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0 Introduction

In this thesis we will introduce the theory PRON of primitive recursive op-
erations and numbers. It is more or less the same theory like PEAT + (r)
introduced by Schliiter in [12]. But it will be very helpful to formulate the
axioms of PRON similar to the axioms of the well known applicative theory
BON. There are the following differences between PRON and BON:

1. In PRON we have the three constants i, ap, and b, satisfying ia = a,
ax<a,b>c ~<ac,bc>, and by<a,b>c ~ a(bc). But we do not have a
constant § with Sabc ~ ac(bc) like in BON.

2. We define a function symbol <> instead of a constant p for pairing. The
reason for this difference is that we will define a restricted A abstraction
(M*z.t) by induction on the build-up of the term ¢. In this definition
we will have to distinct between a pair and an application.

The addition of the function symbol <> allows us to define one more
point differently: For n > 0 we will define a term ¢ to be in (N* — N),
if xg,...,x,_1 € N implies t<xg,...,z,_1>€ N.

3. In the axioms for primitive recursion we do not claim totality. This
is only necessary in section 5, when we will replace formula induction
(L-1n) by set induction (S-ly). In this case we will write PRON" instead
of PRON.

There are certain technical difficulties because of these differences: For in-
stance, the case n = 0 must always be handled separately, because an n-ary
function is not defined by iterated term application. It is also true that we
cannot define full A abstraction, because we do not have the constant s of

BON.

In section 2 we will give a total recursion theoretic model of PRON. We know
from Kahle [9] that this is not possible for BON, because there exists a term
noty so that BON proves noty ¢ N. The constants of PRON are going to
be interpreted as unary indices of primitive recursive functions. In section 4
we will enhance this model by the interpretations of the additional constants
p and E;. Because of the choice of this kind of model, the axioms for the
non-constructive p operator and the Suslin operator E; will be defined in the
following way:

(n.1)  (MxeN)(f<a,z>€eN) - pufaeN

(n.2)  (VxeN)(f<a,z>€N)—
[(Fz e N)(f<a,z>=0) — f<a,pfa>=0]
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(Er1)  (Vo,y eN)(f<a,z,y>€N) —EfaeN

(E1.2)  (Vx,y € N)(f<a,z,y>€ N) — [(Fg)lg € (N— N)A
(Vx € N)(f<a,g(snyx), gr>=0)] < E;fa = 0]

Let n > 0. If a is an n-tuple of terms, then <a,z> is an (n + 1)-tuple, so p
can be applied to any term in (N"™' — N). The constant E; can be applied
to every term in (N"*2 — N) for the same reason. In section 2 we will also
give the exact axiomatization of BON. We will give several reasons why BON
must be the stronger theory than PRON. But PRON is strong enough to have
a term which represents an arbitrary primitive recursive function.

We will write PRON(pt) and PRON* () for PRON and PRON® plus the axioms
about p. Further, PRON(SUS) and PRON'(SUS) will denote the theories
PRON(p) and PRON®(u) extended by the axioms about E;. In this thesis

we will be able to show the following proof-theoretic results:
1. PRA C PRON'+ (S-ly) € PRA™ + (X4-In)
2. PRON + (L-ly) = PA
3. PRON*(u) + (S-In) = ACA,

W

. PRON(p) + (L-Iy) = ACA

ot

. PRONY(SUS) + (S-ly) = IT1-CAq
6. PRON(SUS) + (£-Iy) = III-CA

In section 3 we start with the embeddings of PRON, PRON(u), and
PRON(SUS), always with formula induction. The lower proof-theoretic
bounds can be proved with a translation from arithmetic to the language
L of applicative theories. For this purpose, we profit by the possibility to
define a so-called characteristic term in L for every I} (II}) formula. This
term represents a subset of N, so it is helpful to derive the translation of
the comprehension scheme. We can define a similar characteristic term in
section 5 where we embed the same theories but with set induction instead of
formula induction. Hereby, this characteristic term is also helpful to derive
set induction and induction for quantifier free formulas.

In section 4 we are going to determine the upper bounds of the mentioned
theories with formula induction. We will embed PRON + (£-ly) in BON +
(£-1y) and construct a model of PRON(g) in second order arithmetic. Then
we will formalize a model of PRON(SUS) in IT}-CA. For this purpose the
crucial point is to prove that, given an e coding an (n+ 2)-ary Relation on N,



the following equivalence holds: there exists a set-theoretic function which is
a descending chain for e, if and only if there exists a natural number coding a
total function which is also a descending chain for e. The upper bounds with
set induction in section 5 are easier, because we can embed PRON® + (S-Iy)
with the additional axioms in BON+(S-ly), BON(ft)+(S-In), and SUS+(S-ly).

I am grateful to Prof. Dr. Gerhard Jager for introducing me to applicative
theories and PD Dr. Thomas Strahm for guiding me during my work. I
also thank Dieter Probst and Marc Heissenbiittel for their competent advise.
Further, I acknowledge the support I received from the entire research group.
Last but not least I would like to thank my girlfriend and my parents who
never ceased to motivate me.

David Steiner
Bern, October 1, 2001



1 The formal frameworks

1.1 Functions and indices

In this section we are going to introduce the class PRIM of primitive re-
cursive functions as well as the extensions PRIM () and PRIM (SUS). We
will define the most relevant primitive recursive functions like the coding of
sequence numbers. Further, we will introduce a set of indices for every class
of functions and we are going to define the level of an index.

Definition 1.1.1

1. Letn, m, k, xqg, ..., x,_1 be arbitrary natural numbers. We define the
following basic functions:
(a) Successor. S(xg) == xo + 1
(b) Constant functions. Csl(Z) :=m
(¢) Projections. If k < n then Pri(Z) := zj
2. Letn, m, xg, ..., Tn_1, y be arbitrary natural numbers and K be a

class of number theoretic functions. We define the following closure
characteristics of functions of K:

(a) Composition. If m > 0 and f is an m-ary function of K and
9o, -+, Gm—1 are n-ary functions of IC, then the n-ary function

Comp™(f, 90, -+, gm-1)(Z) = [(go(@), ..., gm-1(ZF))

s an element of K.

(b) Primitive recursion. If f is an n-ary function of K and g is an
(n + 2)-ary function of IC, then the (n + 1)-ary function

ec™ T =
Rec""(f, 9)(Z,y) { g(Z,y, Rec™ ' (f,9)(Z,y — 1)) ify >0

1s an element of K.
(¢) p operator. If f is an (n + 1)-ary function of IC, then the n-ary

function

min{y | f(Z,y) =0} if there is an y so
Zero"(f)(Z) = that f(Z,y) =0

0 otherwise

1s an element of K.



(d) Suslin operator. If f is an (n + 2)-ary function of IC, then the
n-ary function

0 of there is a unary function g, so
that f(Z,9(5(2)),9(2)) =0
for every natural number z

1 otherwise

Sus"(f)(T) =

s an element of K.
3. Now we can introduce the following classes of functions:

(a) The class PRIM of primitive recursive functions consists of the
basic functions and is closed under composition and primitive re-
CUTSION.

(b) The class PRIM (1) consists of the basic functions and is closed
under composition, primitive recursion, and the p operator.

(¢) The class PRIM (SUS) consists of the basic functions and is closed
under composition, primitive recursion, the p operator, and the
Suslin operator.

Before we are going to introduce indices for the mentioned classes of func-
tions, we will define certain primitive recursive functions such as the coding
of sequence numbers and characteristic functions.

The reader should be familiar with primitive recursive functions and rela-
tions. We will never prove that a certain function or relation is primitive
recursive. A good book about recursion theory is Hinman [7], for example.

Definition 1.1.2 The following primitive recursive functions will be relevant
i the sequel:

N . r—y ify<cw
S { 0 otherwise
minz,y) = o~ (@~y) = minfz,y)
p(x) := x-th prime number starting with p(0) = 2

Now we are ready to introduce a primitive recursive coding of sequence num-
bers. We chose this kind of coding, because it is very easy to understand and
the projections are also primitive recursive.

Definition 1.1.3 For all natural numbers n >0, xq, ..., x,_1 we define an
n-ary primitive recursive function v" from N™ to N by

V' (zg, ... Tpo1) = Hp(k’)x”l

k<n



and we define the coding of sequence numbers as follows:
() =1
(Xoy ooy Tpo1) = V(Toy..y Tn_1)

In addition, we define the primitive recursive functions lh (length) and
(projections), as well as the primitive recursive relation Seq (sequence num-
bers) for an easy calculating with sequence numbers.

Ih(s) = min{z <s|p(x) [s}
m(s,k) = min{x <s|pk)*™? }s}
s€ Seq & s= H p(k)TeRH
k<lh(s)

In the sequel we will abbreviate w(s,k) by (8)r and ((...(8)kg)ky -+ )by bV
(8)ko,...skm_y Jor every natural number m > 0.

Primitive recursive functions and relations can easily be translated into each
other.

Definition 1.1.4 For each n-ary primitive recursive relation R we define
its n-ary primitive recursive characteristic function chr by:

cha(@) = {0 if R(7)

1 otherwise

for all natural numbers n >0, xg, ..., Tp_1.
Conversely, given an n-ary primitive recursive function JF, its graph Grz is
an (n 4+ 1)-ary primitive recursive relation,

Gry = {(Z,y) | ¥,y €N and F(Z) = y}
for every natural number n.

Now we are going to define indices for functions of the classes PRIM,
PRIM (), and PRIM(SUS). We start with the indices for the primitive

recursive functions.

Definition 1.1.5 Prim is the set of indices for the primitive recursive func-
tions and is inductively defined as follows:



s € Prim &
s€ Seq N[[(s)o=0AIh(s) =2AN(s); =1]V
[(s)o =1 Alh(s) =3]V[(s)o=2AIh(s) =3 NA(s)1>(s)2] V
[(s)o=3A1h(s) = (5)21 +3A(s)2 € Prim A (s)a1 > 0A
(VE < (8)2,1)(($)r+3 € Prim A ($)r4s1 = (8)1)] V
[(s)o=4NIh(s) =4 A (s)2 € Prim A (s)3 € Prim A
()1 = (s)21 + 1A (8)31 = (s)1 + 1]

Note that Prim is a primitive recursive set. We have to define which functions
are coded with the various indices.

Definition 1.1.6 Let s € Prim be an index of a function of PRIM. The
function @4 is defined by induction on the build-up of s as follows:

Qo = S
D pmy = Csp,
Sonr = Prp
D3, frg0rmgmor) = Comp™(Pp, Py, ..., Py )
D4 nt1.1,0) Rec" ™ (9, ®,)

We often write [s| instead of @s.

The primitive recursion evaluation function PrimFuv is calculating the func-
tion ®,, if s is a unary index of Prim.

Definition 1.1.7 PrimEv is the following recursive function on N?:

. , if v € Prim A\ (z); =1
PrimBEv(x,y) = {0 g oj;herwise o

Now we introduce the indices for every function of PRIM (p).

Definition 1.1.8 pPrim is the set of indices for the primitive recursive func-
tions plus the non-constructive p operator and is inductively defined as fol-
lows:



s € uPrim &

s€ Seq N[[(s)o=0AIh(s) =2AN(s); =1]V

(s)o=1Alh(s) = 3]V [(s)o = 2A th(s) =3 A (s > (s)a] V

[(s)o =3AIh(s) = (s)21 +3A(s)2 € uPrim A (s)a1 > 0A
(VE < (s)21)(($)k+3 € pLrim A (s)esn = (s)1)] V

[(s)o =4 NIh(s) =4 N (s)y € uPrim A (s)3 € uPrim A
()1 =(s)21 + 1A ()31 = (s) +1]V

[(s)o =B AIh(s) =3 A (s)2 € uPrim A (s)a1 = (s)1 + 1]]

I \_/ | ||

Note that pPrim is a primitive recursive set and Prim C pPrim. We have
to define which function of PRIM (11) is coded with an arbitrary index s of
uPrim.

Definition 1.1.9 Let s € pPrim be an index of a function of PRIM ().
The function Y, is defined by induction on the build-up of s as follows:

= S

RJCRY
Vinm = Csp,
\I/<2nk> PTZ
Uisn fgonmgm ) = Comp™ (W, Wo .. W, )
Viantt,rg) = Rec™*! (y, W)
\Ij<5nf> = Ze?”On(\Iff)

We also write [s] for VU, if it is clear that we talk about PRIM ().

The evaluation function pPrimFEv is calculating the function WUy, if s is a
unary index of pPrim.

Definition 1.1.10 puPrimEv is the following function on N2:

: V.(y) ifxepuPrimAN(z) =1
pPrimBv(z,y) = {0 ) otherwl;se (@)1

Now we introduce the indices for every function of PRIM (SUS).

Definition 1.1.11 SusPrim is the set of indices for the primitive recursive
functions with the non-constructive pu operator plus the indices for the Suslin
operator E1 and is inductively defined as follows:

10



s € SusPrim &

s€ Seq N[[(s)o=0AIh(s)=2A(s) =1]V

[(s)o=1A1h(s) =3]V[(s)o=2AIh(s) =3 A (s)1 > (5)2] V

[(s)o =3AIh(s) = ()21 +3A(s)2 € SusPrim A (s)a1 > 0 A
(VE < (8)21)((8)kt+3 € SusPrim A (8)g+31 = (s)1)] V

II\./II

[(s)o =4 N Ih(s) =4 A (s)y € SusPrim A (s)3 € SusPrim A
(sh = (s)21 + 1A ()31 =(s)1 + 1]V

[(s)o =DbNAIh(s) =3 A (s)2 € SusPrim A (s)21 = (s)1 + 1]V

[(s)o =6 Alh(s) =3 A(s)a € SusPrim A (s)21 = (s)1 + 2]]

Note that SusPrim is a primitive recursive set and pPrim C SusPrim. We
have to define which function of PRIM(SUS) is coded with an arbitrary
index s of SusPrim.

Definition 1.1.12 Let s € SusPrim be an index of an arbitrary function of
PRIM(SUS). The function ©; is defined by induction on the build-up of s
as follows:

Opny = S
Ounm = Cs,
Ounr = Pry
O3n,f,g0sgmo1) = Comp" (O, O, ..., Og,, ;)
9(4 ntlfe = Red"TH(O,0,)
Opnp = Zero"(0y)
O,y = Sus"(Oy)

We again use the notation [s| for O, if it is clear that we talk about

PRIM(SUS).

The evaluation function SusPrimFuv is calculating the function Oy, if s is a
unary index of SusPrim.

Definition 1.1.13 SusPrimEv is the following function on N2:

. O, if v € SusPrim A (z); =1
SusPrimBv(z,y) = {0 W £herwise o

For every index s of SusPrim we can define the Level Lev(s). The Level of
an index s is the number how many times s is nested.

11



Definition 1.1.14 Let s € SusPrim be an index of an arbitrary function of
PRIM (SUS). The primitive recursive function Lev(s) is defined as follows:

- 0 if (s)o <2
Lev(s) = { max{Lev((s)z2), ..., Lev((s)m)=1)} +1 if (s)o >3

Note that if s is an element of Prim or uPrim, then Lev(s) is also defined
and has the same meaning.

We will define models of PRON, PRON(x), and PRON(SUS) where we only
have indices of unary functions. Therefore, we need to prove the existence
of some auxiliary functions which change the arity of an index in the desired
way.

Lemma 1.1.15 Letn > 1, xg, ..., x, be arbitrary natural numbers. Fur-
ther, let e € SusPrim be an n-ary index and f € SusPrim be a unary index.
Then there exist primitive recursive functions -, ~, and - with the following
properties:

[e']((... (o, x1), 22), ..y xn1)) = [e]l(zo,. .., X0 1)

[Fl@o,21) = [f1((zo,21))

[f (o, 21, 22) = [f]({{mo, 71), z2))

PRrROOF For all £ < n let d} be the index of the primitive recursive func-
tion (... {{(xo,z1),22),...,Tpn_1) — Tx. In addition, let ¢ be the index of
the primitive recursive function (x,y) — (x,y). Then there are primitive
recursive functions -/, ~, and - so that:

= 3.1ed, ... d"))
= <3727f7 <3727C27<27270>7<27271>>>
= <3a 37 f7 <37 37 Ca, <37 3a C2, <27 37 0>a <27 37 1>>7 <27 37 2>>>

|l =y ™

It is an easy recursion theoretic exercise to prove that the three functions
have the mentioned properties. O

Note that we can apply the three functions -, ~, and - to elements e, f of Prim
or Prim because Prim C pPrim C SusPrim. In this case, the abbreviation
[-] stands for PrimEv or pPrimEv, respectively.

1.2 Arithmetics

In this section we will define the first order language £; and the second order
language L£,. We are working with a form of second order arithmetic with

12



set and function variables. The reason for this choice is that theorem 3.3.1
(IT; normal forms) is most suitable for our purposes.

Furthermore, we will introduce the two outstanding systems of first order
arithmetic, namely primitive recursive arithmetic PRA and Peano arithmetic
PA. The subsystems of second order arithmetic we are going to introduce
are ACAg, ACA, TI1-CAp, and TI1-CA.

Definition 1.2.1 The language Ly is a first order language with:

1. countably many number variables u, v, w, x, y, z, ... (possibly with
subscripts).

2. an n-ary function symbol for every n-ary primitive recursive function
and every natural number n. The function symbols are denoted by F,
G, H, ... (possibly with subscripts). We sometimes write c, ¢y, ¢1, Co,
... for the 0-ary function symbols we call constants.

3. an n-ary relation symbol for every n-ary primitive recursive relation
and every natural number n > 0. We mostly write R, Ry, R1, Ro, ...
for the relation symbols.

4. the logical symbols — (negation), V (disjunction), and 3 (existential
quantifier), as well as useful symbols like (, [, ), |, and the comma for
a better readability of expressions.

The second order language Lo contains the language L1 plus:

5. countably many set variables U, V., W, X, Y, Z, ... (possibly with
subscripts).

6. countably many function variables F, G, H, ... (possibly with sub-
scripts).

7. the element relation € between natural numbers and sets of natural
numbers.

In particular, we use the constant 0, the unary function symbol S for the
successor function, the binary (infix) relation symbol = for the equality re-
lation, and the binary (infix) relation symbol < for the less relation. Very
often we also write the same expression for a primitive recursive function
(relation) and the associated function (relation) symbol.

There is only a basic symbol for equality between numbers. Therefore, we
have to define two additional kinds of equality.

13



Definition 1.2.2 FEquality between sets of numbers and functions is defined
as follows:

U=V = Vo)(zelU—zeV)
F=G = (Va)(F(z) = G(x))

The number terms and formulas of £; and L5 are defined in the usual way.

Definition 1.2.3 The number terms r, s, t, ... (possibly with subscripts)
of L1 (L) are inductively generated as follows:

1. The number variables and constants are number terms of L1 (L2).

2. If to, ..., tn_1 are number terms of Ly (L3), then so also is
Flto,...,tn1) for every n-ary function symbol F and all natural num-
bers n > 0.

3. If t is a number term of Ly, then so also is F(t) for every function
variable F.

The Ly (Ly) formulas A, B, C, ... (possibly with subscripts) are inductively
generated as follows:

1. If to, ..., tp_1 are number terms of L1 (L3), then R(to, ... ,tn_1) 18
an atomic Ly (Ly) formula for every n-ary relation symbol R and all
natural numbers n > 0.

2. If t is a number term of Lo, then (t € U) is an atomic Ly formula for
every set variable U.

3. If A and B are Ly (L2) formulas, then so also are = A, (AV B), and
(3x)A.

4. If A and B are Ly formulas, then so also are (3X)A, and (3F)A.

Free and bound variables are defined as usual. We use the notation F'V(A)
for the set of all free number variables which have no bound appearance in
the formula A. A sentence is a formula with no free variables. In addition, we
will use the notation A[[j , F , U] to express that a formula A contains the free
variables Uy, ..., Ui_1, Fo, ..., Fi_1, vg, ..., vy,—1 for all natural numbers
k, [, and m.

Definition 1.2.4 (Substitution) Let n > 0 be a natural number, t, s,
.y Sp_1 be arbitrary terms and A be an arbitrary formula. Further, let
Uy, - .., Up—1 be variables in FV(A). We write t[so,...,Sn—1/U0,- .-, Up_1]

14



and A[sg, ..., Sn_1/Uo, - .., Up_1] to express that we simultaneously replace in
t and A every appearance of uy by si for all k < n. Sometimes we will
abbreviate this notation by t[s/u], A[S/u], or A(S).

Definition 1.2.5 Let A and B be arbitrary Ly (L) formulas, and let t be an
arbitrary number term of Ly (Ls). Then we have the following abbreviations:
(A N B) = ﬁ(—\A V —\B)
(A—B) = (nAVB)

(A—-B) = (A—-BAB— A)
(V2)A = ~(3r)(~A)
(Az)A = (Ex)[AN (Vy)(Aly/z] — y = 2)]
(Jz < t)A = (Fz)(x <t AN A)
(Ve <t)A = (Vz)(zx <t — A)

Now, let A be an arbitrary Lo formula. We additionally define the following
abbreviations:

(Fx e U)A = (Fz)(z€UNA)
Ve e U)A = (Vz)(xeU — A)
(VX)A = —(3X)(-A)
(AX)A = EX)ANNVY)A]Y/X] =Y = X))
(VF)A = —(3F)(-A)
(AFA = 3F)[ANANNVG)(AG/F] — G =F)]

We will be interested in systems of first and second order arithmetic, which
are based on induction and comprehension principles for classes of formulas
capturing levels of the arithmetic and the analytic hierarchy. We therefore
have to build two hierarchies for formulas, whose level depends on the number
of alternating quantifiers.

Definition 1.2.6 First, we define QF to be the collection of all quantifier-
free Ly formulas. Further, for all natural numbers n we generate the collec-
tions of ¥, and 11, formulas of L1 according to the arithmetic hierarchy by
induction on n as follows:

1. The ¥y and Iy formulas of Ly are those Ly formulas which contain
only bounded number quantifiers.

2. The ¥,11 formulas of L1 comprise all 3, and 11, formulas of L1 as
well as all formulas of the form (3x)A so that A is a 11, formula of L;.

15



3. The 1,41 formulas of L1 comprise all ¥, and 11, formulas of Ly as
well as all formulas of the form (Vz)A so that A is a 3, formula of L.

[T, denotes the collection of all L1 formulas. Now we generate for all natural
numbers n the collections of X} and T formulas of Ly according to the
analytic hierarchy by induction on n as follows:

1. The X} and T} formulas of Lo are those Ly formulas which contain
only number quantifiers, i.e., which contain no set quantifier and no
function quantifier. They are called the arithmetic Lo formulas.

2. The 3}, formulas of Lo comprise all ¥} and 11} formulas of Lo as
well as all formulas of the form (3X)A so that A is a I} formula of
Lo.

3. The II}, .| formulas of Lo comprise all ¥}, and 11}, formulas of Lo as
well as all formulas of the form (VX)A so that A is a 3} formula of
Ly.

1L denotes the collection of all Ly formulas.

Our rudimentary theory in arithmetic is PRA™, that is PRA without the
induction axiom. In the definitions of our arithmetic theories PRA™ is always
the initial theory.

Definition 1.2.7 (PRA™) The azioms and rules of inference of PRA™ are
divided into the following four groups:

i. Logical axioms

(1) every instance of an axiom of classical propositional logic

(2) x =

B)rz=yANr=2z—y=2z2

(4) o=y N... Nyt =Yn-1— Fxo,...,Tn-1) = F (Yo, Yn—1)

for every n-ary function symbol F and all natural numbers n > 0

(5) vo=yo A ATp1 =Yp1 — (R(w0,. .., Tn1) < R(Yo, -, Yn-1))
for every n-ary relation symbol R and all natural numbers n > 0

(6) Alt/x] — (Fx)A for every formula A and every term t

ii. Number theoretic axioms
(7) ~(S(z) =0)
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(8) S(x) =S(y) —z =y

(9) =(z <0)
(10) 2 <S(y) = (x<yVa=y)
iii. Defining equations

(11) CS;’LH(LCQ, Ce ,.I'nfl) =m
for all natural numbers n, m

(12) Pri(zo,...,xp1) = T
for all natural numbers n >0 and k <n

(13) Comp™(F,Go, -+, Gm-1)(T0, ..., Tp_1) =
F(Go(xoy -y n1)s s Gmo1(Toy -, Tn_1))
for all m-ary function symbols F, all n-ary function symbols
Go, -5 Gm_1, and all natural numbers n and m > 0

(14) Rec" ™ (F,G)(xo, ..., Tn1,0) = F(xo,...,Tn_1)
for all n-ary function symbols F, all (n + 2)-ary function symbols G,
and all natural numbers n

(15) Rec" ™ (F,G)(xo,. ., Tn1,S(y)) =
G(xo, ..., Tn_1,y, Rec" ™ (F,G)(xo, ..., T0n 1,9))
for all n-ary function symbols F, all (n + 2)-ary function symbols G,
and all natural numbers n

iv. Rules of inference

(MP) A A— B
for every formula A and B
Alu/x] — B

= il St N

) (dz)A — B

for every formula A and B so that u does not occur in B

We have to define several schemes and axioms before we can introduce the
mentioned theories.

Definition 1.2.8 Let K be a class of formulas. We define the following
schemes and axioms:

v. Induction scheme

(K-In) — A[0/u] A (Vo) (Alz/u] — A[S(z)/u]) — (Vo) Alz/u]
for all formulas A in K
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vi. Set induction for L£,:

(IAN)  (VX)0e X A (Vy)(y € X — S(y) € X) — (Vy)(y € X)]
vii. Graph principle:

(GP)  (VX)[(Vy)(32)((y, 2) € X) — (3F)(Vy)((y, F(y)) € X)]

viii. Comprehension scheme

(K-CA) (FX)(Vy)(y € X < Aly/u])
for all formulas A in IC

Definition 1.2.9 We will work with the following L, theories in the sequel:

PRA := PRA™ + (QF-Iy)
PA := PRA™ + (Ilo-Iy)

Further, we define the following Lo theories:

ACA, := PRA™ + (GP) + (IAy) + (II}-CA)
ACA := PRA™ + (GP) + (IT. -Iy) + (II3-CA)
I11-CA; := PRA™ + (GP) + (IAy) + (IT}-CA)
I-CA := PRA™ + (GP) + (IT' -Iy) + (II}-CA)

The relation = denotes the usual notion of proof-theoretic equivalence as it
is defined in Feferman [4]. In this thesis, two theories are defined to have the
same proof-theoretic strength, if they prove (at least) the same I, sentences.

1.3 Applicative theories

It is the purpose of this section to introduce the basic applicative framework
as well as the precise axiomatizations of set and formula induction, the non-
constructive p operator, and the Suslin operator E;. Further, we will define
additional axioms like the axioms of totality and extensionality.

Definition 1.3.1 The language L of our applicative theories is a first order
language of partial terms with:

1. individual variables a, b, ¢, d, f, g, h, u, v, w, x, y, z, ... (possibly
with subscripts).

2. individual constants i, k, ap, by (combinators), po, p1 (unpairing), 0
(zero), sy (numerical successor), pn (numerical predecessor), dy (defi-
nition by numerical cases), and r (primitive recursion).
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3. two unary relation symbols N (natural numbers) and | (defined), and
one binary relation symbol = (equality).

4. two binary function symbols © (partial term application) and <>
(pairing).
5. the logical symbols — (negation), \V (disjunction), and 3 (ezistential

quantifier), as well as useful symbols like (, [, ), |, and the comma for
a better readability of expressions.

We define individual terms of £ as we define terms of every other first order
language.

Definition 1.3.2 The individual L terms r, s, t, ... (possibly with sub-
scripts) are inductively generated as follows:

1. The individual variables and individual constants are individual terms.
2. If s and t are individual terms, then so also are ®(s,t) and <>(s,t).

In the following we will always abbreviate ®(s,t) simply by (st), st or some-
times also s(t); the context will always ensure that no confusion arises. We
further adopt the convention of association to the left so that totits... ¢, 1
stands for (... ((tot1)t2) ... tn_1).

Definition 1.3.3 We define general n-tupling of individual terms by induc-
tion on n > 1 as follows:

<tp> = 1y
<tp,t1> = <><t0,t1)
<oy .- tyn> = <ty ..., tpo1>, 0>

Note that <tg,t1>=<<ty>,t1>.

We define £ formulas in our applicative framework the same way as in every
other first order language.

Definition 1.3.4 The L formulas A, B, C, D, ... (possibly with subscripts)
are inductively generated as follows:

1. If s and t are individual terms of L, then the atomic formulas N(t), t|,
and (s =t) are L formulas.

2. If A and B are L formulas, then so also are =A, (AV B), and (3zx)A.
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Free variables and substitution like ¢[5/4] and A[3/u] are defined the same
way as in section 1.2. We will also use the abbreviations Alu] and A(3).
We do not have any abbreviation for the substitution in terms like ¢[s/u],
because the expression ¢(s) is already reserved for term application.

Definition 1.3.5 For every natural number n we define additional formulas
as follows:

(AANB) = —=(=AV-B)
(A— B) = (mAVB)
(A-B) = (A-BAB—A)
B)A = @A (V)(Aly/a] — y = 1)
(F)A = (Fzo)...(Fz,1)A

(VDA = —(37)(~A)

Our applicative theories are based on partial term application. Hence, it is
not guaranteed that terms have a value, and t| is read as “t is defined” or “t
has a value”.

Definition 1.3.6 We define the partial equality relation ~ and the negation
of equality # as follows:

(s~t) = sVt —(s=t)
(s#t) = s|AtIA=(s=1)

If we want to describe n-ary total functions of natural numbers, we have to
write very long formulas. For this reason, it is more comfortable to define
additional abbreviations which help us writing shorter formulas.

Definition 1.3.7 Let n > 0 and m be natural numbers and ty, ..., t,,_1 be
arbitrary L terms. Then we use the following abbreviations concerning the
predicate N:

teN = N(to)A... AN(tp_1)
(X e N)A = (3X)(FeNAA)
(Ve N)A = (VZ)(¥ €N — A)
(FlzeN)A = (FxeN)[AAN My e N)(Aly/z]| — y = x)]
€ (N"—=N) = (VZFeN)(to<wzo,...,Tn-1>ENA...A

tr—1<Zgy .-, Tp_1> € N)

We will always write t € (N — N) instead of T € (N* — N).
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Sometimes we need the existence of £ terms which represent natural numbers.
It is a usual habit to define numerals for this reason.

Definition 1.3.8 For every natural number m we define the numeral ™ by
induction on m as follows:

0 :=0
(m+1) = sym

We mostly write 0, 1 for the numerals 0, 1, respectively. Of course, every
numeral is a closed L term.

Let us define the notion of a subset of N. Sets of natural numbers are
represented via their characteristic functions which are total on N.

Definition 1.3.9 We define a subsett of N with the intention that a natural
number x belongs to the set t € P(N) if and only if tx = 0.

teP(N) == (VreN)(tz=0Vir=1)

If n is an arbitrary natural number and to, ..., t,_1 are arbitrary L terms,
then we sometimes write t € P(N) for to € P(N) A ... At,—1 € P(N).

Now we are going to introduce the theory PRON of primitive recursive oper-
ations and numbers which has been treated in Schliiter [12] as PEAT + (r).
Its underlying logic is the classical logic of partial terms due to Beeson [1],
which is also described in Feferman, Jéger, and Strahm [6] and corresponds
to ET logic with strictness and equality of Troelstra and Van Dalen [16].

Definition 1.3.10 (PRON I) The logical azioms and the rules of inference
of PRON are divided into the following four groups:

A. Propositional and quantifier axioms
(a) every instance of an axiom of classical propositional logic
(b) A[t/z] ANt] — (3x)A for every term t
B. Definedness axioms
(¢c) rl, provided that r is a variable or a constant
(d) (st)] —slntl
(e) <s,t>| — s| At]
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(f) s=t—s|At]
(g) N(t) —tl
C. Equality axioms.
(h) r =r, provided that v is a variable or a constant

(1) S0 = t() VANPIRAAN Sp—1 = tn—l VAN A(So, ey Sn—l) i A(to . >tn—1)
for all atomic formulas Alv] and every natural number n

D. Rules of inference

(MP) u
for every formula A and B
Alu/x] — B

) (Jz)A — B

for every formula A and B so that u does not occur in B

Definition 1.3.11 (PRON II) The non-logical axioms of PRON are divided
into the following five groups:

I. Partial enumerative algebra

a = a

1

3) ax<a,b>| Na<a,b>c ~<ac, bc>

(1)
(2) kab =a
(3)
(4) ba<a,b>] Aby<a,b>c ~ a(bc)
[1. Pairing and projection
(5) po<a,b>=aApi<a,b>=1b
[11. Natural numbers
(6) 0 € NA (Vx € N)(syz € N)
(7) (Vx € N)(snyx # 0 A pn(snz) = )
(8) (Vz € N)(x #0 — pnx € N Asy(pnz) = )

IV. Definition by numerical cases

(9) ceNAdeENAc=d—dy<a,b,c,d>=a
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(10) ce NAdeNAc#d—dy<a,b,c,d>=10

V. Primitive recursion

(11) r<f,g>| Nr<f,g><a,0>~ fa

(12) be N = r<f,g><a,snb>~ g<a, b, r<f,g><a,b>>

In the sequel we will write PRON™ for the theory PRON without the axioms
(11) and (12) about primitive recursion.

Let us now turn to the two type 2 functionals which will be relevant in
the sequel. For this purpose we add the two new constants p and E; to our
applicative framework. If n > 0 and f € (N*™! — N), the non-constructive p
operator is checking the existence of a zero in f. If n > 0 and f € (N"*2 — N)
represents an (n + 2)-ary relation on N, the Suslin operator E; is testing for
the wellfoundedness of f.

Definition 1.3.12 We define the following axioms about the additional con-
stants p and Eq:

VI. The non-constructive p operator

(n.1)  (VzeN)(f<a,z>€N) < pfaeN
(n.2)  (MzreN)(f<a,z>eN)—

(Fz e N)(f<a,z>=0) — f<a,pufa>=0]
VII. The Suslin operator E;

(E1.1)  (Vz,y e N)(f<a,z,y>€ N) < E;faeN

(E1.2)  (Vz,y e N)(f<a,z,y>€ N) — [(3g)[g € (N—= N)A
(Vo e N)(f<a, g(sne), gr>=0)] <> E; fa = 0]

We are ready to define the two extensions PRON(u) and PRON(SUS) of
PRON. We include the non-constructive p operator in our basic axiomatic
framework for the Suslin operator, because we do not know if the axioms for
p are derivable from the axioms of E;.

Definition 1.3.13 We define PRON(w) to be the L theory PRON extended
by the azioms about p, and we let PRON(SUS) denote the L theory which
extends PRON by the azioms about p and E;.

PRON(p) := PRON + (p.1) + (p.2)
PRON(SUS) := PRON(g) + (E1.1) + (E1.2)
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Note that the axioms of p and E; differ from the axiomatizations in BON as
we can see in Feferman and Jéger [5] and in Jager and Strahm [8]. The reason
is that there came up some problems by generating a model with indices.

Definition 1.3.14 We define two different induction schemes as follows:
VIII. Set induction on N
(S-ly) teP(N)AtO=0A (Vz € N)(tz =0 — t(syx) =0) —

(Vo € N)(txz = 0)

for every L term t
IX. Formula induction on N

(L-In)  Al0/u] A (Vo € N)(Alz/u] — Alsne/u]) — (Vo € N)Alz/u]
for all L formulas A

We can define additional axioms which sometimes will extend our applicative
theories containing PRON. In this cases we have to add the new constants
dy, c—, cn, and iy to L.

Definition 1.3.15 We define the following additional azioms:

X. Various additional axioms

(Tot) (v, y)(ay)

Ext) (Y, 9)(¥o)(fo =~ g2) — [ = ]

(Nat)  (Vz)N(z)

(Dv) (c=d—dvy<a,b,c,d>=a) A (c#d— dy<a,b,c,d>=0)
(Cho) (r=y—c<z,y>=0)A(x #y—c_<z,y>=1)
(Chy) (zeN—-cnz=0)A(x &N —cyz=1)

(Injin) (Vo) (inz € N) A (Vz,y)(z # y — inT # iNy)

Finally, it will be useful to have abbreviations for the projections on tuples
of terms.

Definition 1.3.16 For all natural numbers n > 0 and k < n we define the
projections of an arbitrary L term t as follows:

n ._ J po(pol---po(pot)...)) ifk=0
Wi = { PS(PS(PO(. .0. pz(pot) ...))) otherwise

where the constant py appears n — (k + 1) times.
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We have to check if the abbreviations (-)} for projections of terms are cor-
rectly defined.

Lemma 1.3.17 For all natural numbers n > 0 and k < n we have
PRON F (<zo,...,Zp_1>)) = Xy

PrROOF We only need the axiom (5) of PRON and definition 1.3.3. O
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2 Basic consequences and models

2.1 Restricted lambda abstraction

In BON we can express full A abstraction because of the constant s. This
is not possible in PRON, but there is a way to define a restricted form of
lambda abstraction. Therefore, we have to introduce a property of variables.

Definition 2.1.1 A wvariable x occurs in argument position in a term t, if
one of the following conditions is true:

1. t is a variable or a constant
2. t is the term <r,s> and x occurs in arqument position in r and s

3. t is the term (rs) and x occurs in argument position in s, but does not
occur in r, i.e. x ¢ FV(r)

Now we are able to define restricted lambda abstraction provided by the

definition of PRON.

Definition 2.1.2 Let x occur in argument position in t. The term (A x.t)
is defined by induction on the definition of t by:

i if t is the variable x

kt if t is a variable y # x
(Nzt) = or a constant

a<(Nz.r),(Nax.s)> ift is the term <r,s>

by<r, (\*x.s)> if t is the term (rs)

There are two fundamental properties of \* abstraction we have to mention.
Lemma 2.1.3 Let x occur in argument position in t.

1. PRON F (A*z.t)]

2. FV(XNz.t)=FV(t)\ {z}

PROOF These assertions are both easily proved by induction on the definition
of t. O

It is not always easy to see, if the variable y is in argument position in (A*x.t).
For that reason we have to define another property of variables.

Definition 2.1.4 By induction on the build-up of t we define that Arg{(x)
holds if:
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1. t is a variable or a constant.

2. t is the term <r,s> and Arg¥(z) and Arg¥(x) hold.

3. t is the term (rs), Arg¥(x) holds, and y is in argument position in r.
Now we have the desired tool to decide, if y is in argument position in (A*z.t).
Lemma 2.1.5 Arg/(x) holds < y is in argument position in (\*x.t).
PrROOF We can prove this lemma by induction on the definition of t:

1. t is the variable z: Arg{(z) holds and y is in argument position in

(Nzx.t) =1

2. tis a variable z # z or a constant: Arg/(z) holds and y is in argument
position in (A*x.t) = kt (no problem if ¢ = y).

3. t is the term <r,s>: Arg/(z) holds & Arg?(z) and Arg?(z) hold.
By induction hypothesis this is the fact < y is in argument position in
(AMz.r) and in (A*z.s) < y is in argument position in
(Nx.t) = apg<(ANw.r), (Nax.s)>.

4. t is the term (rs): Arg{(z) holds & ArgY(x) holds and y is in argu-
ment position in r. By induction hypothesis this is the fact < y is in
argument position in r and in (A\*z.s) < y is in argument position in
Nt = by<r, (Nx.s)>. O

The following lemma shows that Argy(x) does not imply that y is in argument
position in t.

Lemma 2.1.6 Let x occur in argument position in t.

1. If y # x occurs in argument position in t, then y occurs in arqument
position in (\*x.t).

2. If y # = occurs in argument position in (A*x.t), then y needs not occur
mn argument position in t.

PROOF The first assertion is easily proved by induction on the definition of
t. For the second assertion let ¢ be the term poy <z, piyxr>. We know that
x is in argument position in ¢, y is not in argument position in ¢, but y is in
argument position in (A\*x.t), because Argy(x) holds. O

The next theorem is the reason why we have defined \* abstraction this way.
It has almost the same application as A\ abstraction in BON.
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Theorem 2.1.7 Let x occur in argument position in t. Then we can prove
the following assertions:

1.

PRON F (M*z.t)x ~t

2. PRON F s| — (A*z.t)s >~ t[s/z]

3. If Arg{(x) holds and x ¢ FV(r) then

PRON F 7| As| — (My.(Ax.t))rs ~ t[r/y][s/x]

PRrROOF These assertions are proved by induction on the definition of ¢. We
will prove the third one, the first two are a straightforward exercise. Suppose
that | and s] .

1.

If ¢ is the variable = then (A\*z.t) =i and (\y.(\x.t))rs ~
(Ny.i)rs ~i[r/yls ~is ~ s ~ x[r/y][s/x] = t[r/y|[s/z]

. If t is the variable y then (A\*z.t) = ky and (A\*y.(A*x.t))rs ~

(My.ky)rs =~ (ky)[r/yls >~ krs ~r =~ y[r/y][s/x] ~ t[r/y][s/z]

. If t is a variable z so that = # z # y or ¢ is a constant then (A\*z.t) = kit

and (Ny. (N x.t))rs = (AN y.kt)rs ~ (kt)[r/y]s ~ kts =t ~ t[r/y|[s/z]

. If ¢ is the term <tg,t;> then (\z.t) = ap<(A*z.tp), (AN x.t1)> and

(N y. (N z.t))rs >~ (N y.ax<(Na.dy), (Nw.ty)>)rs =~

(aa<(MN*z.tg), (N x.t1)>)[r/yls = aa<(N*z.to)[r/y], AN*x.t1)[r/y]|>s ~
aa<(Ny.(Naxit))r, Ny.(Na.ty))r>s ~

<(N'y.(Nz.t))rs, (N y.(Na.ty))rs>~<to[r/y|[s/z], t1]r/y][s/x] > ~
<to,t1>[r/ylls/x] = tlr/y][s/x]

. If t is the term (tgt;) then (A*x.t) = by<tg, (A\*x.t;)> and

(N y.(Nz.t))rs = (Ny.by<to, (N x.t1)>)rs ~

(by<to, (N z.t1)>)[r/y]s = ba<to[r/y], N*z.t1)[r/y]>s ~

by <to[r/yl, N y.(Nx.ty))r>s ~

tolr /yl(X"y.(A"w.t1))rs) = tolr/y](ta[r/y][s/x]) ~

(tot1)[r/y][s/x] because x & FV (ty), so we have t[r/y][s/x] O

Examples 2.1.8 We give two examples of forbidden X\* abstraction and an
example of an L term where \* abstraction is possible.

1.

We are not allowed to define a term like (N x.(Ny.(\*z.x2(yz)))). Oth-
erwise we would be able to construct the constant s of BON, which must
not be possible.
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2. We are not allowed to define a term like (X\*x.(pox)(p12)). Otherwise we
would be able to construct the primitive recursion evaluation function
PrimFEv, which must not be possible, because PrimEv is recursive and
not primitive recursive.

3. Let us remember the proof of lemma 2.1.6. We are allowed to define
the term r .= (N*y.( N x.poy <z, pryxr>)). It is a nice result to have an
L term r with the property r<a,b>c = a<c,bc>, which follows from
theorem 2.1.7.

We are now able to prove a restricted version of the recursion theorem.

Theorem 2.1.9 There exists an L term rec so that:
PRON F recf| Arecfo ~ f<recf,z>

PROOF Let s be the term s := (A y.(A\*z.poy <p1y, z>)) with the intention
that s<a,b>c >~ a<b,c>. Further, we define t to be the term

(A" f.(AN*u. f <s<pou, pou>, p1u>)). Let now rec be the term

(AN f.s<tf,tf>). Note that recf ~ s<tf,tf> and s<tf,tf>] by lemma
2.1.3, so we know that recf|. We can easily check that:

recfr ~ s<tftf>x ~ tf<tf x>
~ (Nu.f<s<pou,pou>,pru>)<tf,z> ~ f<s<tf,tf> x>
~ f<recf,z>

Surely, we have to check if it is allowed to define the terms s, t and rec because
the variables for the abstraction have to be in argument position: z is in
argument position in poy<p1y, 2> and Argy <y, .~ (%) holds. The variable u
is in argument position in f<s<pou, pou>, pyu> and Arg]{<s<pou7pou>7p1u> (u)
holds. Finally, f is in argument position in s<tf,tf>. O

The existence of the constant r with its axioms (11) and (12) allows us to
introduce L terms for all (names of) primitive recursive functions, so that the
defining equations and totality of these terms are derivable in PRON. In the
following inductive definition the corresponding terms are specified in detail.

Definition 2.1.10 For each (description of a) primitive recursive function
F we define a closed L term prz by induction on the build-up of F as follows:

1. If F =8 then pry := (A" z.5n2)

m ifn=20

2. If F = Cs}}, then prp := { (\27) ifn > 0
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3. If F = Pr} then pry := (\z.(2)})
4. If F = Comp™(G,Ho, ..., Hm_1) then

oy i 4 PG <Plagr oo PPy, > ifn=0
F (N z.prg<pryg2,...,pry, ,2>) ifn>0

5. If F = Rec"" (G, H) then

oy = | (Nar<yoprg), (Ny.pry<(y)i; (9);>)><0,2>) ifn=0
F (A z.r<prg, pry;>z) ifn>0

For the proof of the following theorem we need theorem 2.1.7, the axioms
(11) and (12) of PRON concerning r, and the induction scheme (L-ly) for
induction on N.

Theorem 2.1.11 (Primitive recursive functions) Let F be an arbitrary
primitive recursive function. The defining equations of F are derivable in
PRON + (L-ln) for prz. Moreover, we can prove the following assertions:

1. If F is a constant, then PRON + (L-Iy) F prz € N.
2. If the arity of F is m > 0, then PRON + (L-ly) - prr € (N™ — N)

PROOF We can prove this theorem by induction on the build-up of F. The
most interesting point is the case F = Rec"™ (G, H). Hereby, we have to
distinct the two cases n = 0 and n > 0.

Let n = 0. By induction hypothesis there exist the terms pr; € N and
pry; € (N> — N). We show that prz € (N — N) by induction on zj.

zo = 0: prrzo = (Az.r<(Ay.prg), (A y.pri<(y)3, (y)3>)><0, 2>)0 ~
r<(A"y.prg), (N"y-pry<(y)1, (¥)5>)><0,0> =~
(Ay.prg)0 ~ prg € N

Ty — SNTot Pre(snTo) ~
(N zor<(Ny.prg), (N y-pry<(y)7, (¥)3>)><0, 2>)(sng) =
r<(XNy.prg), Ay.pry<(y)¥, (y)3>)><0, sywp> =
(Ny.pry <), (¥)5>)
<0, w0, r<(Ny.prg), (\y-pray<(y)i, (y)3>)><0, 19 >> =

Pry <o, F<(A"y.prg), (\y.pra;<(y), (y)3>)><0, 9 >> =
pry <xo, prrro> € N because pryzo € N by induction hypothesis.

Now let n > 0. By induction hypothesis there exist the terms prg; € (N* — N)
and pry, € (N"*? — N). We show that prr € (N**!' — N) by induction on
Zp. In the following, let xg, ..., x,_1 be in N.
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Ty = 0: pre<ao,...,T,> (A*2r<prg, pry>2)<xg, ..., Tn_1,0>

r<prg, pryy><<o,...,Tn-1>,0>~ prg<zg,...,r1>€N
Ty — SNTpt Pre<mo,...,Tn_1,SNTp>
(A*zr<prg, pry;>2)<Zo, ..., Tn_1,SNTn>
r<prg, pry><<Zo, ..., Tp—1>,SNTpn> =~
Pry<<Zo, ...y Tn—1>>, Ty, F<Prg, Pry><<To, ..., Tp—1>, Tp >
Pryy<Zo,...,Tn, F<Prg, Pry><To, ..., Tn>
Proy<Zo, ..., Tn, Pre<o,...,T,>> € N because
pre<zy,...,T,> € N by induction hypothesis.

Let us make an example to see how the term pr, behaves.

Example 2.1.12 The index for the addition + is
(4,2,(2,1,0, (3,3, (0, 1), (2,3,2))).

The addition is the primitive recursive function
Rec?(Pr, Comp®(S, Pr3)).

The L term pr_ is defined as

(V2 < g ()h), (V. (V zsn2) (V2. (2)8))) > ).
By the definitions 1.3.16 and 2.1.2 we have

pro = by <r<i,by<by<sy, i>, by <by<py,i>,i>>>i>.
Now we can easily verify that pr, <4,1>=5:

by <r<i,by<by<sy,i>,ba<by<pi,i>,i>> i><4, 1>~
r<i,by<by<sy,i>,by<by<py,i>,i>>>(i<4,1>) ~
bo<by<sy,i>,by<by<py,i>,i>>
<4,0,r<i,by<by<sy,i>, by<by<py,i>, i>>><4,0>> ~
by <by<sy,i>,by<b,<py,i>,i>><4,0,i4>
by<sn,i>(ba<by<py,i>,i><4,0,4>) ~
by<sn,i>(ba<py,i>(i<4,0,4>)) ~
by<sn,i>(p1(i<4,0,4>)) >~ by<sy,i>4 ~ sy(i4) = 5

2.2 A recursion theoretic model

In this section we will define the intended recursion theoretic model M of
PRON. The universe of this model is the set N of all natural numbers and
the function symbol ® is interpreted as the primitive recursion evaluation
function PrimFEv. The constants are interpreted as indices of unary primitive
recursive functions. For a better understanding how the model works, we
define the interpretations of the various symbols in the order of their difficulty.
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Definition 2.2.1 M = (M|, NM |M =M oM M oM g M M
kM, pn™, po™, p1™M, dyM, boM, aaM, M) s defined as follows:

M| = N
NM = N
™M = N
=M = {(z,z) €eN? |z €N}
oM = PrimEv
<>M = the primitive recursive function (x,y) — (x,y)
oM = 0
ssM = (0,1)
M = (2,1,0)
kM= index of the primitive recursive function v — (1,1, z)
"t = index of the primitive recursive function x — x = 1
po™ = index of the primitive recursive function x — (),
le = index of the primitive recursive function x — (x),
dyM = index of the primitive recursive function

T — { (x)ooo i (2)on1 = (2)1

(x)0p01 otherwise

b = (3,1, 51, p™, pr™) while sy is the
index of the primitive recursive function
(z,y) —
(3,1, z,y) if v € Prim A (x); = 1A
y € PrimA(y) =1
(3,1,2,(1,1,0)) ifx € Prim A (x); =1A
(y & PrimV (y)1 # 1)

(1,1,0) otherwise
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M = (31,80, (1,1, <>M) pe™, p1™) while s, is the

index of the primitive recursive function

(:'U7 y? Z) -
((3,1,2,y,2) ify € Prim A (y); = 1A
z€ PrimNA(z); =1
(3,1, z,9,(1,1,0)) ify € Prim A (y)1 = 1A
(z ¢ PrimV (z); # 1)
(3,1, 2,(1,1,0), ) if (y & Prim Vv (y)1 # 1) A
z€ PrimA(z); =1
[ (3,1,2,(1,1,0),(1,1,0)) otherwise

r = ndex of the primitive recursive function

xTr —

[ (4,2, (@), @)1) i <(
(4,2, (x)o, (1,3,0)) z((
if (

x)o € Prim A (z)p1 = 1A
x)y € Prim A (z)1, =1
)

z)o € Prim A (z)o1 = 1A
S - (x)y & Prim V (z)11 # 1)
(4,2,(1,1,0), (), (x)o & Prim V (x)o1 # 1) A
()1 € Prim A (2)11 =1
[ (1,1,0) otherwise

Theorem 2.2.2 M is a model of PRON + (Tot) + (Nat).

PRrROOF The axiom (Tot) is satisfied because PrimFEv is a total function and
the axiom (Nat) is satisfied because the universe of M is N. The most axioms
of PRON are easy to verify. We only check the axioms about the constants
b2, do, and r.

The axiom (4) about the combinator by:

Suppose that ™ and b are indices of unary primitive recursive functions.
(by<a,b>c)™ = [[b,M]((aM, bM)] (M) =

H<3’ L, s1, p0M> p1M>](<aM’ bM>)]<CM) =
[[s1]([po™]((a™, b)), [pr™!] ({a™ bM>)) (M) = H (@™ M) (M) =
(3.1, 1)) (M) = [aM]([bM] (M) = (a(be)) ™

The axiom (3) about the combinator a,:

Suppose that ™ and ™ are indices of unary primitive recursive functions.
(az<a, b>c)™ [[azM](< MM (M) =

13, 1, 52, {1, 1, <>M), o™, pyM)] (0, BM)] (M) =

[[s2] ([(L, 1, <>*D)]((@™, 6M)), [po™] ((a™, 0)), [P M] (@™, M) (M) =

H ](<>M M bM)](CM) = [<3’ L, <>M’aM7bM>]

[

<>M([aM)(M), PM)(eM) = ([a™](M), 1))
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The axioms (11) and (12) about the constant r:
Suppose that f™ and g™ are indices of unary primitive recursive functions.

r<f,g>)M = (4,2, fM,g:M)’ €N, sor<f,g>] is true in M.

MM, M) (@M, 0M)) = [(4,2, f4, M) (@™, 0)) =

(

2. (r<f,g><a,0>)M =
I =
[(4.2, fM, g™M))(aM, 0) = [FM)(aM) = (fa)

3. (r<f, g><a_sNb>) = [P, DM, s (M) =
[(4, 2, [, gM) (@™, [0, D](0M)) = [(4, 2, [, gM)] (@™, S(M)) =
[gM (™, 0, [(4,2, M, gM)] (™, 0M)) =
[g J(((a™, 0M), 14,2, fM, gM) (@™, M) =
[gM](({a™, bM), [[r ]((fM M>)](< M,bM>)>) =
(9<<a,b>,r<f,g><a,b>>)M = (g<a,b, r<f, g><a, b>>)M

If at least one of the numbers fM, g™, a™, b™ is not the index of a unary
primitive recursive function, then the proofs are similar and even easier. O

We have chosen the interpretations of the constants a, and b, like that,
because we wanted to be able to prove that every interpretation of A\* ab-
straction is an index of a unary primitive recursive function.

Lemma 2.2.3 Let t be an individual L term and the variable x be in argu-
ment position in t. Then (N\*x.t)™ is a unary index of Prim.

PROOF Induction on the build-up of ¢:

1. If ¢ is the variable x then (A\*z.t) =i and ™ = (2, 1,0).

2. If t is a variable y # x or a constant then (\*z.t) = k¢t and
(kt)M = [RM](M) = (1,1,£1).

3. If t is the term <r, s> then (A*z.t) = ax<(A*z.r), (\*z.s)> and
(ag<( N x.1), (X‘:U.S)>)M [so] (<>M (N z.r)M, ( x.5)M) =
(3,1, <>M (N )M, (\*2.5)M) because (\*z.r)™ and (A\*x.s)M are
unary indices of Prim by induction hypothesis.

8

4. If t is the term rs then (A\*z.t) = by<r, (A*z.s)> and
(ba<r, (AN 2.8)>)M = [s1](rM, (A 2.5)M)
@ LM (Ves)M) it rM e Prim A (rM); =1
] (1,1,0) otherwise

because (A\*z.s)M is an index of a unary primitive recursive function

by induction hypothesis. O
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The interpretation of numerals is very natural in M, but the interpretation
of tuples of terms in M is iterated pairing.

Lemma 2.2.4 Let m and n > 1 be natural numbers and ty, ..., t,_1 be
arbitrary L terms. Then we can prove the following assertions:

1. mM=m

2. <tg,...,th_1 >M = < .. <<(t0)M, (tl)M>, (tg)M>, cey (tn_l)M>
PRrROOF The reader should be able to prove this lemma as an exercise. O

Note that (<to,...,t,_1>M), = (t,)™ if and only if n = 2 because of the
different coding of sequence numbers.

Theorem 2.2.5 Letn be an arbitrary natural number, F be an n-ary prim-
itive recursive function, and to, ..., t,_1 be arbitrary L terms. Then the
interpretation of the L term pry behaves the same way as the function F:

n=0: (prp)M=F
n>0: (prf<t0, RS . | >)M = f((to)M, cey (tn_l)M)

PROOF This theorem can be proved by induction on the build-up of F. Due
to theorem 2.1.11 the proof is straightforward. O

Corollary 2.2.6 Let n, xg, ..., x,_1 be arbitrary natural numbers and F
be an n-ary primitive recursive function. Further, let f € Prim denote the
index of F. Then we can prove the following equations:

=0 (r) =

n="1: [(prz)"")(z0) = [f](w0)

n>1: [(pre)™M]((... {xo, x1),22), ... Tn 1)) =
[f/](< - <<$0, J}'1>,I’2>, S 7'rn—1>)

This can easily be proved with lemma 1.1.15 O

2.3 Comparison to BON

In this section we will define the language £ and the axioms of the basic the-
ory BON of operations and numbers. Then we will examine the consistency
of PRON with some of the additional axioms from definition 1.3.15 and will
compare the results to BON.

Definition 2.3.1 There are only little differences between L and L. We
define the first order language L of partial terms by making the following
changes in L:
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1. The individual constants of L are k, § (combinators), p, po, p1 (pair-
ing and unpairing), 0 (zero), Sy (numerical successor), py (numerical
predecessor), dn (definition by numerical cases), and tn (primitive re-
cursion on N).

2. The symbol ® is the only function symbol of L.

Definition 2.3.2 (BON) The logical axioms and rules of inference of BON
are the same as of PRON. The theory BON consists of the following non-
logical axrioms:

(1

2) Sab| A Sabc ~ ac(bc)
3) po(pab) = a A p1(pab) = b
0

4) 0 NA (Vz € N)(Syz € N)

7 cEN/\dEN/\c-d—>dNabcd—a

8

(

(

(

(5) (Vz € N)(sSnz # 0 A pn(Snz) = 2)
(

(

(8) ce NAdeNAc#d— dyabed = b
(

)
)
)
)
6) (Vo € N)(z #0— pnz € NAsSy(pnz) = 2)
)
)
9) (Vz,y € N)(fry e N)Aa €N — (Vx € N)(tnfax € N) Atyfal = a
)

(10) (Vz,y € N)(fey e N)Aa e NAb e N — iyfa(snb) = fb(infab)

We have to do some changes on several additional axioms because in L the
constants have different names and we have no function symbol for pairing.
The abbreviations £ € N, £ € (N — N), and f € P(N) are the same as in
PRON, but for n > 1 the abbreviation £ € (N* — N) is not allowed in BON.

Definition 2.3.3 The azioms (Tot), (Ext), and (Nat) and the induction
scheme (S-ly) of set induction are defined the same way as in PRON. The
following additional axioms are different in L:

(¢ =d — dyabed = a) A (¢ # d — dyabed = b)
( (z=y—cay=0)A(x#y—cay=1)
(Chy) (zreN—-cene=0)A(xéN—cye=1)
( (Va)(inz € N) A (Va,y)(x # y — ine # iny)
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(1) fe(N—=N)—pifeN

(1.2)  fe(N—=N)—[EFzeN)(fz=0)— f(pf) =0]
(Er.1)  (Vz,y € N)(fzy € N) < E;f €N

(E1.2)  (Va,y € N)(fzy € N) = [(3g)(g € (N = N) A

(Vo € N)(f(g(3na))(ga) = 0)) = Evf = 0]

(L-In)  A[0/u] A (Vz € N)(Alz/u] — Alsnz/u]) — (Vo € N)A[x/ul
for all L formulas A

Definition 2.3.4 Let BON™ be the theory BON without the axioms (9) and
(10). In addition, we define the following theories:

(h2)

BON(f) := BON+ (fu.1)+
+ (Ev1) + (E1.2)

SUS := BON(A)

There are two important theorems of BON we will need in the sequel. The
existence of full A abstraction and the fixed point theorem.

Theorem 2.3.5 () abstraction) For each L term t and all variables x
there exists an L term (Ax.t) so that:

BON F (Az.t)| A (Azt)r ~t
BON F s| — (Ax.t)s ~t[s/z]

PrROOF We define the £ term (Az.t) by induction on the build-up of ¢ as
follows:

1. If ¢ is the variable 2, then (Az.t) is defined to be the term skk.

2. If t is a variable different from z or a constant, then (Az.t) is defined
to be the term k.

3. If t is an application (rs), then (Az.t) is defined to be the term
s(Az.r)(Az.s).

It is an easy exercise to verify the two assertions above. a

We can generalize A\ abstraction to several arguments by simply iterat-
ing abstraction for one argument. For all natural numbers n > 0, all
L terms t, and all variables zg, ..., z,_1, we write (Azg...x, 1.t) for

Azo.(. .. Aznrt)..)).
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Theorem 2.3.6 (Fixed point) There ezists a closed L term fix so that:

BON F fixf| Afixfz ~ f(fixf)x

PROOF We define fix to be the term

Az (Ayz.z(yy)z) (Ayz.2(yy)z)

It is an easy exercise to verify the properties of fix. a

The theory BON is much more powerful than PRON. It seems that PRON ()
is to weak to derive the axioms about g and that PRON(SUS) is to weak to

prove the axioms about E,. There are plenty of sentences that are derivable
in BON but not in PRON.

Remarks 2.3.7 In BON we can show the following facts:

1.

There exists an L term noty so that BON proves —N(noty).
This is not true in PRON because the model M of section 2.2 is a
model of PRON + (Tot) + (Nat).

There exists an L term prim so that BON™ + (L-ly) proves
(a) (Vz,y € N)(fry e N)Aa e N —
(Vo € N)(primfaxz € N) A primfa0 = a
(b) (Vz,y e N)(frye N)Aae NAbeN —
primfa(Snb) = fb(prim fab)
It seems that there is no such term in PRON™ + (L-ly).

There exists an L term fix, so that BON+(Tot) proves fix.f = f(fix.f).
It seems that there is no such term in PRON + (Tot).

We can represent the w-jump for an arbitrary set in BON(ft) + (ﬁ-IN).
We will show in section 4.2 that PRON(p) + (L-ly) is to weak to give
a representation of the w-jump for an arbitrary set.

There exist L terms which do not have a normal form, for example the
term (A\x.zz)(Ax.zx).
Note that (\x.xzz) is not a valid term in PRON.

It would be far beyond the scope of this thesis to prove all these assertions.
They can be looked up in Feferman, Jager, and Strahm [6].

Now we will study additional principles about our applicative universe and
ask the question whether these new principles lead to consistent theories or

not.
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Theorem 2.3.8 The following theories are inconsistent:

1. BON + (Tot) + (Nat)
2. BON + (Tot) + (Dy)
3. BON + (Tot) + (Ch_)
4. BON + (Tot) + (Chy)
5. BON + (Tot) + (injy)
6. BON + (Ext) 4 (Nat)
7. BON + (Ext) 4 (Dy)
8. BON + (Ext) + (Ch_)
9. BON + (Ext) + (Chy)

10. BON + (Ext) + (injn)

PROOF The ninth assertion is a result of Minari [10]. All the other assertions
can be found in Strahm [15].

The theory BON+ (Tot) + (Ext) is consistent. There are total term models of
BON where extensionality is satisfied. This implies that PRON+ (Tot)+ (Ext)
is consistent, too.

Theorem 2.3.9 Let PRONC denote the following theory:
PRON® := PRON + (Tot) + (Nat) + (Dy) + (Ch=) + (Chy) + (Injn)
Then the theory PRONC is consistent.

PRrROOF The recursion theoretic model M is total and the universe of M is
the set N of natural numbers. We can extend it to a model of PRON® by
adding the interpretations of the constants dy, c—, cy, and iy.

dVM = dNM
c.™ = index of the primitive recursive function 2 — ch_((z)o, (x);)
o™ = (1,1,0)
iNM = SNM
It is now easy to verify that M is a model of PRON¢® O

In the recursion theoretic model M we do not have extensionality because
every function has infinitely many indices. The next theorem tells us that it
is not possible to have a model in N with extensionality.
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Theorem 2.3.10 The following theories are inconsistent:

1. PRON + (Ext) + (Dv)

2. PRON + (Ext) + (Nat)
3. PRON + (Ext) + (Ch>)
4. PRON + (Ext) + (Injn)

PROOF For the first assertion we define s to be the £ term
rec(A*y.dy <1, 0, poy, (A\*2.0)>), which immediately leads to a contradiction:
From theorem 2.1.9 we know that s| and we have

ST = (A*y'dV<1707p0y7(A*Z'0)>)<87$>

1 if s = (A*2.0)

~ dV<1aO7S7()\ ZO)> = { 0 otherwise

The other three assertions immediately follow from the first one. a

We do not know if the theory PRON + (Ext) + (Chy) is consistent or not,
because we cannot apply the arguments of P. Minari to PRON.
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3 Lower proof-theoretic bounds

3.1 PRON + (£-Iy) contains PA

In this section we interpret the system PA of first order arithmetic into ap-
plicative theories. A crucial step for this embedding has already been done in
Definition 2.1.10 and Theorem 2.1.11 by assigning to each primitive recursive
function F a closed £ term pr, which represents F in PRON.

First we have to define a translation -° from £; terms and formulas to terms
and formulas of £. Every variable u of £; has its corresponding variable in
L and we mostly choose the individual variable u for the translation u® of
the number variable u.

Definition 3.1.1 The individual L term t° is defined by induction on the
build-up of the term t.

1. Ift is a number variable of L1, then t° is the corresponding individual

variable of L.
2. Ift is a constant of L1, then t° is the corresponding numeral of L.

3. If n > 0 and t is the Ly term F(so,...,Sn—1) for the n-ary function
symbol F, then t° is the L term

{ <(80)%, (s1)°> if t = (S0, 51)

pre<(s0)®, ..., (8p_1)°> otherwise

Definition 3.1.2 The L formula A°® is defined by induction on the build-up
of the Ly formula A.

1. If n >0 and A = R(to,...,tn_1) for the n-ary relation symbol R, then
o { (to)® = (t1)° if A= (to =t1)

Pron, <(t0)®,. .., (tn1)°>=0 otherwise
2. If A= =B, then A° .= -B°.
3. If A=BVC, then A®° := B°V C°.
4. If A= (3x)B, then A° := (Jz € N)B°.

Finally, we have to ensure that the individual variables of the translated
formulas A° range over N, because the number variables of £; are interpreted
as natural numbers.
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Definition 3.1.3 (£ translation of £; formulas) Let A[v] be an L, for-
mula. Then the L translation Ay of A is defined as follows:

A{(D) = veN— A°(D)
Due to the complete induction scheme (L-ly) we can embed the theory PA

in PRON + (£-ly) directly without any problems.

Theorem 3.1.4 (Embedding of PA) Let B[v] be an Ly formula so that
PA proves B(¥). Then we have

PRON + (L-Iy) F Bg(9)

PROOF We can prove this theorem by induction on the length of derivation.
We only need to check the non-logical axioms because the logical axioms and
the rules of inference are easy to verify.

1. The number theoretic axioms can be verified with the term pr_, and

the axioms (6) and (7) of PRON about the constant sy.

Ch<

2. With pr, we can derive the defining equation of every primitive recur-
sive function F due to theorem 2.1.11.

3. The L translation of the induction scheme (I1-ly) is
veN—
[A°(7,0) A (Vo € N)(A®(U, z) — A°(V, prgz)) — (Vo € N)A°(U, z)].
Suppose, that ¥ € N. Then we have exactly the induction scheme
(L-In) because PRON proves prgz = syx by definition 2.1.10. O

3.2 PRON(u) + (£L-ly) contains ACA

For a precise formulation of the embedding result of this section we have to
extend the translation -© of section 3.1 to the language £5. We write -° for this
extended translation. In the following we assume that we have a translation
of the number, set, and function variables of L, into the variables of £ so
that no conflicts arise. For convenience we often simply write, for example,
u, x, f for the translations of the number, set, and function variables u, X,
F, respectively.

Definition 3.2.1 The individual L term t° is defined by induction on the
build-up of the term t.

1. Ift is a number variable of Lo, then t° is the corresponding individual

variable of L.
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2. Ift is a constant of Lo, then t° is the corresponding numeral of L.

3. If n > 0 and t is the Ly term F(so,...,Sn_1) for the n-ary function
symbol F, then t° is the L term

{ <(So)o, (Sl)o> th = <80, 81>

pre<(s0)°,...,(8p—1)°> otherwise

4. If t is the Ly term F(s) for the function variable F', then t° is the L
term f(s°).

Definition 3.2.2 The L formula A° is defined by induction on the build-up
of the Ly formula A.

1. If n >0 and A = R(to,...,t,_1) for the n-ary relation symbol R, then

o e { (fo)” = (t1)° if A= (to=11)
Prone <(to)°, ..., (tn-1)°>=0 otherwise

2. If A= (s € X) for the set variable X, then A° := (x(s°) =0).
3. If A= =B, then A° .= - B°.
4. If A= BV C, then A°:= B°V C°.
5. If A= (3x)B, then A° := (3x € N)B°.
6. If A= (3X)B, then A°:= (3z)[x € P(N) A B°].
7. If A= (3F)B, then A° := (3f)[f € (N— N) A B°|.

As in the embedding of PA we have to ensure, that the translations of the
number variables range over N. In addition, we have to make sure that the
translations of the set and function variables range over P(N) and (N — N),
respectively.

Definition 3.2.3 (£ translation of £, formulas) Let A be an arbitrary
Ly formula. The L translation Ay of AlU, F, ] is the following formula:

An(d, f,7) == @ePN)Afe(N—N)ATeN— A°(d, f,7)

Lemma 3.2.4 (Characteristic term I) Let n be a natural number and
A[U,F, 7] be a 11} formula. Then there exists an individual £ term t[@, f]
without the free variables vy, ..., v,—1 so that PRON(u) proves the following
formulas:
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Alie PN)AFeEN—=N) =ty =0Vty = 1]
Va, fHlg € P(N)A f e (N— N) — (A°(@, f) < ty = 0)]
Niie PN)A fe(N—N)—

n>0: (Vi,
( eN)(tA<U0,...,Un,1>:OvtA<U0,...,Un,1>:1)]

v, fHlg € P(N)A f e (N— N) —
(V& € N)(A°(@, f,T) < ta<vg, ..., vp_1>=0)]

PROOF We define the term t, by induction on the build-up of A.

1. If m >0 and A =R(so,...,Sm_1) then ty is defined to be the term

{ Prone <(50)% s (Sm-1)"> ifn=0
(A" 2Pl <(50)°% -+ (Sm—1)*> [(2)5, - (2)50/0]) i >0

2. If A= (s € X) then ty4 is defined to be the term

pr,_ <x(s°),0> ifn=0
(A*z.pro,_<x(s°),0> [(2)8,..., ()" /7)) ifn>0

3. If A = —B then ty is defined to be the term

pro <1l tg> ifn=20
(Nzpro<l,tpz>) ifn>0

4. (a) If A= BV C and B has the m > 0 free variables vy, ..., vg,,_,

and C has the [ > 0 free variables v, ..., vg,,, ,, then ty is
defined to be the term
(A" 2Pl iy <t <(2)gs - -+ (D), s > te<(2)i oo (R, )

(b) If A= BV (C and at least one of the formulas B and C' does not
have any free variable, then t, is defined to be the term
Prin <tm, tc> ifn=0
(A*z2.pryin<tp,tcz>) if n > 0 and B has no free variables
(N 2.prin<tpz,tc>) if n > 0 and C has no free variables

min

5. If A= (3z)B[x/v,] then ty is defined to be the term

(Ay-tp(p1y)) <0, p(A"y.tp(p1y))0> if n=0
(N*ztp<z,ptpz>) ifn>0

Note that for n > 0 the term tp is in (N"*! — N) by induction hypoth-
esis, because B has one more free variable than A. That is the reason
why we can apply the p operator to tg.

For n = 0 the term tp is in (N — N) by induction hypothesis, so we
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cannot apply the p operator to tz. By taking 0 as a dummy parameter,
we can apply p to (A*y.tp(p1y)).

It is an easy exercise to prove by induction on the build-up of A that PRON(u)
proves the two formulas above. O

Theorem 3.2.5 (Embedding of ACA) Let B[U, F, 7] be an Ly formula so
that ACA proves B(U, F,¥). Then we have

PRON(p) + (L-In) + Bu(i, f, )
PROOF We can prove this theorem by induction on the length of derivation.

1. Because -° is an extension of -°, we can say that the logical axioms, the
rules of inference, and the axioms of PRA™ have already been verified
in the proof of theorem 3.1.4.

2. The L translation of the induction scheme (IT! -ly) is
iePN)Afe(N—>N)ATeN—
[A°(@, f,7,0) A (Yo € NY(A°(T, f,7,2) — A°(T, f, T, prez)) —
(Vz € N)A° (i, f, 7, z)].
Suppose, that @ € P(N), f € (N — N), and 7 € N. Then we have

exactly the induction scheme (L£-ly) because PRON proves (prgx = syz)
by definition 2.1.10.

3. The L translation of the comprehension scheme (II}-CA) is
iePN)Afe(N—=N)ATEN —
(3z)[z € P(N) A (Vy € N)(azy = 0 « A°(@, f, ,y))]-
Suppose, that @ € P(N), fe (N — N), and ¢ € N, and define x to be
the term (A\*z.ta<wp,...,v,_1,2>). Then we can prove x € P(N) and
for y € N we have zy = 0 < ta<vg, ..., v, 1,y>=0 < A°(ﬁ,f,27,y)
by lemma 3.2.4.

4. The L translation of the graph principle axiom (GP) is
(Vx)[z € P(N) — [(Vy € N)(J'z € N)(z<y,z>=0) —
(3)(f € (N=N) A (vy € N)(z<y, fy>=0))]].
Suppose, that z is in P(N) and PRON(u) + (£-ly) proves
(Vy € N)(J!z € N)(x<y,2>=0). Now let y be in N. Then we define ¢
to be the term (A*u.x<y,u>), which is in (N — N). We cannot apply
the p operator to ¢, so we have to define another term s in (N* — N)
by (A*v.t(p1v)). Now we can define f := (A\w.psw) =
(Nw.p(ANv.x<y,piv>)w), which is in (N — N) by the axiom (p.1).
Finally, we can prove x <y, fy>) = x <y, usy>= s<0, usy>= 0 by
the axiom (p.2).
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The difficulty of this proof is the case of the graph principle axiom, because
we cannot apply the p operator to any ¢ € (N — N). Therefore we have to
define the convenient s € (N? — N). O

This theorem shows that PRON(g) + (£-1y) is at least as strong as ACA. It
is the purpose of section 4.2 to show that it has the same strength.

3.3 PRON(SUS) + (L-ly) contains TTi-CA

Theorem 3.3.1 (IT{ normal forms) For every 11 formula A there exists
an arithmetic formula Ba which contains the free variables of A plus two
fresh variables wg and wy so that:

ACAy + A(U,F,?) — =(3G)(Va)Ba(U, F, 7, G(S(x)), G(x))

PROOF The proof of this theorem is more or less basic and can be found at
many places (for example in Simpson [14]). 0

We are now ready for the preparation of our next embedding. Note that
we can use the translation -° from definition 3.2.1 and definition 3.2.2. In
addition, the £ translation Ay for every L, formula A is the same as in
definition 3.2.3.

Lemma 3.3.2 (Characteristic term II) Let n be a natural number and
A[U F ,U] be an arbitrary 113 formula. Then there exists an individual L
term cta[i, f] without the free variables vy, ..., vn_1 so that PRON(SUS)
proves the following formulas:

n=0: (Vi,f)lie PINNAfe(N—N)—cty=0Vcty =1]
(i, f)[@ € P(N) A f'€ (N = N) = (A°(d@, f) < cta = 0))
n>0: (Vii, )i € PN)A fe(N—N)—
( v e N)(CtA<U0,...,Un_1>:OVCtA<’U0,...,Un_1>: 1)]

(Vii, i e P(N)A f € (N— N) —
(Vo € N)(A°(T, f,T) < cta<vg, ..., vp_1>=0)]

PROOF From theorem 3.3.1 we know that there is an arithmetic formula B4
so that ACAg proves A(U, F,7) — —(3G)(Vz)Ba(U, F, 7, G(S(x)), G(z)).
By lemma 3.2.4 we get the existence of an £ term tg, so that PRON(u) +
(L-In) proves the two following formulas (no problem if n = 0):
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(v, f)li € P(N) A f € (N— N) — (V& wp, w; € N)
(tBA<U0,...,Un_1,U}0,U}1>: O\/tBA<v0,...,vn_l,wo,w1>: 1)]

—

vV, fil@d € P(N)A f € (N— N) — (V& wo, w; € N)

(A°(d, f,V,wp,wr) <> tp, <V, ..., Un_1,Wo, w;>=0)]
Now we define the term cty by:

ct - pr— <17 El()‘*y-tBA<<y):l))7 (y>§>)0> ifn=20
A (A*z.pr—<1,Estp, 2>) ifn>0

Note that for n > 0 the term tp, is in (N"*2 — N) by lemma 3.2.4, because
B4 has two more free variables than A. That is the reason why we can apply
the Suslin operator to tg,.

For n = 0 the term tp, is in (N> — N) by lemma 3.2.4, so we cannot apply
the Suslin operator to tp,. By taking 0 as a dummy parameter, we can apply
Ei to (A, <(v)i, (¥)3>).

We will show the proof of this lemma for n > 0. Given @ € P(N),

f e (N—=N), and 7 € N, we have to show that PRON(SUS) + (£-ly) proves
the following equation:

cta<vg,...,Up_1>

0 if A°(@, f,7)
1 otherwise

We can prove in PRON(SUS) + (£-ly) that:

1 if EltBA<UO;-~7Un—1>: 0

cta<<vg,...,Vp_1>= .
AST0s - Tl {O otherwise

1 if (3g)[g € (N — N) A (Vz € N)(tp, <vo,...,Un_1,g(snT), gz>= 0)]
0 otherwise

0 otherwise

_ { 1 if (3g)lg € (N — N) A (V& € N)BS (i, f, 7, g(sna), g)]

:{1 if ~A°(@, f, D) -

0 otherwise

Theorem 3.3.3 (Embedding of 11!-CA) Let B[U, F, ] be an Ly formula
so that T13-CA proves B(U, F', 7). Then we have

PRON(SUS) + (£-Iy) + B(i, f.7)
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PROOF We can prove this theorem by induction on the length of derivation.
We only need to check the axiom (IT3-CA), because this is the only change
from ACA to IT;-CA and we have the translation -° from section 3.2.

The L translation of the comprehension scheme (IT3-CA) is
GePN)Afe(N->N)ATEN—

(3x)[x € P(N) A (Vy € N)(zy = 0 = A°(, f,¥,1))].

Suppose, that @ € P(N), fe (N — N), and ¥ € N, and define z to be

the term (A\*z.cta <vg,...,Vn-1,2>). Then we can prove z € P(N) and
for y € N we have xy = 0 < cta<wvg,...,v,_1,y>= 0 < A°(d, f,V,y) by
lemma 3.3.2. O

This theorem shows that PRON(SUS) + (L-ly) is at least as strong as IT{-CA.
It is the purpose of section 4.3 to show that it has the same strength.
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4 Upper proof-theoretic bounds

4.1 PA contains PRON + (£-ly)

We already know that BON+ (£-ly) C PA from Feferman [3]. The only thing
we have to show yet is that PRON + (£-Iy) € BON + (L-Iy).
The embedding of PRON in BON is straightforward. We only have to define

a convenient translation of £ terms and £ formulas to the language £ of
BON.

Definition 4.1.1 In the translation - of L terms we express the terms with
use of full A abstraction we have in BON. We define -* by induction on the
definition of L terms.

1. If t is a variable of L or the constant 0, then t is defined to be the L
term t. Further, the following translations are also straightforward:

k> .=k

Po” := Po

p1” = P1

SN” = SN

PN” 1= PN

> = skk

a2” = (Azy.p(pory)(P1y))
by” := (Azy.pox(p12y))

dn” == (Az.dn(Po(Po(Poz))) (P1(Po(Po))) (P1(Pox)) (P1))

r* = (Aufix(tu)) while

t = (Auhx.[dn(Az.pou(por))(Az.pru(p(sx)(h(sr))))(p12)0]0)
and s = (A\y-p(Poy) (Pn(P1Y)))

7. If t is the L term rs, then t* is defined to be the L term 1°s”.

S v e

8. If t is the L term <r,s>, then t is defined to be the L term pr-s”.

The translation -* for £ formulas is canonical. The most difficult work has
been done in the previous definition.

Definition 4.1.2 Let us define the translation -* by induction on the defini-
tion of L formulas.

(N(#))” = N()



(mA)P = A
(AV B)” A"V B”
((Fx)A)P® = (Fo)A°

Theorem 4.1.3 Let A be an L formula and PRON + (L-ly) = A. Then we
can show that:

BON + (L-ly) F A°

PROOF We can prove this theorem by induction on the length of derivation.
We are in the logic of partial terms and in BON we have the same logical
axioms and the same rules of inference as in PRON. In addition, the trans-
lation of the induction scheme (£-ly) is an instance of (£-ly). So we have to
care only about the non-logical axioms. We show the proof for the axioms
of the recursor r. The translations of the axioms (11) and (12) of PRON are
the following L formulas:

A1)~ r(pfg)l Ar(pfg)(pald) ~ fa
(12)> be N —r"(pfg)(pa(snb)) ~ g(p(pab)(r*(pfg)(pab)))

1. We have r*(pfg) ~ fix(t(pfg)) and due to theorem 2.3.6 we know that
fixr| for every £ term r, so we have r*(pfg)|.

2. **(pfg)(pa0) ~ fix(t(pfg))(pa0) ~ t(pfg)(fix(t(pfg)))(pal) ~
tpfg)(r"(pfg))(pa0) =~ (Az.fa)0 ~ fa

3. Suppose, that b is in N. Then we can prove
r(pfg)(pa(snb)) ~ fix(t(pfg))(Pa(Snb)) ~
t(pfg)(fix(t(pfg)))(pa(snb)) ~ t(pfg)(r"(pf9))(Pa(snb)) ~
(Az.g(p(s(pa(snb)))(r(pfg)(s(pa(snb))))))0
(Az.g(p(pab)(r*(pfg)(pab))))0 ~ g(p(pab)(r”

~

(pfg)(pab))) O
Corollary 4.1.4 PRON + (L-ly) = PA with theorem 3.1.4. O

4.2 ACA contains PRON(u) + (L-Iy)

In this section, we will formalize a model of PRON(p) in ACA. To realize
this model we only have to change the interpretations of the function sym-
bol ® and the constants b,, a>, and r in the recursion theoretic model M.
Additionally, we have to define the interpretation of the constant p.

Definition 4.2.1 Let M be the model M with the following changes and
addition:
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oMo .= uPrimEv

b0 = (3,1, 51, po™, p1™) while sy is the
index of the primitive recursive function
(z,y) —
(3,1,z,y) if x € pPrim A (x); = 1A
y € pPrim A (y); =1
(3,1,2,(1,1,0)) ifxz € pPrim A (z); = 1A
(y & pPrim vV (y)1 # 1)
(1,1,0) otherwise
aaMo = (3,1, 89, (1,1, <>M), po™, p1™M) while sy is the
index of the primitive recursive function
(z,y,2) —
((3,1,1,y,2) if y € uPrim A (y); = 1A
z € puPrim A (z); =1
(3,1,z,y,(1,1,0)) if y € pPrim A (y); = 1A
(= ¢ pPrim ()1 # 1)
(3,1,2,(1,1,0), 2) if (y ¢ uPrimV (y);1 # 1) A
z € uPrim A (z); =1
[ (3,1,2,(1,1,0),(1,1,0)) otherwise

r := index of the primitive recursive function

Xr —

¢ _—

(4,2, (2)o, (2)1)' if (x)o € uPrim A (x)o1 = 1A

)
x)y € pPrim A (z)11 =1
)

f (
(
(4,2, (x)o,(1,3,0)) if (x)o € uPrim A (x)o1 = 1A
\ - ((z)1 ¢ pPrim V (x)11 # 1)
<4727 <1,1,0>,($) > ((I) ¢/J/P7”’L'm\/(aj)01 7£ 1)/\
()1 € uPrim A (x)11 =1
[ (1,1,0) otherwise
p° = index of the primitive recursive function

- (5,1,7) ifx € pPrim A (z); =
(1,1,0) otherwise

Theorem 4.2.2 M, is a model of PRON(u) + (Tot) + (Nat).

PROOF The proof of this theorem is almost the same as of theorem 2.2.2.
We only have to check the axioms about the constant p. The axiom (p.1)
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is satisfied because the universe of M is the set N of all natural numbers.
We show that the axiom (w.2) is satisfied, as well:
Suppose, that f*° is the index of a unary function of PRIM (x). Then we

can prove (pfa)® = [[pe](f*0)](a™0) = (5,1, fM0)](a™) =
Zerot(fMo)(a™0). If there exists a natural number z so that
[fMo]((a™o,2)) = 0, we immediately know that [fMo](a™0,z) = 0 and
(pfa)* =min{y | [f*°]({a™",y)) = 0}, so we have

L] ((@™, (nfa)™e)) = 0.

If fMo ¢ pPrim or (fMo); # 1 then (ufa)™o = [(1,1,0)](a™) = 0 and
puPrimEv(fMo, x) = 0 for every natural number x, which implies
puPrimBv(fMo (a™ (ufa)Mo)) = 0. O
Let n, by, ..., b,_1, ¢ be arbitrary natural numbers and e be an n-ary index
of uPrim. Our next goal is to formalize the expression [¢](b) = ¢ in ACA. For
this purpose, we will construct triples s := (e, (by, . .., bn—1), ¢) and for every
natural number [ we will define a set X so that (X); contains all triples with
Lev(e) < 1. The slices (X); of X are defined by s € (X); < (s,1) € X.

In the case of BON(ft) a hierarchy with finite levels is not sufficient. This is
witnessed by the fact that the w-jump (and much more) is definable in models
of BON(fx). This latter fact is due to the presence of the s combinator, which
allows for diagonalisation at limit ordinals; this diagonalisation, however,
cannot be obtained by primitive recursive means. For the model construction
in the case of BON(fx), cf. Feferman and Jager [5].

The following formulas A and B will prepare the construction of the intended
hierarchy.

Definition 4.2.3 For triples s with indices of level 0 we define the Iy for-
mula Als] as follows:

A = AgA(s)y € uPrim AN Ay
Ay = se SeqgNlh(s) =3 AN (s)1 € Seq N Ih((s)1) = (s)oa
A = [(8)oo=0A(F<5s)((s)1o=bA(s)a=b+1)]V

[(8)o0 =1 A(5)2=(5)oz2] V[(5)oo=2A(5)2 = (5)1,(s)o.]

Definition 4.2.4 For triples s with indices of level [+ 1 we define the arith-
metic Lo formula BlU, s,l| as follows:

B = seUVI[ByA(8)y € uPrim A\ (ByV By V Bs)]
By = se& SeqNilh(s) =3 A (s)1 € Seq ANIh((s)1) = (s)o1 N
Lev((s)o) =141
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Bl = (8)070 = 3 A (HCO, e 7Clh((s)0);4)
[<(S)072, <Co, Ce Clh((s)o);4>> (S)Q) ceUN
(Vd < Ih((s)o) = 3)({()oa+3; (s)1, cx) € U)]

By = (s)oo=4NA(3b)[be Seq ANlh(b) = (5)1,m((s))=1 + 1A

((5)o.2: ((8)1,0 - - -5 (8)1,m((s)1)=2), (D)o) € U A
(8) (b)lh(b)—l A (Vd < Zh(b) 1)

(((8)0,3, ()10, -+ (8)1.m((s)1) =2, 4, (D)a), (D)av1) € U)]

Bs = (8)oo=5A
[[30)({()o,2: (($)1,05 - - - ($)1,((5)1)=1:0), 0) € U A ()2 = b) A
(V0)({(8)0,2: {(8) 1,01 - - - s (S)1,1m((s)1)=1:0), 0) EU — b > (s)2)] V
(VD) ({(8)o,2: (($)1,05 - - -+ ($)1m((5))=1,0), 0) & U) A ()2 = 0]]

Now we_are able to deﬁneﬁthe hierarchy Hy which collects all the triples
s = (e, (b), ¢) satisfying [e](b) = ¢ up to a certain level.

Definition 4.2.5 Ho[W,u] is the formula which tests if the slices (W), con-
tain the triples with indices of level | for all | < u:

Ho = (V9)[(s€ (W) A(s)) A
(VI <u)(s € (W)ipr < B(W)i, ,1))]

Note that Ho is an arithmetic Lo formula.

If we want to show in ACA the existence of a set X so that Ho(X, z) for a
given z, we have to verify that (X); is a set in ACA for every [ < u.

Lemma 4.2.6 ACA proves (Vz)(3X)Ho(X, 2)
ProoF With 3 induction on 2.

z=0: (Y)(Vs)(s € Y < A(s)) is an instance of arithmetic comprehen-
sion, because A is Ily, so we get the desired set X with arithmetic
comprehension by (3X)(Vp)[p € X « (Is € Y)(p = (s,0))].

z — z + 1: by induction hypothesis we have (3Y)Hy (Y, 2), that is we know
that (Y), is a set. (32)(Vs)(s € Z < B((Y)., s, z)) is an instance of
arithmetic comprehension, because B is an arithmetic £, formula, so
we get the desired set X with arithmetic comprehension by
EX)Vp)lpe X —«peYV(3seZ)(p=(s,z+1))].

It is easy to see that Ho(X, z+1). O
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We have constructed the hierarchy Hy like that to make sure that it is unique
and increasing. We will prove the first property in the following lemma, the
second one is very easy to see.

Lemma 4.2.7 ACA proves
Ho(Wo, uo) A Ho(Wh,ur) Aug < up — (V1< uo)(Wo)r = (Wh))
Proor With arithmetic induction on [.
[ = 0: Given Ho(Wp,up) and Ho(Wy,u1) we know that
(Vs)(s € (Wy)o <= A(s)) and (Vs)(s € (W1)o <= A(s)), so we have
(Wo)o = (Wh)o.
I =1+ 1: Ifl4+1 < wug then I < uy and we have (W), = (W;); by induction
hypothesis. Given Ho(Wo, ug) and Ho(W1,u1) we know that

(Vs)(s € (Wo)is1 < B((Wo)y, 8,1)) and
(Vs)(s € (W1)e1 < B(W1),8,1)), so we have (Wy);11 = (Wi)p:. O

We are now ready to define the Application for the embedding of PRON(u)+
(L-ly) in ACA. It must be a formula functional in the third argument and it
must contain every triple of our hierarchy H, with a unary index. In fact, the
following definition is the precise formalization of uPrimFEv in arithmetics.

Definition 4.2.8 We define pApplu, v, w] to be the following formula:
pApp = [u€ puPrim A (u); =1A
(3X) (Ho(X, Lev(u)) A (u, (v), w) € (X)Levw))] V
[(w ¢ pPrimV (u); # 1) Aw = 0]

Note that puApp is equivalent to a X1 formula, because Hy is an arithmetic
Ly formula. It is even equivalent to a II; formula.

We have made sure that we have in our application pApp every triple with
a unary index of puPrim. It is also true that the application is functional in
the third argument.

Lemma 4.2.9 ACA proves

(Vx,y, 20, 21) (APP(Z, Y, 20) A pAPP(2, Y, 21) — 20 = 21)

PROOF If © ¢ pPrim or (x); # 1 then pApp(z,y, z) implies z = 0 and we
have finished the proof.

If z is a unary index of pPrim, we can prove this lemma by induction on the
level [ := Lev(z) of x:
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[ =0: We have the three cases (x)y = 0 (successor), (z)o = 1 (constant
function), and (z)o = 2 (projections), which are easy to prove.

[ —1+1: In the cases ()9 = 3 (composition) and (z)y = 5 (non-
constructive p operator) the proof immediately follows by induction
hypothesis. In the case (x)y = 4 (primitive recursion) we need induc-
tion on the argument. a

We are going to define a translation -* of formulas from £ to L. First, we
will define a translation from £ terms to £, formulas. The translation of a
constant c is the numeral 7, if m is the interpretation ¢ of ¢ in M.

Definition 4.2.10 For every L term t we define the Lo formula V*[x], so
that the variable x does not occur in t, by induction on the build-up of t as
follows:

1. Ift is a variable of L then V" := (x =t)

2. If t is a constant of L then V;* := (x = tMo)

3. If t is the L term <r,s> then
Vi = (J20, 21) [V (20) AV (21) A = (20, 21))]

4. If t is the L term (rs) then
V= (320, 21) [V (20) A VE(21) A APP(20, 21, 7))

Note that every formula V;* is equivalent to a X1 (I1}) formula, because puApp
is X1 (111), as well.

Remark 4.2.11 Lett be an arbitrary L term. Then ACA proves (3lz)V(x)
by a simple induction on the build-up of t.

Definition 4.2.12 For every L formula A we define the Ly formula A* by
induction on the build-up of A as follows:

1. If A=N(t) or A=t| then A* = (3z)V}(x)
If A= (s =t) then A* := (3x)(V(2) AV (2))
If A =B then A* := ~B*

IfA=BVC then A* := B*V C*

If A= (3x)B then A* := (3x)B*
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The following lemma shows that we have defined a convenient translation.

Lemma 4.2.13 Let A be an arbitrary £, formula. Then we can prove the
following assertion:

ACA + Ao (A%

PRroOF This is verified by a straightforward induction on the build-up of A
with remark 4.2.11. O

Now we can show that ACA proves the translation of an £ formula provable
in PRON(pe) + (L£-I).

Theorem 4.2.14 Let A be an L formula and PRON(p)+ (L-In) F A. Then

we can derive A* in ACA.

PRrROOF We can prove this theorem by induction on the length of derivation.
The logical axioms are easy to verify and in ACA we have the same rules of
inference as in PRON(p). Because A* is an £y formula, the translation of
the induction scheme (£-ly) can be derived with (II!_-ly).

Now let A be a non-logical axiom of PRON(g). This axiom is satisfied in the
model M as we have proved in theorem 4.2.2. We have defined puApp in a
way that the properties of indices are satisfied. Finally, the definition of the
translation -* guarantees that A* is derivable in ACA.

As an example we have written the exact translations of (p.1) and (p.2) in
appendix B. O

We know the strength of PRON () +(L-ly) because we have done embeddings
in both directions.

Corollary 4.2.15 PRON(u) + (£L-In) = ACA with theorem 3.2.5. O

4.3 I13-CA contains PRON(SUS) + (£-ly)

For the last embedding we will formalize a model of PRON(SUS) in II}-CA.
This time, we only have to change the interpretations of the function sym-
bol ® and the constants by, a,, r, and p in the model My of PRON(p).
Additionally, we have to define the interpretation of the constant E;.

Definition 4.3.1 Let My be the model M with the following changes and
addition:

56



by

My

My

.M

SusPrimFEv
(3,1, 51, po™, p1™) while s, is the
index of the primitive recursive function
(z,y) —
(3,1, z,y) if © € SusPrim A (z); = 1A
y € SusPrim A (y); =1
(3,1,2,(1,1,0)) if x € SusPrim A (z); = 1A
(y & SusPrim V (y); # 1)
(1,1,0) otherwise

(3,1, 59, (1,1, <>™) po™, p1™) while s, is the

index of the primitive recursive function

(2,y,2) —
( (3,1,1,9,2) if y € SusPrim A (y)1 = 1A
z € SusPrim A (z); =1
(3,1,2,y,(1,1,0)) if y € SusPrim A (y); = 1A
X (z ¢ SusPrim V (z); # 1)
BLr(L1.0)7) i (s ¢ SusPrimV (y)r # 1)
z € SusPrim A (z); =1
| (3,1,2,(1,1,0),(1,1,0)) otherwise

index of the primitive recursive function

Tr —

(4,2, @) (@) if (@
(4,2, (2)0, (1,3,0)) if

()0 € SusPrim A (z)p1 = 1A
(x)1 € SusPrim A (x)1; =1
()0 € SusPrim A (x)p1 = 1A

((x)1 ¢ SusPrim V (x)11 # 1)
(4,2,(1,1,0), (x)1) if ((z)o & SusPrim (x)o1 # 1) A
()1 € SusPrim A (x)1, =1
(1,1,0) otherwise

8
~—  —

\

index of the primitive recursive function
<57 17%> Zf$ < SusPrim A (1‘)1 =
(1,1,0) otherwise

index of the primitive recursive function
(6,1,7) if x € SusPrim A (z); =1
(1,1,0) otherwise
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Remark 4.3.2 We are not yet able to show that M; is a model of
PRON(SUS), because we have quantifiers over arbitrary functions in the eval-
uation function. Suppose, that f* is a unary index of SusPrim. Then we

can prove the following equation: (Eyfa)™ = [(6,1, f)](a™)

_ { 0 if (3G (V2)([F](a*", G(S(2)), G(2)) = 0)

1 otherwise
It was not possible to define [(6,n, f)](Z) as
{ 0 if (3g € SusPrim)(V2)([f1(7,[9](5(2)), [9](2)) = 0)

1 otherwise

because definition 1.1.12 is inductive. After having formalized the application
function in T1;-CA, we will show that both conditions are equivalent and that

M, is a model of PRON(SUS) + (Tot) + (Nat).

Let n, by, ..., b,_1, ¢ be arbitrary natural numbers and e be an n-ary index
of SusPrim. Our next goal is to formalize the expression [e](b) = ¢ in IT}-CA.
For this purpose, we will construct triples s := (e, (b, ...,b,_1),c) and for
every natural number [ we will define a set X so that (X); contains all triples
with Lev(e) <.

In the case of SUS a hierarchy with finite levels is not sufficient for similar
reasons as in the case of BON(ft). In this case the w-hyperjump (and much
more) is definable in models of SUS. For the model construction in the case
of SUS, cf. Jager and Strahm [8].

The following formulas C' and D will prepare the construction of the intended
hierarchy.

Definition 4.3.3 For triples s with indices of level 0 we define the Ily for-
mula C|s] as follows:

C = AgN(8)o € SusPrim N\ A,
The formulas Ag and Ay are the same as in definition 4.2.5.

Definition 4.3.4 For triples s with indices of level [41 we define the formula
DU, s,1] as follows:

D = seUVI[ByA(s) € uPrim A (ByV ByV B3V Dy V Dy)]
Dy = (8)oo=06A(s)2 =0A (3G)(Vd)

((($)o2: ((8)1,0, -+ ($)1,m((s)) =1, G(S(D)), G(b)), 0) € U)
Dy = (s)oo=6A(s)2=1A(VG)(3D)

((($)o2: ((8)1,0, -+ ($)1,m((s)) =1, G(S(D)), G(b)), 0) ¢ U)
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The formulas By, B1, Bs, and B3 are the same as in definition 4.2.4. Note
that D is equivalent to a ¥} (I13) formula.

Now we are able to define the hierarchy H; which collects all the triples

-,

s = (e, (b), c) satisfying [¢](b) = ¢ up to a certain level.

Definition 4.3.5 H;[W, u] is the formula which tests if the slices (W), con-
tain the triples with indices of level | for all | < u:

Hi = (Vs)[(s€ (W)« C(s)) A
(VI <u)(s € (W)ie1 < D((W), 5,1))]

As a preparation for the next step, we have to prove that we can apply the
comprehension scheme (X}-CA) in I1}-CA.

Lemma 4.3.6 Let A be an arbitrary 1 formula. Then TI3-CA proves the
following formula:

(BX)(Vy)ly € X < A(y)]

PROOF The formula —A is I} and we can prove the existence of a set X
satisfying (Vy)(y € X < —A(y)) with the (II}-CA) comprehension scheme.
Let us now take the formula —(u € X) which is arithmetic in X. With
arithmetic comprehension we get the existence of a set Y satisfying

(Vz)(z € Y < =(z € X)) and we can easily see that (Vz)(z € Y < A(z)). O

If we want to show in IT}-CA the existence of a set X so that H; (X, z2) for a
given z, we have to verify that (X); is a set in I1}-CA for every | < u.

Lemma 4.3.7 TI{-CA proves (V2)(3X)H (X, z).
Proor With induction on z.

z=0: (FY)(Vs)(s € Y < (C(s)) is an instance of arithmetic comprehen-
sion, because C' is Ily, so we get the desired set X with arithmetic
comprehension by (3X)(Vp)[p € X « (Is € Y)(p = (s,0))].

z — z + 1: by induction hypothesis we have (3Y)H; (Y, z), that is we know
that (Y), is a set. The formula D is X1, but we only have 1T} and %}
comprehension. So we have to use the fact that D is provably equivalent
to Dy V Dj, if we define Dy and D3 to be the following formulas:

D, I:SGU\/(Bo/\(s)oGMPTimA(B1VBQV33VD0))
D3 :=se€ UV (ByA(s)y € pPrim A Dy)
We can immediately see that D is 3 and D3 is IT3. Now we can prove
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the existence of two sets Yy, Y7 so that (Vs)(s € Yy < Do((Y)., s, 2))
and (Vs)(s € Y1 < D5((Y)., s,2)). The formula (u € Yy) V (u € V) is
arithmetic in Yy and Y7, so we get a set Z by

(Vs)(s € Z < (u € Yy) V (u € Y7) with arithmetic comprehension
and we know that (Vs)(s € Z < D((Y)., s, z)). The desired set X is
obtained by (3X)(Vp)(pe X < peYV(Ise€ Z)(p= (s,z2+1))) with
arithmetic comprehension, too. It is now clear that Hi(X,z +1). O

We have constructed the hierarchy H; like that to make sure that it is unique
and increasing like the hierarchy Hy from definition 4.2.5.

Lemma 4.3.8 II;-CA proves
Hi(Wo, uo) A Hi (Wi, up) Aug < uyp — (V< ug)(Wo)r = (Wh))

PrROOF The proof is exactly the same as the proof of lemma 4.2.7, with
arithmetic induction on [. O

We are ready to define the Application for the embedding of PRON(SUS) +
(£-ly) in IT{-CA. Tt must be a formula functional in the third argument and it
must contain every triple of our hierarchy H; with a unary index. In fact, the
following definition is the precise formalization of SusPrimEv in arithmetics.

Definition 4.3.9 We define SusApp[u,v,w] to be the following formula:

SusApp = [u € SusPrim A (u); = 1A
(3X)(H1(X, Lev(u)) A (u, (v), w) € (X) Lev(w)] V
[(u ¢ SusPrim V (u); # 1) Aw = 0]

We have made sure that we have in our application SusApp every triple with
a unary index of SusPrim. It is also true that the application is functional
in the third argument.

Lemma 4.3.10 I1}-CA proves

(VZB, Y, <o, Zl)(SUSApp('Ia Y, ZO) A SUSApp(Z’, Y, Zl) — 20 = Zl)
PrROOF The proof is almost the same as of lemma 4.2.9. We only have
additional indices s with (s)o = 6. O

Before we can begin with the embedding, we have to prove that it is the
same if we find a descending chain with an arbitrary function from outside
the theory PRON(SUS) or with an index of SusPrim. For this purpose, we
define the formalization of finding a descending chain.
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Definition 4.3.11

[e](b) = ¢ := SusApp(e,b,c)

CDC = (Vo) (el ({(a, [](S())), [l (x)))
FDC = (vz)([el(((a, F(S(x))), F(x))) =

0)
0)

Furthermore, we will need for every index a set which collects all the zeros
of this index with respect to SusApp.

Lemma 4.3.12 II}-CA proves

BX)(Vy)(y € X < [e](y) = 0)
In the following we call this set ext(e).

PROOF Nevertheless we only have IT} comprehension, we can prove the ex-
istence of ext(e) due to lemma 4.3.7. O

We prepare our proof of the equivalence of CDC and FDC with two technical
lemmas.

Lemma 4.3.13 Let A[R,a,u,vy,v1] be an arithmetic Lo formula. Then
there exist primitive recursive functions F and G so that T1}-CA proves:

A(ext(6)7a’u77}07v1) = [[f(e)]](<<<a7u>vvo>vvl>> =0
[(6,1, F(e))]({a,u)) =0 < [G(e)]({a,u)) =0

Lemma 4.3.14 Let B[R, S,a,u,v] be an arithmetic Ly formula. Further,
assume that

II-CA = (YU, V)(Vz,y)(3'2)B(U,V,z,y, 2)

and let Fg denote the (class) function of B. Then there exists a primitive
recursive function H, so that I1}-CA proves:

[H(e, f,a,w)](0) = u
[H(e, f,a,u)](v+1) = Fglext(e),ext(f),a,[H(e, f,a,u)](v))

The proofs of these two lemmas are straightforward, although a bit tedious.
We are now ready to turn to the theorem about the inside-outside property
mentioned above.

Theorem 4.3.15 (Inside-outside property) II{-CA proves
(Jc)CDC(c,e,a) <« (IF)FDC(F, e, a)
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PROOF Let us first prove the direction from the left to the right. Given a
natural number ¢ with CDC(c, e, a) we immediately have
(Vz)(Jly)([c](x) = y). Then we have to distinct the two following cases:

1. ¢ ¢ SusPrimV (c); # 1 leads to (Vz)([¢](z) = 0) and FDC(F, e, a) holds
for F':= C'sj.

2. ¢ € SusPrim A (¢); = 1 leads to (3X)H1(X, Lev(c)) and
(Vz)(3y) (¢, (x), y) € Xiew(e)), so we know that X is a set. If we
define the arithmetic formula o[u, v] by
@ = (T, y)((u, (), y) € Xieww) NV = (2,¥)), We get
(32)(Vz)(z € Z < ¢(c,2)) by arithmetic comprehension, so we have
(Vz)(3ly)({(z,y) € Z). Using the graph principle we get
(FF)(Vz)((z, F(z)) € Z) and (Vz)(F(z) = [¢](z)). It immediately
follows that the function F' satisfies the condition FDC(F) e, a).

The other direction is much more complicated and makes use of the two
technical lemmas 4.3.13 and 4.3.14. Given a Function F' with FDC(F) e, a)
we can construct an index c¢ satisfying CDC(c,e,a) with a very intuitive
leftmost branch argument.

Let us first define the formula A[R, a, u,vq, v1] as follows:

A = (3z,y)lr e Seq Nlh(z) =y A (z)o=uN (2)y=1 =01 A
(V2 <y = 1)({(a, (2)241), ():) € R)] A ((a,v0), v1) € R

A(R, a,u,vy,vy) expresses that ((a,vg),v1) € R and v is accessible from u
by means of R. From lemma 4.3.13 we know about the existence of two
primitive recursive functions F and G so that

Alext(e), a,u,vo,v1) < [F(e)]((({a,u),v0),v1)) =0
[(6,1, F(e)]({a,u)) =0 = [G(e)]({a,u)) =0

Further, we define the formula B[R, S, a, u, v] as follows:

B = [{{(a,v),u) € RA{a,v) €S A
(Vw < v)({{a,w),u) ¢ RV (a,w) & S)] V
[(Vw)({(a, w),u) ¢ RV {a,w) ¢ §) Av = 0]
We can immediately see that (YU, V) (Vz,y)(32)B(U,V, z,y, 2).
From lemma 4.3.14 we get a primitive recursive function H so that

[H(e, f,a,w)](0) = wu
[H(e, f,a,uw)](v+1) = Fglext(e),ext(f),a,[H(e, f,a,u)](v))
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We can finish the construction of the index ¢ by defining
c:=H(e,G(e),a, F(0)) and we can prove the following defining equations of
[c] in II}-CA:

[](0) = F(0)
[dw+1) = Fplext(e), ext(G(e)), a, [c](v))

We can prove with induction on x that CDC(e, a, ¢), that is
(Vo) ([e] (({a, [c](S(2))), [c](x))) = 0). O

Due to this theorem we can prove that M; is a model of PRON(SUS).
Theorem 4.3.16 M, is a model of PRON(SUS) + (Tot) + (Nat).

PRrROOF The proof of this theorem is almost the same as of theorem 4.2.2.
We only have to check the axioms about the constant E;. The axiom (E;.1)
is satisfied because the universe of M is the set N of all natural numbers.
We show that the axiom (E;.2) is satisfied, as well:

Suppose, that fMt is the unary index of a function of PRIM (SUS). Then

we can prove that (Ey fa)™ = [[EM](f40)](@M1) = [(6, 1, V1)) (a™1) =

Sus'(fM1)(a™1). Due to theorem 4.3.15 we know that Sus!(fMi)(a™1) =0
if and only if there exists a unary index ¢ € SusPrim so that

[fM](z, [¢](S(x)), [¢](x)) = 0 for every natural number . This is equivalent
to the existence of a g so that [f*1]({{a™, [¢M](S(2))), [¢™"](x))) = 0 for
all a.

If fMio ¢ SusPrim or (fM1); # 1 then (Eyfa)™ = [(1,1,0)](a™) = 0

and SusPrimEv(f*1 z) = 0 for every natural number z, so we have
SusPrimBv(fM, ((a™, SusPrimEv(c,S(x))), SusPrimEv(c, x))) = 0 for ev-
ery natural number ¢ and z. O

We are going to define a translation -* of formulas from £ to L£,. First, we

will define a translation from £ terms to £y formulas. The translation of a
constant ¢ is the numeral m, if m is the interpretation ¢ of ¢ in M.

Definition 4.3.17 For every L term t we define the Ly formula V*[z], so
that the variable x does not occur in t, by induction on the build-up of t as
follows:

1. If t is a variable of L then V¥ := (x =t)

2. If t is a constant of L then V" := (z = tM1)

3. Ift is the L term <r,s> then
Vi o= (320, 20) [V (20) A VI (21) Ao = (20, 21)
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4. If t is the L term (rs) then
Vi = (320, 21) [V (20) A V(' (21) A SusApp(2o, 21, 7))
Remark 4.3.18 Let t be an arbitrary L term. Then TI}-CA proves
(Nx)V*(x) by a simple induction on the build-up of t.
Definition 4.3.19 For every L formula A we define the Ly formula A* by

induction on the build-up of A as follows:
1. If A=N(t) or A=t| then A* := (3x)V*(z)
2. If A= (s =t) then A* := (Fx)(V}(z) ANV (2))
3. If A= =B then A* := -B*
4. If A= BV C then A* :== B*V C*
5. If A= (3x)B then A* := (3x)B*
The following lemma shows that we have defined a convenient translation.

Lemma 4.3.20 Let A be an arbitrary L£1 formula. Then we can prove the
following assertion:

I-CA F A« (A°)

PRroOF This is verified by a straightforward induction on the build-up of A
with remark 4.3.18. a

Now we can show that IT}-CA proves the translation of an £ formula provable
in PRON(SUS) + (L-Iy).

Theorem 4.3.21 Let A be an L formula and PRON(SUS) + (L-Iy) F A.
Then we can derive A* in T1;-CA.

PROOF We can prove this theorem by induction on the length of derivation.
The logical axioms are easy to verify and in IT{-CA we have the same rules
of inference as in PRON(SUS). Because A* is an £, formula, the translation
of the induction scheme (L-ly) can be derived with (IT. -ly).

Now let A be a non-logical axiom of PRON(SUS). This axiom is satisfied in
the model M as we have proved in theorem 4.3.16. We have defined SusApp
in a way that the properties of indices are satisfied. Finally, the definition of
the translation -* guarantees that A* is derivable in II}-CA.

As an example we have written the exact translations of (E;.1) and (E;.2) in
appendix B. O

We know the strength of PRON(SUS) + (£-ly) because we have done embed-
dings in both directions.

Corollary 4.3.22 PRON(SUS) + (£L-ly) = IT}-CA with theorem 3.3.3. O
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5 Set induction

5.1 Lower bounds

It is obvious that formula induction is stronger than set induction: we can
easily derive (S-ly) from (£-ly). The induction scheme (S-ly) is even to weak
to prove the existence of terms with the properties of prr, so we have to
add totality to the axioms of primitive recursion. That is the reason why we
replace the constant r by a new constant ry in our applicative framework.

Definition 5.1.1 (PRON') We define PRON® to be the L theory PRON~
plus the two following axioms about the new constant ry.

Xl. Primitive recursion on N
(rvel)  fe(N2P=N)AaeN—-ry<f,a>€ (N—=N)Ary<f,a>0=a

(rv2)  fe(N>-N)AaeNAbDeEN —
n<f,a>(snyb) = f<b,rn<f,a>b>

In PRON' we can prove the existence of terms priy with the properties of pr .
Due to the axioms about ry we do not need induction for this proof.

Theorem 5.1.2 Let F be an arbitrary primitive recursive function. Then
there ezists a closed L term pr's so that the defining equations of F are deriv-
able in PRON® for priz. Moreover, we can prove the following assertions:

1. If F is a constant, then PRON® I priz € N.
2. If the arity of F is | > 0, then PRON® I priz € (N! — N).

PROOF We define the £ term prs by induction on the build-up of F as
follows:

1. If F is one of the functions S, Cs, Pry, Comp™(G, Ho, ..., Hm-1),
then priz is defined the same way as pr .

2. If F = Rec"* (G, H) and n = 0 then priy := (\*z.ry<prl, pri>z)

3. If F = Rec""(G, H) and n > 0 then
pric == (N z.rn<prg(poz), (A*y.priy <poz, poy, p1y>)>(p12))

The proof of the two assertions above is straightforward and left as an
exercise. O

We define the extensions of PRON* the same way as the extensions of PRON.
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Definition 5.1.3 Like in definition 1.3.13 we add the same axioms to our
basic theory with the same additional constants p and E;j.

PRON'(t) := PRON'+ (p.1) + (p.2)
PRONY(SUS) := PRON‘() + (E1.1) + (E;.2)

In this case it is necessary to include the axioms about g in PRON(SUS),
because there is no possibility to derive them from the axioms about E;.

Theorem 5.1.4 We have the following lower bounds:

PRA C PRON'+ (S-ly)
ACA, C PRON'(p) + (S-ly)
I1;-CA; € PRON'(SUS) + (S-Iy)

PROOF For the first assertion, the translation - from £; terms and formulas
to £ must be modified. We replace every occurrence of prr by pr% in both
definitions 3.1.1 and 3.1.2.

We can define a characteristic term t for every quantifier-free £; formula
A. We can omit the sixth point and replace every occurrence of prz by priz
in the proof of lemma 3.2.4.

There is only one axiom that has not been proved in theorem 3.1.4, the in-
duction scheme (QF-ly). The £ translation of (QF-ly) is

v e N — [A°(U,0) A (Vx € N)(A°(V, z) — A°(U, prisz)) — (Vo € N)A°(V, x)].
Suppose, that v € N. Then we define ¢ to be the term

(A*y.t% <vg,...,Vn-1,y>). We can prove t € P(N) and A(¥,z) < tx =0
by lemma 3.2.4. With set induction we can now derive the £ translation of

(QF-In).

For the second assertion, the translation -° from L, terms and formulas to £
must be modified. We replace again every occurrence of prz by priz in both
definitions 3.2.1 and 3.2.2.

We can define a characteristic term t for every arithmetic £, formula A by
replacing every occurrence of prz by pr's in the proof of lemma 3.2.4.

There is only one axiom that has not been proved in theorem 3.2.5, the in-
duction scheme (IAy). The £ translation of (IAy) is

(Vz)[r € P(N) = [z0=0A (Vy € N)(zy =0 — z(prs) =0) —

(Vy € N)(zy = 0)]].

Suppose, that = is in P(N). Then we have exactly the induction scheme
(S-In) because PRON proves (prgz = syz) by definition 2.1.10.

For the third assertion, we can use the modified translation -° and the char-
acteristic term t%. For every II} formula A we can define a characteristic
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term ct9 the same way as in the proof of lemma 3.3.2. Then we have proved
everything we need in the proof of theorem 3.3.3. O

5.2 Upper bounds
Let us now continue the embeddings with the upper bounds.

Theorem 5.2.1 We have the following upper bounds:

PRON® + (S-ly) € PRA™ + (%;-Iy)
PRON®(p1) + (S-Iy) € ACAq

C
PRON®(SUS) + (S-ly) € II}-CAg

PROOF Due to the work of Feferman and Jéger [5], and Jéger and Strahm
[8], it is only necessary to show the following assertions:

1. PRON® + (S-ly) € BON + (S-Iy)
3. PRON®(SUS) + (S-In) € SUS + (S-In)

>

Remember the translation -» of section 4.1. The translation of the scheme

(S-ln) is an instance of (S-Iy).
All we have to do for the first assertion yet, is to replace the translation r®
of r by the new translation ry” of ry:

>

= (Aw.in(Auv.pow(puv))(prw))
The translations of the axioms about ry must be derivable in BON:
(rn.1)7 (Vx yeN)(f(pry) e N)AaeN —
W(pfa) € (N = N) A (pfa)0 = a
(rn.2)” (VI yeN)(f(pry) e N)AaeNAbeN —
n"(pfa)(snb) = f(pb(rn"(pfa)b))

1. Suppose, that (Vz,y € N)(f(pry) € N) and a € N. Then we can prove
(Vz,y € N)((Auwov. f(puv))xy € N), so rn"(pfa) = in(Auw. f(puv))a is in
(N — N) and ry*(pfa)0 = iny(Auv. f(puv))al = a

2. Suppose, that (Vz,y € N)(f(pry) € N), @ € N, and b € N. Then
we can prove (Vz,y € N)((Auv.f(puv))xy € N) and ry"(pfa)(snd) =
In(Auv. f(puv))a(snb) = (Auw. f(puv))b(tn(Auv. f(puv))ab) =
(Auv. f(puv))b(rv™(pfa)b = f(pb(rv”(pfa)b))
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For the second assertion we can just take this embedding of PRON' in BON
and add the translation p” of u:

W= (Mo f(pan)))
The translations of the axioms about g must be derivable in BON(f):
(k1)” (Vo € N)(f(pax) € N) & p”fa e N
(r2)7 (Vz e N)(f(pax) € N) —
(B2 € N)(f(pax) = 0) — f(pa(p” fa)) = 0]
1. (Vz € N)(f(pax) € N) « (Au.f(pau)) € (N — N) <
i f(par)) € N < p® fa € N

2. Suppose, that (Vz € N)(f(paz) € N) and (Jz € N)(f(paz) = 0). Then
we can prove (Au.f(pau)) € (N — N) and (Jz € N)[(Au. f(pau))z = 0],
s0 we have f(pa(p* fa)) = (\u.f (pau)) (1 fa) =
(Au.f(pau))((Au. f (pav))) = O

For the third assertion we can again take this embedding of PRON*(u) in
BON(jt) and add the translation E;” of E;:

Er” = (MfaBEi(Quv.f(p(pau)v)))
The translations of the axioms about E; must be derivable in SUS:

(EL1) (Va,y € N)(f(p(paz)y) € N) > Ei*fa € N

(E1.2)"  (Va,y € N)(f(p(pax)y) € N) — [(3g)lg € (N — N) A
(Vo € N)(f(p(pa(g(5n)))(92)) = 0)] <= E1"fa = 0]

1. (Vz,y € N)(f(p(pax)y) € N) <
(Vz,y € N)((Aww. f(p(pau)v))zy € N) <
E:(Auv.f(p(pau)v)) € N = E;"fa € N

2. Suppose, that (Vz,y € N)(f (p(pam) ) € N). Then we can prove
(Vz,y € N)((Auv. f(p(pau)v))zy € N) and
(Fg)lg € (N — N) A (Vz € N)(f(p(pa(g(sn)))(97)) = 0)] <
(3g9)lg € (N — N) A (Vo € N)((Auv. f(p(pau)v))(g(snz))(97) = 0)] <
E;(Auw. f(p(pau)v)) =0 < E;"fa =0 0

Corollary 5.2.2 Together with theorem 5.1.4 we have proved that:
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1. PRA C PRON® + (S-Iy) € PRA™ + (;-y)
3. PRONE(SUS) + (S-Iy) = II1-CA, 0

Remark 5.2.3 Due to Parsons [11] we know that PRA and PRA™ + (X;-In)
prove the same Ily sentences. So, if we restrict the relation = to Il sen-
tences, we can say that PRON' + (S-Iy) = PRA.
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A Overview

The following table gives a short survey of proof-theoretic equivalences.

‘ Applicative theories ‘ Equivalent theories ‘ Ordinal ‘
PRON® + (S-ly) PRA ! w
BON + (S-Iy) ! PRA + (Z-In) !
BON + (V-Iy) 28 PEA* 4 (r) + (S-Iy) ®
PRON + (£-Iy) PA 4 £0
BON + (£L-Iy) * ACA, !
PRON* () + (S-In) PAL !
BON(&) + (S-In) ! EPSON + (r) 3
PRON(p) + (L-Iy) ACA € °
BON(f) + (£-In) * | ACA_,, ! 000 !
PAS ¢
ID, !
PRONE(SUS) + (S-ly) | IT1-CA, © oQ, 7
SUS + (S-Iy) © AL-CAy S
KPi" ©
PRON(SUS) + (£-ly) | I13-CA V0O, - g0) 7
SUS + (V-ly) &8 (IT}-CA) e © VO, 7
ALCRS
KPi" + (3;-Iy) ©
SUS + (£-Iy) © (I11-CA) ., © TOQ,, 7
AL-CA S
KPi" ¢

Yintroduced and proved by Feferman and Jiger [5]
2a proof can be found in Strahm [15]

3introduced by Schliiter [12]

4introduced and proved by Feferman [3]

Sproved by Schiitte [13]

Sintroduced and proved by Jiger and Strahm [8]
"proved by Buchholz and Schiitte [2]
8(V-Iy) : fOENA (Vx € N)(fz € N — f(snx) € N) — (V2 € N)(fx € N)
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B Translations of some axioms

Translation -* of the axioms about p:

(k1) (V2)[(Fy)(y = ) — Ty, 20, 21)[20 = f A (22, 23) (22 = a A
z3 = N 21 = (22, 23)) A pAPP(20, 21, 9)]] <
(Fz, 20, 21)[(F22, 23) (22 = Mo A 23 = f A pApp(22, 23, 20)) A
21 = a A pApp(z0, 21, 7)]

(2" (V2)[(3y)(y = ) — (Y, 20, 21)[20 = [ A (F22, 23) (22 = a A
z3 =1 A\ 21 = (22, 23)) A pAPP(20, 21, 9)]] —
[(32)[(Fy)(y = 2) — (3Y)[(F20, 21)[20 = [ A (T2, 23) (22 = a A
z3 =1 N 21 = (22, 23)) A pAPP(20, 21, y)] Ay = 0]] —
(32)[(320, 21)[20 = [ N (22, 23)[22 = a A (324, 25)[(Tz6, 27)
(26 = pMo A 20 = f A\ puApp(z6, 27, 24)) N\ 25 = a A
BAPP(24, 25, 23)] A\ 21 = (29, 23)] A pAPP(20, 21, )] A & = 0]]

Translation -* of the axioms about E;:

(E1.1)* (Vx,y)[(32)(z =2) A (F2)(z =y) — (2,20, 21)[20 = [ A
(F22,23)[(Fza, 25)(za = a Nz =T AN 2o = (24, 25)) N2g =Y A
£ = <sz Z3>] A SUSApp(Z()7 21, Z)H =

(37, 20, 21)[(F22, 23) (22 = Ex™" A 23 = f A SusApp(22, 23, 20)) A
z1 = a A SusApp(2o, 21, 7))

(E1.2)* (Vx,y)[(32)(z =2) A (32)(z =y) — (32,20, 21)[20 = [ A
(F29,23)[(Fza, 25)(za = a AN zs =2 N 2o = (24, 25)) N 23 =Y A
21 = (22, 23)] A\ SusApp(z0, 21, 2)]] —

[((F9)[(V2)[(Fy)(y = 2) — (Fy, 20, 21) (20 = g A 21 = T A
SusApp(z0, 21, )] A (V) [(3y)(y = ) — (Fy)[(Fz0, 21)[z0 = [ A
(F29, 23)[(F24, 25)[24 = a A (326, 27)[26 = g N (T2s, 29)

(25 = sn™1 A zg = & A SusApp(zs, 29, 27)) A SusApp(z6, 27, 25)] A
29 = (24, 25)| A\ (324, 25) (24 = g N 25 = x A SusApp(z4, 25, 23)) A
21 = (22, 23)] A SusApp(z0, 21, y)] Ay = 0]]] <

(32)[(320, 21)[(322, 23) (22 = Ex™* A 25 = f A SusApp(z2, 23, 20)) A

21 = a N SusApp(zo, 21, )] A x = 0]]
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