA* (DR (@) A () (A% (2) — A% (@ + 1)) — (V) A%(x)
Proor: By 5.2.17 we have
RA* OS2 49(0), = (Var) (A% () — A% (x + 1)), A*(7)

for all natural numbers n. With Lemma 5.2.7 and the (V°)-inference of RA* we
obtain

RA* AOEU2Ee  po(@), —(Var) (A% (z) — A%(z + 1)), (Vo) A°(x)

and by applying the (V)-inference four times we obtain the claim. O

Now let us turn to the arithmetic comprehension scheme.

Lemma 5.2.19 If F is an instance of the arithmetic comprehension scheme

(3X)(V2)(z € X < A(2)) and F* is an a-instance of F (with o # 0), then
RA* LEU2 (gxey(v2) (2 € X* o A%(2))
PrROOF: Notice that the level A%(s) is agp < «a by definition, since A% does not

comprise any bound set variables. By Lemma 5.2.11 we have that for all number
terms s that

RA* }W A%(s),~A%(s)
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With (€ 1) and (€ 2) respectively we conclude
RA* Lt DL fa(s) s ¢ {w: A%(x)}  RA DL pa(e) s € {o: A%(x)}
Now applying the (V)-inference twice and then the (A)-inference we get
% (w(op+1)-2+4 « a

RA* U0t D2H o (0 A%(2)} o A%(s)
for all for all number terms s. Therefore we obtain by (V)

% w(ap+1)-2+5 « «

RA* L0t D20 (o) (2 € (o A%(2)} o A%(2))

Because {z : A%(z)} is a set term of level ay < a, we obviously have by (3')

% (w(ap+1)-246 a « «

RA® (A28 (g x0y(yv2)(2 € X o A%(2))

and since w(ap+ 1) 246 < w(a+ 1) - 2 the claim follows easily. O

Theorem 5.2.20 For all Lo-formulas Aluy, ..., u,, Uy, ..., Uy| with
ACAI—A[ul,...,un,Ul,...,Um]

there exists an ordinal f < w(a+1)-2+w-2 and a natural number m such that for
all a—instances of A

RA* - A%y, ST, ST
(with v; < ).

PROOF: Proof by induction on the length n of the derivation of
Aluy, ... un, Uy, ..., Upy] in ACA.

n =20:

Alug, ..., up, Uy, ..., Uy] is an axiom of ACA. By Lemma 5.2.16, Lemma 5.2.18 and
Lemma 5.2.19 we are done.

n > 0:

We will concentrate on two cases.

43



e First if the last inference was Modus Ponens, then we have ng < n,n; < n
such that
ACA ™ By, ..., vy, Vi, ..., V)

ACA}E B[’Ul,...,'l)p,‘/l,...,‘/d—>A[u1;---7un7U17"'7Um]

By the induction hypothesis we obtain ordinals fy < w(a+1) -2+ w - 2,
f1 <w(a+1) -2+ w-2 and natural numbers mgy and m; such that

RA* o B(s1,. ., 85, T, ... T00) (12)

RA* i B(s1,. 8, 7 T00) — A% (ry, . ra, ST, S) (13)

(with v < a,0; < ).
By Lemma 5.2.10 it follows from (13) that

* B & S m
RA }Timl _|Ba<81,...7Sp,T117...,qu),Aa(Tl,...,Tn7S¥1,...,S:n )

and finally we obtain with (12) by applying the (cut)-inference, since
maz(w - & +my,w - & + ma, rk(B%(5, R))) < w(e 4 1), a natural number m
such that

RA* P20 P, Ay, 7, ST, )

with max (5o, 01) + 1 <w(a+1)-24+w-2.

e If the last inference was an universal number quantification then
Alug, ..., up, Uy, ..., Uy] is of the form
Cugy .. sun, Uy .o Up) — (Yo)B(z,ug, ... uy, Uy, ..., Upy,), and we have an
ng < n such that
ACAF C(uy, ... un, Uy, Up) — B(u,ug, .. g, U, Up)

where u is pairwise disjoint from all u; with ¢ € {1,...,n}, and obtain by
induction hypothesis an ordinal §y < w(a+1)-24w -2 and a natural number
m such that for number terms ¢

RA* 2 Oy ST S0 — B 7 ST SO

(with v < ).
By Lemma 5.2.10 we obtain

RA* 20 Oy, ST SO), Bt T, 1, ST, ST
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for all number terms ¢. By applying the (V°)-inference of RA* we conclude

RA* 2 Oy, .y, ST, ST,
(Vz)B*(z,7r1, ... 70, STt o, SOm)

and finally by applying the (V)-inference twice

RA* 22 Oy, ST, ST) —
(Vx)B*(z, 71, .. 10, ST .0, STm)
with By + 1 <w(a+1)-24+w-2.
O

If we restrict ourselves in Theorem 5.2.20 to w—instances we immediately obtain
the following corollary.

Corollary 5.2.21 For all Ly-formulas Aluy, ..., u,, Uy, ..., Uyl with
ACAF Alur, ... un, Us, o, Upl

there emists, if A is an w-instance of A, an ordinal o < w? -2 +w -4 and and a
natural number m such that

RA*ﬁAw(rlw"arn’Sil""’ngL)

(with l; < w).

Finally let us turn to (w — Jump). Notice that we showed in Lemma 3.1.1 that the
Turing jump hierarchy is unique, provable in ACAg. Therefore we know by Corol-
lary 5.2.21, this is also provable in RA* for every w-instance, where the length of the
derivation is restricted by w? -2 + w - 4 and every formula has a rank < w? + w.

We make the following definitions:
Definition 5.2.22 1. H(U,V,a) .= (V)o=UA (Vx < a)((V)ez1 =TJI((V)z))
2. (U):={(a,b) : b < cAla,b) €U}

3. For all natural numbers n, we define set terms TJ"(S) inductively by
TJ(S) = S and TJ"(S) = {{e,b) : (3)TT7"O)(e,b,2)}, denoted by
TJ(TJ™(S)), where TV is Kleene’s T-predicate, relativized to U.
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4. For all natural numbers n we define set terms RS as
RS = {{a,b) : Vi_,b=1iNae€TJ(S)}

Notice that ¢ € TJ"(S) is a finite formula of £* and RY is a finite set term of £*
for all natural numbers n with lev(RS) = lev(S).

First we prove the following Lemma.

Lemma 5.2.23 For all natural numbers n, we have that

RAT T RS R )

PROOF: We show that with an induction on n.

n=_0:

We have by the definition of H that
H(S* R, 0) = (Ry )o = 8 A (Vo <O)(RF s = TI((RG )x))
Since (R5")o = S¢ is an abbreviation and together with the definition of R this is

(Vo) ((x,0) € {y : (F21)(F22)(y = (21,22) Az2 =0 A 21 € SN} -z e g“)A
(Vo < 0) (R )et1 = TI(RF")a))

It is not difficult to show (though a little bit cumbersome) that this holds (for more
details of this proof compare Appendix A1) for a cut-free deduction in RA*, where
the length of the derivation is restricted by w(a + 1) - 2 + 10.

n—n+1:

By the induction hypothesis we have that H(S*, R5",7) holds. More formally

x (w(a+1)24n-10+11
RA ! <w(a+1)

(R )o =S A (Vo <) (R )asr = TI(R)a)

Together with Lemma 5.2.9 we obtain that

% w(a+1)-24n-10+11 « o
RA™ | ( +<i;(;r+1) - (Rg Jo=15 (14)
RA® DL (v < ) (RS ais = TI(RE).) (15)

From (15) we obtain with Lemma 5.2.8 and Lemma 5.2.10 for all natural numbers i

RA* i o < ), (RS )i = TI((RS)) (16)

<w(a+1) n
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In a first step we want to prove that this also hold for R}, instead of RJ". We
obtain the desired result by making use several times of Lemma 5.2.12.
First we have to distinguish two cases depending on the value of 7.

1. By the definition of R2” we have that for all natural numbers i < n

1)-2+12

RA* (202 G oy (RS )iy = (RS )i

(for more details compare also Appendix A2).

2. Further for all natural numbers i > n we have
%0 = _ « o
RA* |5 —(i < 7), (R§+1)5+1 = (Rg )it

Therefore we have for all natural numbers 7 that

1)-2+12

RA" (02 (7 < ), (R )i = (R )i (17)
Completely analogously we obtain also for all natural numbers ¢

1)-2+12

RA* (D22 7 q), (RS ) = (RS); (18)

By Lemma 5.2.12 and with A(U?) := ((R5");,, = TJ(U*)) we have for all natural
numbers ¢
RA* ) (RST)): = (RE"):), ~A((RE):), A((RES, )7) (19)
0 n+1/1 — n )i/ n )i/ n+1/1

Analogously by Lemma 5.2.12 and with B(U?®) := ((U* = TJ(R,);)) we have for
all natural numbers

x w(a+1)-243 e et o o
RA* OEU2E8 (RS% )iy = (REM)in), ~B((RE)isy), BRE )isy)  (20)

We conclude from (16) and (19) by the (cut)-rule that

% w(a+1)-24n-104+12 - _ « o «
RA* et D202 G ) ~((RE1); = (RS7);), A((RET,):)

<w(a+1)

since k(A((R351);) < w(a+ 1). By (18) we obtain with a cut for all natural
numbers ¢

% w(a+1)-2+n-10+13 = a
RA™ | <w(at1) _'<Z < n)a A((Ri+1>;)
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since 7k(=((R551); = (RE");)) < w(a +1). With (20) we obtain by a cut that

« w(a+1)-24n-10+14 = _ o o @
RA" (1 <L(a+1) =(1 <), ~(Rys1)i = (R i) BURS )

since also 7k(B((R5");11)) < w(a+ 1) and with (17) and a cut

x w(a+1)-24+n-10+15 = _ a
RA™| <w(atl) —(i <), B((REH)EH)

and that is for all natural numbers ¢

% (w(a+1)-24n-10+15 = _ o o
RA* (A DEOEE. G < 1), (RS )5 = TI((RE,)0) (21)

In a next step we have to show that (21) also holds for i = n.
We can prove that if ¢ = n then (for more details compare Appendix A3 and A4).

RA® G2 (R sy = T (57) (22)
and 1)-2+10
RA" 020 (R )7 = T (S°) (23)

Further we have to distinguish two cases depending on the value of 7.

1. For ¢ = n and Lemma 5.2.12 we have with
AU®) = (R )i = TJ(U®) that
« w(a+1)-2+43 a n/ oo n( Qo «
RA* ()2 (REL); = T (S%)), ~(A(T (%)), A((RS:,)7)
Using (22), (23), and the definition that TJ""1(S*) = T J(TJ"(5%)) we obtain

with applying twice the (cut)-inference for i = n that

w(a+1)-2+12

RA D22 (RS )y = TI(RE,)7)

since the level of R%, and TJ"(S%) is «, and finally we have by Corollary
5.2.6 for ¢ = n that

% w(a+1)-24+12 - _ o I
RA* AV (G =) (RS )5y = TU((RS1):)
2. Further we also have for all i # n that
%0 - _ « «
RA }U =i =n), (R§+1)€+1 = TJ((REH){‘)
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Therefore we have for all natural numbers 7 that

2+12

% w(a+1 = _ a a
RA D22 G =) (RS )5y = TT(RE5,)7) (24)

From (21) and (24) we obtain by the (A)-rule of inference for all natural numbers i
that

% W 1)-2+n-104+16 = —_ - — [e% [e%
RA* (DB G =) A (T < 7). (RE]))ir = TI((RES,)) (25

With (Az1) we obtain for all natural numbers 7 that

RA* It —(i < +1),(i=7),(i <7)
and applying the (V)-inference twice we obtain

RA*IZ (i <m+1),(i=m)V (i <7)

and obtain by Corollary 5.2.6 and by a cut with (25) that for all natural numbers 4

% (w(a+1)-24n-104+17 - a «
RA™| <w(atl) —(i <n+1), (RSH)EH = TJ((Rngl)Z)

and by applying once more the (V)-inference twice we conclude by Lemma 5.2.7 and
the (V9)-inference that

% w(a+1)-24n-10420 _ o o
RA™| ( <3u(04+1) (Vz)(x <m+1— (R§+1)Z+1 = TJ((RSH){‘))

and obtain together with (14) by applying the (A)-inference

RA* (22O (8% = 5% A (V) (& < 71+ 1 — (RS )os = TI((RED,):)

and therefore the length of derivation is w(aw+1) -2+ (n+1) - 10 + 11.
This finishes the induction step. O

Lemma 5.2.24 RA* proves all w-instances of the (w — Jump):
w242

RA* - (3X“)H. (5", X*¥)

(with | < w).
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PRrOOF: We define a set term T+ as
T = {{a,b) : BZ"T)(H(S, 2 b)) Aa € (Zh),)}
with lev(T) = lev(ZM) =1+ 1 < w.
We can prove that there exists 3y < w? such that for all natural numbers n
RA* 20 RS = (71" (26)
(for more details compare Appendix Ab).

By Lemma 5.2.12 we have that there exists 3; < w? such that for all natural numbers
n

RA* }50_1 —\('Ril _ (Tl—i-l)ﬁ), —\H(Sl, Rf;l?ﬁ)? H(Sl, (Tl—i-l)ﬁ7 ﬁ)

since lev(H(S', RS, 7)) < w and lev(H(S', (T, 7)) < w.
With (26) we obtain by a cut that

RA* o)L g5t RS M), H(S, (T, )
since rk(Rgl = (T)") < w?.

By Lemma 5.2.23 (with o« = [) we conclude by applying the (cut)-inference and with
6(n) = maz(Bo, Br,w(l +1)-2+n-10+11) + 2 < w? that

RA* 2 (St (T, 7) (27)

for all natural numbers n, since also rk(H(S", RS', 7)) < w?.

Now we can also prove that (27) implies for all n, there exists y(n) < w? with
RA* 280 (S, T )

(for more details compare Appendix A6)
By Lemma 5.2.7 and the (V°)-inference we obtain

RA* 2, (Va)yH(S!, TV, z) (28)
Further notice that ACA proves the following
(Vo)H(U,V,z) < J,(U,V)
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and therefore we obtain by Lemma 5.2.20 for an [ + 2-instance (with [ < w)
RA* E_:jz (Vx)H(Sl,TlH,:C) o jw(Sl,T”l)
and with Lemma 5.2.9 and Lemma 5.2.10 also
RA* E—Zz ﬂ(Vx)H(Sl, Tl+1,.l‘), jw(Sl,TlH)
and together with (28) we obtain by a cut that
RA* }% T(SL T
since also rk((Vz)H (S, T, z)) < w?, and finally by an (3')-inference that

RA* 2 (3X) 7,(S', X¥)

w

since lev(T") =1+ 1 < w. O

Theorem 5.2.25 For all Lo-formulas Aluy, ..., u,, Uy, ..., Upy| with
ACA+ F A[Ul,. .. aunaUla- . ;Um]

there exists an ordinal o < w? -2+ w -4 and and a natural number m such that for
all w-instances of A

RA* o A“(ry, ..., 7m0, ST, S0
(with I; < w).

PRrROOF: The proof is completely analogous as for Theorem 5.2.20. The only differ-
ence is the case if A[uy, ..., u,, Uy, ..., Uyl is the (w—Jump) axiom. But by Lemma
5.2.24 we know that the claim also holds in this case. O

Let C be any primitive recursive wellordering. Then we denote the ordertype of C
with | C |.

Further we have the following from Schiitte [9] Theorem 23.2 and Pohlers [6] Theo-
rem 13.10.

Theorem 5.2.26 For all primitive recursive wellorderings T we have that

RA* }% WF(C) where 3 # 0 implies | T | < w - 6.
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Therefore we obtain the following corollary.

Corollary 5.2.27
|ACA+’ < (,0260

PROOF: Suppose ACAT = WF(C) holds. By Theorem 5.2.25 ACA™ can be inter-
preted in RA* where every formula has a rank < w? + w and the order of inference
is restricted by w? - 2 + w - 4. Therefore it follows that the formula WF*(C) has a
deduction in RA* for a natural number n with

RA* 2L W ()

It follows by applying the first cut elimination Theorem 5.2.13 n-times that there
exists 0 < gg such that
RA* -2 WF¥(CD)

and then finally by the second cut elimination Theorem 5.2.14 we obtain
RA* 222 WF (L)

By Theorem 5.2.26 we have | C | < w - 92§ = 920 < ¢2¢¢. Consequently ACA™ has
a proof-theoretic ordinal < p2eg.
(]

As a consequence of Corollary 5.1.15, Corollary 5.2.27, and the result of Section 3
we obtain the following theorem.

Theorem 5.2.28

IRFN| = |ACAT| = ¢2¢,
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6 Additional Results

The notation follows that of subsection 5.1

6.1 The well-ordering proof of ACA; + (BR)

Lemma 6.1.1 We have for all ordinals «,
ACA, + (BR) F (VX)) Tl(@, X) = ACAy + (BR) F (VX)TI(é4, X)

PRrOOF: First notice that ACAg + (BR) proves every instance of the full second order
induction scheme (IND). Therefore the theories ACAg + (BR) and ACA + (BR) are
equivalent.

We have that ACAy + (BR) = (VX)Tl(a, X) and can conclude by (BR) that

ACAg + (BR) F Tl(a, F') for all Lo-formulas F. We define F(a) to be the formula
(VX)TI(é,, X). Hence we have

ACAq + (BR) F PROG(=, F) — (Vo < @)F(z) (29)
Further ACAq + (BR) proves
ACA, + (BR) F PROG(=, F) — ((Vx < @)F(z) — F(@)) (30)

By Schiitte [9] Lemma 21.7. we know that F is progressive and hence we can

conclude from (29) and (30) that ACAy + (BR) F F'(@) which is

ACAo + (BR)  (YX)TI(éx, X)

Theorem 6.1.2 ACAq + (BR) proves the formula Z(a) for all a < ¢20.

PRrROOF: The proof is analogous as that of Theorem 5.1.10, only instead of applying
Lemma 5.1.9 we use in this case here Lemma 6.1.1. O

Corollary 6.1.3 For a lower bound of the proof-theoretic ordinal of ACAg + (BR)
we have

IACA, + (BR)| > 20
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7 Appendix

7.1 Details of the proof of Lemma 5.2.23

Al:

We have to show that the following holds.

RA* }w (Vz)({x,0) € {y :_(Elzl)(EIzQ)(y =(21,220) N2g =02z € S}
z €SN NVE < 0) (R )ags = TI((REM)2))

By Lemma 5.2.11 and Axiom (Azl), with lev(s € S*) = «, and therefore
rk(s € S*) < w(a + 1), we have for all number terms s that

RA*AOEU2 ¢ 6o s e 5% RA'L- (5,0) = (s,0)  RA"R-0=0
and obtain by applying the (A)-inference twice that
RA* (D22 o gt o (5,0) = (5,0 AO=0As € 5
By an (3°)-inference we have
A TS g G (325)((s,0) = (5,2) Aza = O A s € )
and obtain, again by an (3°)-inference
RA* AT o ¢ 5@ (321)(32) ({5, 0) = (21,25) A2 = 0 A 21 € S

By an (€ 1)-inference we have

w(a+1)-245

RA" =55 ¢ 5% (s,0) € {y: (Fz1)(F22)(y = (21, 22) N 22 = 0N 21 € 5%)}

and by applying the (V)-inference twice

RA* FLOEU2HT o o o (5.0) € {y: (321)(32)( y = (21, 22)A (31)
ZQIO/\ZI ESOC>}

Further we have to distinguish two cases depending on the values of the (arbitrary)
number terms s and ¢.
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1. If s and ¢ have the same value, then we obtain from Lemma 5.2.11 that

RA* A0t 4 g go s € go
and by applying an (V)-inference twice we have for all number terms r that

242

RA* ATV (s 0) £ (£ 1) Vir £ 0V E ¢ 5% 5 € 5

2. If s and ¢t have not the same value then we have from Axiom (Ax1) that for
all number terms r

RA* [ (5,0) # (t,7),s € 5°
and obtain by applying an (V)-inference twice that

RA* 2 (5,0) # (t,r) VI #0V 1 ¢ 5% s € 5
Hence we conclude with an (V°)-inference that

RA™ OV (o) ((5,0) # (8, 25) V2 0V E ¢ 5%),5 € 5
and by another (V°)-inference

244

RA® DR (v ) (v2,) ({5, 0) # (21, 22) V 2 20V 21 & 5%), s € S°

but this is
s w(a+1)-2+4 o - o o
RA™ == =(321)(322) ((5,0) = (21,22) N2 = 0N 21 € §%),s € S

and so we have by an (€ 2)-inference that

RA* LU0 (5 0) ¢ {y: (321)(32)(y = (21,20) Aza = 0 A 24 € 5}, s € S°
and finally by applying the (V)-inference twice

RA* V2T (5 0) € {y: (321)Bza)(y = (21,20) Az = 0 A 21 € 5%} — s € S°

Together with (31) we obtain by an (A)-inference

RA* S (5 0) € {y: (32)(Fz)(y = (21, 22) Ao = 0 Az € §%)} e 5 € 5°
and finally obtain by an (V°)-inference that
RA* 2 (W) ((2,0) € {y: (F21)(F)(y = (21,22) Ao = 0 A 21 € §9)}
xr € S*})
(32)
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Moreover we have for all number terms ¢
RA* 15 —(t < 0), (RS )ms1 = TI((RY")x)
With (V1), (V2) and the (V°)-inference we obtain
RA 5 (Va)(z < 0 = (RS )1 = TI(RS =)

Together with (32) we obtain the claim by an (A)-inference.

A2:

The proof is very similar to A3.

A3:

The proof is also similar to the one of A1. We have to prove that for i = n

)-24+10

RA” G20 (R )i = T (5%)

which is

(Vo)( 2 e TJ"(SY) «
(,i+1) € {y: (Fz1)(F2)(y = (21, 22) A ((22 =0 A 21 € S¥)V
(20 =1AN2z €TI(SY))V...V(za=1+ 1Az € TJ""(S*))))})

From Lemma 5.2.11 and Axiom (Ax1) respectively we obtain
RA* (D2 o g 7 yntl(§9), s € TT™H(S®)  RA" - i+1=n+1
since lev(TJ" ™ (S*)) = «a and i« = n. Hence we obtain by an (A)-inference that
RA" UOEU2EL o gt (§) G4 1 =+ 1 A s € TJ™H(S?)
and by an (V)-rule of inference we get

RA* AOEU2E2 o g T yntl(ge) T4 1 =0A s € 5V
i+1=1AseTJ(S)V...Vi+l=n+1As¢eTJ(5?)
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Further we have by Axiom (Az1)
RA* I (5,7 +1) = (5,7 + 1)
Therefore we conclude by an (A)-inference that
x (w(at+1)2+3 n+1( Qo

(s,i+1)=(s,i+1)A(i+1=0A5€ SV
i+1=1AseTJ(S*)V...Vi+1l=n+1As¢€TJ"(5?)

By applying twice the (3°)-inference we get

RA* W(a+é)‘2+5 s ¢ TJn+1(Sa),

(321)(322)(<S,z+ 1> = <21, 22> VAN (ZQ =0A Z1 € S*V
Z9 = 1 Nz € TJ(SOC) V...V 29 =n++ 1/\21 € TJn-l—l(Sa)))

And finally by an (€ 1)- and two (V)-inferences we have

RA* w(a+(1))~2+8 se TJ"+1(SO‘) . <S,E—|— 1> c {y :
(F21)(Fz2)(y = (21, 22) A (22 =0 A 2y € SOV
20=1N2z1 €TJ(S*)V...V2o=0+1Az € TJ"(S5))}
(33)

We have to distinguish several cases depending on the value of the (arbitrary) num-
ber terms s,t and r.

e If s and ¢ have not the same value or the value of r is not 7 + 1 then we have
the following Axiom (Ax1).

RA* [ (5,7 + 1) # (t,7),5 € TJ"(5%)

and obtain by an (V)-inference that

RA* 5 s € TJ"(S%),
(s,i4+1) £ 1YV ((r£0Vtg SYA
(r£1VtgTJS)NA...A(r£n+1VtgTJ(SY)))
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e If s and ¢ have the same value and the value of r is 7 + 1 then we have the
following by Axiom (Az1).

RA*I-r#0 RA*I-r#1 ... RA'IDr#7

and obtain by an (V)-inference
RAEE r£0VEg S .. RA"E rA£RmVigTJYSY)

and by applying the (A)-inference n times

RA* L (r £ 0Vt g SN ... (r# TVt g TI(SY) (34)
Further we have by Lemma 5.2.11

RA* D2 4 gt (59 s € TJ™H(S%)
since lev(s € TJ"(S%)) = a and obtain by an (V)-inference
RA* AOEU2EL ot 1yt ¢ TJ"T(SY), s € TJ"(S)

Together with (34) we obtain by an (A)-inference

242

RA*[AOTDZE g it (s,
(r£0Vtg SN (r#1Vid TI(SY)A

(r#n+1Vté¢TJ(SY))
and by an (V)-inference this yields

a+1)-243

RA* [AOTDZEE g ¢ i (se),
(s,i+ 1) £ )V ((r£0VtegS)A
(r£1VtgTIS))NAN...AN(r£n+1Vit ¢TI H(SY))

So we conclude by two (V°)-inferences
RA [ g e nti(Se),
(Vz1)(V2o)((s,01+ 1) # <z1, 20V (22 #0V 21 & S*)A
(20 #£ 1V 21  TI(S))NA ... A (2 £+ 1V 2 ¢ TJ"(S?))))

but this is
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w(a+1)-245

RA* OTU2E0 e gt (5o,
=(321)(Fz2) (5,0 + 1) = (21, 29) A (22 = 0 A 2y € SV
29 = 1/\21 € TJ(SQ) V...Vzg =N+ 1/\21 € TJE—FI(SQ)))

and obtain by (€ 2) and two (V)-inferences

RA* LT Gt 1) € {y: (321)(F2) (y = (21, 20) A (
ZQZO/\ZlGSO{\/Zgzl/\ZlETJ(Sa)\/
V2 =N+ 1Az € TJ"™(S)} — s € TJ"(S?)

So we obtain together with (33) by an (A)-inference that

RA* AOEU2E0 e Tyntl(59) o (5,54 1) € {y :
(321)(F20)(y = (21, 22) A (22 =0 AN 2 € S*V
29=1AN2z €TJ(S*)V...Vzo=T+ 1Az € TJ"(5))}
and finally by an (V°)-inference
RA* EV2H0 vy (1 € TH(S%) o (2,04 1) € {y :
(F21)(F22)(y = (21,22) A (22 =0 A 2, € S*V
Z9 = 1/\21 ETJ(SQ)V...VZQ :ﬁ—i-l/\zl eTJn—i—l(Soz)))}

A4:

The proof is also completely analogous to A3.

7.2 Details of the proof of Lemma 5.2.24

Ab:

First notice that ACA proves the following for all natural numbers n

a=(b,c)Nc<nA@BZ)HU, Z,c) Nbe (2).) <
a=(c)N(Vi,c=iNbeTJ(U))

Therefore using Theorem 5.2.20 we obtain 7y < w? such that for an [ + l-instance
(with [ < w) and all natural numbers n

RA* % r— <S,t> At Sﬁ/\(HZHl)((SZ,ZH—l,t) As€E (Zl+1>t) —
r={(s,t) AN(Vigt =iAseTJ(S"))
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Together with Lemma 5.2.9 and Lemma 5.2.10 we obtain that

RA* L —(r = (s,t) ANt <A (ZM)((S1, 25 t) As € (Z1)y)),
= (s,) AN(Vgt =i A s €TJ(S)

RA*Er v = (s,t) Nt <A (Z")((S', 2 t) As € (ZM)y),
=(r=(s,t) N\(Viy,t =iAsE€E TJ’(SZ)))

Hence we obtain by (€ 1) and (€ 2) that for all natural numbers n

RA* P2 ¢ {ora= (s, t) ANt <TA (BZH)((SL, 241 As € (ZH),)},
re{r:x=(s,ty Nyt =iAs€TJ ()}

RA* L pe{wra=(s,t) At <TIA(3ZH)((SL 2, 8) As € (ZH),)},
ré¢f{e:ao=(s;ty NVt =1iAseTJ(S"))}

and by the (V1),(V2) and (A)-inference

RA*E re{ziz=(s,t) At <TABZHY (S, 2 t) As € (21%),)} <
re{r:a=(s,t) A\\V}_, TJ(S)}

Since r is an arbitrary closed number term, we finally obtain by Lemma 5.2.7 and
the (V°)-inference that

RA*}ZOTJFS (V2)( ze{x:x=(s,t) Nt <TIA
(FZ7H((S, 27 ) As € (27),)} <
ze{z:z=(s,t) N(Viot =iAseTJ(S)})
and this is the assertion (since 1y + 6 < w?).
AG:
With the definition of H we obtain from (27) that
RA F25 ((T™1)7)g = S'A (Yo < W) (T T)ass = TI((TH)7).)
By Lemma 5.2.9 we have
RA™ (25 (")) = S (35)

RA* 20 (Vo < ) (T )ein = TI(((T)7),)

and by Lemma 5.2.8 and Lemma 5.2.10 we obtain for all natural numbers ¢
% 0(n ﬁ .
RA" 22 (i < 1), (T, = TJ(((T)7);) (36)
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Using Lemma 5.2.12 we obtain 7y < w? with
RA* - (7))o = (T 1)), ~((THH)7)o = ), (T o = 8" (37)

since lev(((T"HH)™)g = S =1 < w.
It is not difficult to prove that there exists 1; < w? such that

RA" E- (T'H1)7), = (T1),

(for more details compare Appendix AT).
Together with (35) we obtain from (37) by two cuts that

RA* }max(no,mﬁ("))"‘l (Tl+1)0 - g! (38)

<w?

since clearly rk((T"1)™)y = (T"1)g) < w? and also rk(((TH)™)y = S') < w?.

Again we have to distinguish two cases depending on the value of i.

1. We have for all # > n that

RA* It —(i < 70), (TY)1, = TI((THY);)

2. Using Lemma 5.2.12 we have 7y < w? for all i < n, since
lev(((T") )y = TI(((T1)7);)) = | < w, such that

RA* G- =((T*)™); = (T1):), ~((T) )50 = TI(((TH)™)3),
(T )i = TI(T)y)

and also again 1; < w? for all i < n such that
RA* }T]Tl ((TZ—H)H); — (Tl-&-l)?

(again for more details compare Appendix AT).
So we conclude by using the (cut)-inference

RA* Pt (G < ), ~((TH) )y = TI(((THP),),

(T )i = TI(T);)

since rk(((T")™); = (T"1);) < w?. and by (36) and another cut we obtain

RA* }mam(nom1,6(n))+2 ﬁ({ < ﬁ), ((TI—H)H)E.H _ TJ((TZ—H)ZT) (39)

<w?
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since also rk(((T"™)™); = TJ((TH)™);)) < w?.

Using again Lemma 5.2.12 we obtain 1y < w? for all i < n, since
lev((T")")igg = TI(((TH1)7);)) = 1 < w, such that

RA* G (T )0 = (T )5 0), ~((T) )50 = TI(TH)7), (40)
(T )i = TI((T);)
and also n; < w? for all i < n such that
RA™ 13- (1) )i = (T i (41)

(again for more details compare Appendix AT7).
So we conclude by two cuts from (40) with (39) and (41) that

RA™ et 0t G < m) (T, = TJ((TH);)

<w?

So we obtain by two (V)-inferences that for all natural numbers i

RA* (1t S0 5 3y (T, = TI(THY);)

<w?

and finally by an (V°)-inference that yields
RA* | (max(n1,n2,0(n))+7 (‘v’x < n)((Tl—H)E_H _ TJ((TH_I)i))

<w?

and together with (38) and an (A)-inference

RA* B0 (i, — SEA (Ve < ) (T )iy = TI((T)3))

and hence, this is for all n, with v(n) = maz(8y, B2,0(n)) + 8 < w?

RA* 2L (s, T )

AT:

We want to prove that ((T"+1)"); = (T'*!); holds for all natural numbers n and all
natural numbers ¢ < n. That is

RA" (5= () (@,9) € {y: (32)(F)(y = (s, ) Az ST A2 € TH} o
(x,3) € {y: (321)F2)(y = (21, 22) A 21 € TH)})

We again have to distinguish several cases depending on the value of the (arbitrary)
number terms s,t and r.
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e [f s and ¢ have not the same value or the value of r is not 7 then we have the
following from Axiom (Axl).

RA* (- (s,7) # (t,7), (s,7) = (t,r) Ar <At € T
and obtain by an (V)-inference that

RA™H (5,0) # (t,r) V£ ¢ T (s,7) = () Ar ST AL E T

e If s and ¢ have the same value and the value of  is ¢ (and ¢ < n) then we have
the following Axioms (Ax1).

RA*I- (s,9) = (t,r)  RA*R-r<Tm

and obtain with an (A)-inference that
RA* - (5,9) = (t,r) Ar <7 (42)

Further we have from Lemma 5.2.11 that there exists 9 < w? such that for
all number terms ¢

RA* }T]TO te Tl—’_l,t % Tl+1
since lev(t € T'*1) = [ + 1 and therefore rk(t € T"!) < w?.
So we obtain by an (A)-inference using (42) that

RA* L (s3) = (t,r) Ar <@ At e Tt ¢ T
and by an (V)-inference
RA 2 (5. 0) = (tr) Ar <At € T (s,7) £ (tr) Vi g T
So we conclude by using the (3°)-inference twice that
RA® P2 (320) (320) ({5, 7) = (o1, 22) A2 S A 21 € TH), (1) # (1,7) V1 ¢ T

and by two (V°)-inferences

RA* 22 (320)(3m)((5.3) = (21, 22) A 2 ST A 2 € THY),
(Vz1)(V22)((s,4) # (21, 20) V 21 ¢ T')

and this is

RA* 20 (32))(32,)({s5,7) = (21, 2) A 2o < T A 21 € THY),
=(321)(32)({s,1) = (21, 22) Az, € T'H)
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and hence we obtain by (€ 1) and (€ 2)

RA* 2 (s,0) € {y 1 (321)(Fza)(y = (21,22) A zg STA 2y € THY)}
(s,1) ¢ {y: (321)F2)(y = (21, 22) A 21 € T}

and by two (V)-inferences we get

RA* P25 (s,0) € {y: (320)(3)(y = (m1,2) A 21 € T} — (43)
(5,1) € {y: 321)3F2)(y = (21, 20) AN2za <TA 2, € T}

We again have to distinguish several cases depending on the value of the (arbitrary)
number terms s,t and r.

e If s and ¢ have not the same value or the value of r is not 7 then we have the
following from Axiom (Axl).

RA™ 1 (s,7) # (t,1), (s,7) = (t,r) At € T
and obtain by an (V)-inference that

RA* % (s,0) # (t,r)V=(r <m)Vt & T (s,9) = (t,r) At € T!

e [f s and t have the same value and the value of r is 7 then we have the following
Axiom (Azl).
RA* I (s,7) = (t,7)

Further we obtain from Lemma 5.2.11 again 7y < w? such that for all number

terms ¢t
RA* }WTO t e Tl+l,t ¢ Tl"r].

since lev(t € T'™) =1 + 1 and therefore rk(t € T!) < w?.

So we obtain by an (A)-inference
RA* L (5.3) = (t,r) At € THY ¢ ¢ T
and by an (V)-inference

RA* 02 (s 7Y = (t,r) At € T, (,3) # (t,r) V =(r <m) Vit ¢ T
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So we conclude by using the (3°)-inference twice that
RA* }# (321)(322)({5,7) = (21, 22) A2y € T, (5,3) # (t,7)V=(r <m)ViE ¢ T

and by two (V°)-inferences

RA* 20 (32))(325) ({s,7) = (21, 22) A 21 € T,

(V21)(V22)((5,7) # (21,22) V (22 <) V 21 ¢ TH)
and this is

RA* 28 (32))(32,)({s,7) = (21, 22) A 21 € T,
=(321)(322) ({8,) = (21, 22) A 2o <A 2z, € T

and hence we obtain by (€ 1) and (€ 2)

RA* 2 (5,0) € {y 1 (321)(Fz2)(y = (21, 22) A 2y € TH)}
(s,3) ¢ {y: (321)Fz)(y = (21, 22) A2y < WA 2z, € T}

and by two (V)-inferences we get

RA* }w (s,7) € {y: (321)B2)(y = (21, 20) Aza <TIA 2y € T} —

(s,3) € {y: (321)(F20)(y = (21, 20) A 21 € T}

Together with (43) we obtain by an (A)-inference

RA* 0 (s,0) € {y: (3m) (@) (y = (21, ) A s ST A 2 € TH}
(s,7) € {y: (321)3B22)(y = (21, 20) A2y € T} —

and finally by an (V°)-inference

RA* }% (Vx_)((a:’,@ c{y:(3)Bn)(y={(21,20) A2 <Az €T} &
(x,1) € {y: (321)3B22)(y = (21, 20) A2y € THHH)}) —

(with ny + 12 < w?).
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