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Abstract

We define a novel interpretation R of second order arithmetic into Explicit
Mathematics. As a difference from standard D-interpretation, which was
used before and was shown to interpret only subsystems proof-theoretically
weaker than T, our interpretation can reach the full strength of To. The
R-interpretation is an adaptation of Kleene’s recursive realizability, and is
applicable only to intuitionistic theories.

Introduction

Systems of Explicit Mathematics were introduced by S. Feferman in the 70-es as
a logical framework for Bishop-style constructive mathematics (see [Fef75], [Fef79]).
In [Fef79] he gave an embedding of the basic theory To into a subsystem
Al —CA+BI of 2-nd order arithmetic and conjectured that the converse also
holds. In [J483] G. Jdger carried out a necessary well-ordering proof in Tg, which
together with [JP82] completed its proof-theoretical analysis and established proof-
theoretic equivalence of the system of Explicit Mathematics Tq, system of anal-
ysis AL—CA+BI, and the set theory KPi. However, up to now, there were no
direct embeddings of strong conventional theories, e.g. analysis or set theory of
the strength of To and higher, into Explicit Mathematics. This also yielded that
the only method for establishing proof-theoretic lower bounds for Ty and stronger
systems of Explicit Mathematics remained to be well-ordering proofs carried out
directly in those theories.

The situation is quite different with Martin-Lof type theories, where, in addition
to well-ordering proofs (see [Se98]), we also have direct embeddings of constructive
set theory CZF, [Acz78], and its extensions, [Acz86, RaCZFM], or a subsystem of
analysis TARI, [GR94]. The possibility of such an embedding is often considered as
an evidence for constructivity of a given theory. The obstacle for similar embeddings
into Explicit Mathematics was its specific nature, where intuitionistic and classical
principles, set-theoretic and recursion-theoretic intuition can be combined. It is
sufficiently straightforward to do for “weak” theories (essentially up to I} —CA);
however, for stronger systems with mathematical meaning, where adding the law of
excluded middle often results in dramatic increase in proof-theoretic strength (see,
e.g., [RGP98]), the distinction classical/intuitionistic must have played a promi-
nent role. The price for this universality of Explicit Mathematics is that, while in
ML type theories derivability simply means Kleene-type realizability, in EM these
notions are different. The reason for this is that a lot of realizable formulas, e.g.
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Church’s thesis and axiom of choice in analysis, are incompatible with classical logic
without damaging consistency or consistency strength.

In this paper we develop a realizability interpretation into Explicit Mathemat-
ics. We have chosen here the simplest example, realization of analysis, which keeps
the amount of technical details at minimum, and demonstrates the method most
distinctly. For constructive set theory CZF and its extensions, one combines real-
izability with other methods of interpreting set theory. This is reserved for another
publication ([TurCZFM)).

The paper is organised as follows. For reader’s convenience in Sections 1 and 2

we briefly introduce the theory T and subsystems of analysis we are interested in.
In Section 3 we define two interpretations of analysis into Tq, a direct interpreta-
tion D and a realizability interpretation R. A direct interpretation D means simply
that variables are interpreted as ranging over natural numbers and sets of natural
numbers and the meaning of logical connectives does not change. It’s this inter-
pretation which was used before, e.g. in [Fef79, Ch.V] and [BFPS, Ch.II, §1]. The
drawback of this translation is that it does not really exploit the axiom of Join of
Explicit Mathematics, the consequence of which being that the only systems which
have been interpreted via D are proof-theoretically weaker than Tg.
Alternatively, we define a realizability interpretation R, which is a variant of Kleene
1945 recursive realizability. The general setting for realizing one language into
another was given already in [Fef79]; however, that paper studies in detail only
realization of Explicit Mathematics into itself. As to relationships between the in-
terpretations D and R, we prove that they are equivalent over an applicative part
App of Tg for first-order negative formulas, Theorem 2, and R(F') implies D(F)
for F' from a certain CC-class, Theorem 3. Thus R-interpretation automatically
transfers proof-theoretic upper bounds from Explicit Mathematics to analysis, and
lower bounds vice versa. Axiom of Choice, on the contrary, is an example of a
formula for which D does not follow from R, and is much stronger in presence of
the law of excluded middle, Theorem 6. In Section 4 we finally build realizations
of various axioms, giving together the theory IARI of [GR94], which has the same
proof-theoretic strength as Ty.

Acknowledgements. I am grateful to Prof. Gerhard Jéger and Dr. Thomas Strahm
for introducing me to the world of Explicit Mathematics.

1 Explicit Mathematics. The theory T

We follow essentially the original type-free two-sorted formulation of Explicit Math-
ematics from [Fef75]. Alternative formulations are given in [Be85] and [J488].

Language Lgy. The theory Ty is formulated in a two-sorted language: oper-
ations (individuals) and names (classifications). Names are thought of as a special
kind of operations, coding sets of operations. We use variables a, b, ¢, . .. as ranging
over operations, and «, 3,7, ... as ranging over names. The operation constants
of the theory are the following: combinators k, s, pairing p and projections pg, p1,
zero 0, successor sy and predecessor py, distinction by cases on natural numbers dy;,
join j and inductive generation i. Additionally we have the following 8 operation
constants called name generators: nat, id, inv, and, or, imp, all, ex. Terms are
built from variables and constants by the following application clause: if s and ¢
are terms then s -t is a term, so that the application function symbol - accepts
arguments of both sorts and returns an operation. Atomic formulas are s = ¢
(s coincides with ¢) and s et (s belongs to the set named by ¢, s is classified under
t), where s and ¢ are terms. Formulas are built from atomic formulas by A, V, —
and two types of quantifiers, over operations and over names, e.g. Va,3Ja, Vo, Ja.
Finally, expression is a term or a formula.




Abbreviations. We use the following standard abbreviations:
-F & F—0=sy-0;
Fy— F & (FO — Fl) A (F1 — Fo);
t] & Jx(t = x);
Nt] & Ja(t = a);
s~t & (sl Vit])—s=t
sCt & Vres(zet);s=t & sCtALCs;
r:s—t for Vees(reet),
rist—tforris—t, ris — t for Ve e s(re:s™ — t);
t' for sy -t; 1 for 0'; st for s-t; t(s1,...,8,) for (... (ts1)...8n); (s,t) for (ps)t; s # ¢t
for s = t, etc.

m—+1

Syntactical conventions.
1. We use e[#]| for an expression e, possibly containing occurrences of a variable
* (of appropriate sort). In this context by e[t] we mean the result of substituting
expression t for all occurrences of * in e.
2. Parentheses in terms are assumed to be associated to the left: e.g., s-¢-u is read
as (s-t) - u.
3. We adopt the following priority among propositional connectives and their ab-
breviations: —, A, V, —, «<». For example, F} V - Fs A F3 — Fy <> F5 has to be read
as ((Fl \Y ((ﬁFQ) AN Fg)) — F4) — F5.

Logic. Intuitionistic 2-sorted logic of partial terms with equality. See, e.g.,
[Be85, Ch.VI, 1] or [Tr98, 1.3].

Axioms. The axioms are divided in 6 groups, according to their nature.

I. Applicative axioms. These axioms formalise that operations form a partial
combinatory algebra, that we have pairing and projections, usual closure conditions
on natural numbers, as well as definition by numerical cases:

(1) kab = a;

(2) sab| A sabe ~ ac(be);

(3) pabl A poal A pial A po(pab) = a A pi(pab) = b;

(4) 0 e nat A Vx e nat(syz € nat);

(5) Yxenat(syz # 0 A pn(sne) = x);

(6) Yxenat(x # 0 — pyz € nat A sy(pne) = );

(7) aenat Abenat — (a = b — dyeyab = z) A (a # b — dyzyab = y).

II. Induction on nat.

@[0] AV (p[z] — plsnz]) — Va e natp[z]
for each formula .

The following lemmas 1.1 and 1.2 are provable using only applicative axioms I;
Lemma 1.3 in addition calls for induction on natural numbers II (see, for example,
[Fef79], [Be85], or a review [JKS99]).

Lemma 1.1  A-abstraction
For every term t[x] there exists a term A\x.t[x] such that Ax.t[z]] and for every
term s
sl— (Ax.t[x])s ~ t[s]).

Lemma 1.2 Recursion Theorem
There exists a closed term rec such that

recf| A recfz ~ f(recf)z.



Lemma 1.3  Primitive recursion on natural numbers
There exists a closed term prim such that

finat — nat/\g:nat3 —natArenat Ayenat —
primfg:nat? — nat A primfgz0 = fx A primfgz(sny) = gzy(primfgzy).

III. Explicit representation. This axiom states that each name is an opera-

tion:
Jz(xz = ).
IV. Elementary comprehension (ECA). These axiomatise name genera-
tors:
(1) Mnat];
(2) Nid] AVz(x eid < x = {pox, p12) A pox = p1%);
(3) Ninv(f, )] AVz(z einv(f,a) & fzea);
(4) Nand(a, B)] AVz(z e and(a, B) < zea Az e B);
(5) Nor(a, B)] AVx(z e or(a, B) <> xeaVxef);
(6) Nimp(c, B)] AVz(xz eimp(a,3) < zea — x e f);
(7) Nalla) AVz(z e alla < Vy({z,y) € ));
(8) Nlexa] AVz(x e exa — Jy({z,y) € @)).

Definition 1.1  Elementary formula

A formula is elementary iff it’s constructed from s = t and t € a by means of
AV, — Yz, 3z only. (No occurrences of te s with s not a name variable and name
quantifiers are allowed.)

The following lemma is an intuitionistic analogue of reducing Elementary Com-
prehension as stated in [Fef75] to name generators nat, id, co, int, dom and inv,
which holds in classical setting (see [FJ96]); its proof requires only axioms I, III
and IV. For alternative intuitionistic reductions of Elementary Comprehension to a
finite number of its instances see [GR94, Sect.1] and [Tat98, Sect.3].

Lemma 1.4 ECA
If a formula F' := F[z;a;a] is elementary then there exists a term t}. such that
FV(t%) =FV(EF) \ {z} and

N[t AVz(x et < F).

Proof. The term t% is built by recursion on F":

inv(Az.(s[x], t[z]),id) if Fis s[z] = t[a];
inv(A\x.s[z], «) if Fis s[z] € «
inv(A\x.(s[z], s[z]),id) if F is s[z]l;
N and(th 1, th, (2)) if Fis Fylx] A Fylz];
tp = or (t%, 1ag+ thy ) if Fis Fylx] Vv Filz];
imP(th, (2 Uy ) if Fis Fylx] — Fi[z];
alltg oy 2 pra) if Fis VyGlz,y);
Xt 002, p12] if Fis JyGlz,y].

Now the property of t7 is proved by induction on F.
O

V. Join (J). This axiom states that if f is an operation from a set named by
«, each value of which is a name, then j(«, f) names a disjoint union of all fz for
Tea:

Vo e aN|[fz] — (Ni(o, f)] A Vz(zej(a, f) < Fready(z = (z,y) Aye fx))).



VI. Inductive Generation (IG). The first part of this axiom states that
i(ar, 3) names a well-founded part of a set named by « along an ordering named by
0; the second part allows induction over that set for an arbitrary formula:

Nli(, B)] A Vaea (Vy((y,) e B — yeia,B)) — e ila, B)
A (Yzea (Yy((y, ) € B — oly]) — dla]) — Ve ci(a, )ola]),

where ¢ € Lgy is an arbitrary formula.

The theory App is the one containing only applicative axioms I; EON has
axioms [-1I. The theory EONN has axioms of the groups I-11I. EET is EONN +
ECA, EETJ is EET +J and Ty is EETJ + IG®.

By TND (tetrium non datur), both in Explicit Mathematics and analysis, we mean
a schema consisting of all instances of the Law of Excluded Middle.

2 Subsystems of analysis

The basic theory EHA (Elementary Heyting Analysis) is formulated in a two-
sorted language Lo: numbers and sets of numbers. We use variables a,b,c, ...
as ranging over numbers, and A, B,C, ... as ranging over sets. There is only one
individual constant 0. The function constants are: successor ’, pairing (s, *)
and projections (*)p, (*)1, and also countably many function constants fi, fa,...
for primitive recursive functions. Terms are built as usual. Atomic formulas
are of the kinds s =t and s € A (s and ¢ are terms). Formulas are built from
atomic formulas by A,V,— and two types of quantifiers, over numbers and over
sets, e.g. Vr,3z,VX,3X. By FV(e) we denote the set of free variables occurring
in an expression e, and by FVy(e) and FVy(e) respectively the set of 1-st and 2-
nd order free variables of e. A formula is called negative iff it doesn’t contain V
or 3. A formula is first-order iff it doesn’t contain second-order variables. A formula
is arithmetical iff it doesn’t contain second-order quantifiers. We use the same ab-
breviations and syntactical conventions as in the previous Section. The logic
is intuitionistic 2-sorted logic. Axioms are the following: equality axioms, Peano
axioms, prim.-rec. definitions for function symbols (x, ), (x)o, (*)1, f1, f2, - - -
and mathematical induction schema. Note that we have no comprehension in
EHA, thus EHA being a conservative extension of Heyting arithmetic.

EHA is the basic theory of analysis in this paper. Additionally, we will consider
extensions of EHA by the following axioms.

Arithmetic comprehension (ACA):

AXVz(r € X < ¢[z])
for v arithmetical.

Axiom of Choice (AC):

VedY ¢lz, Y| — IZVxd[x, Z,]
for all formulas ¢.

Replacement (RP):

VX (VzeX3Ylz,Y] — AZVee X @[z, Z,])
for all formulas ¢, where ¢[x, Z,] arises from ¢[z, Z] by replacing each occurrence
of s € Z by (z,s) € Z.

Inductive Generation (IGA):

VXVY3IZ(WPy[X, Z] NTly [ X, Z, ¢])
for all formulas ¢, where we adopt the following abbreviations:

1In the literature the names EET and EETJ are also used for theories as defined here, but
with restricted induction II.



WPy [X,Z] denotes Progy[X,Z] AVU(Progy [X,U] — Z CU)

Progy[X,Z] - VeeXWVyly<yz—yeZ)—ax€Z)
Progy [X,¢] 7= VaeX(Vyly <y = — ¢ly]) — o[z])
Tly[X.Z,¢] -  Progy[X,¢| — VzeZ¢[z]

y<yx - (y,z) €Y.
IARI of [GR94] is the theory EHA + ACA + RP + IGA. It’s shown there
that TARI is directly interpretable in Martin-Lof type theory ML+, and has the
same proof-theoretic strength as M L1y and Tp.

3 Interpretations into Explicit Mathematics

In this section we define two interpretations of analysis into Explicit Mathematics, a
direct interpretation D and a realizability interpretation R, and study relationships
between them.

First, for each individual and function constant f € L5 by Lemma 1.3 we can
define an operation N(f) presenting the same primitive-recursive function as f and
having the following property: if n is the arity of f then EET proves

n
/\ x;enat — N(f)xy ...z, € nat.
i=1

We may assume that N(0) is 0 and N(sy) is . Now terms of Ly are translated
as follows:

Definition 3.1  N(¢)

{N(x) =z
N(ft1...tn) :=N(fIN(#1) ... N(tp).

For each second-order variable A € L5 we assume a name variable ayq € Lgy.
A direct interpretation D : Lo — Ly was introduced in [Fef79] and used later on
(see, for example, [BFPS, Ch.IT] and [G193]). It’s defined as follows:

Definition 3.2  D-interpretation

The following lemma is straightforward (see [BFPS, Ch.II, §1]):

Lemma 3.1 For each theorem F of the theory EHA + ACA D(F) is provable in
EET.

Alternatively, we define a realizability interpretation R : Lo — LgMm-

Definition 3.3 AN
NN[t] := N[t] AVzet(z = (poz, p12) A poz € nat).

Definition 3.4 ¢ realizes F, trn F
For each formula F' € Lo we define a formula vt F € Lgy. © will always be treated
as a new free individual variable. The definition is given by the table below:



F trn F

s=t N(s) = N(t)
te A (N(t),v) e aa
Iy N Fy potrn Fy A prtrn Fy

(pot =0 — pyrrn Fp) A

Fovh Pot & nat. A (pot # 0 — pyrrn F)
Fo— Fy Ve(rrn Fo — txl A trrn F)

VaGlz] Ve nat(tz] A vz m G[z])

JxGx] pot € nat A pyt rn G[pot]

VXG[X] Vax (MNVax] — rax] A tax rm Glax])
AXG[X] NN[pot] A prem Glpot]

Remark. According to our notation for substitution, p. 3, in the previous
p1t,pot

definition pytrn G[pot] in the last clause, for example, stands for (v rn G[X])Fa %" .
Definition 3.5  R-interpretation
For each F € Lo we define R(F) := Jr(zrn F).

Remark. An important difference of R-interpretation from D-interpretation is
that sets are translated not as (names of) sets of natural numbers, but as (names
of) sets of pairs, only first elements of which are natural numbers (see the clause
for t € A). This is a standard effect in realizability interpretations of analysis, see
e.g. [Tr98, Sect.7.2]. The second element t of a pair (N(¢),t) can be thought of as
a “proof” that t € A.

Syntactical convention. We will often use the fractur font a, b, ¢, ... to stress
that a given term plays a role as realization. Formally, this is not a new type of
objects; it’s just a substitution for a, b, c, ... used for better readability.

Abbreviation. t| rn F' will be used for t| A trn F.
Definition 3.6  Realization, realizable

1. A term t € Lgm is called realization for a formula F € Lo in a theory
T € Lem, App C 7, iff

FV(t) C FVo(F)| J{oa | A€ FVi(F)}

and

T+ /\ aenat A /\ NNaa] — tm F.
a€FVy(F) A€EFV(F)

2. If there exists such a term t then F is called realizable in 7. We call a theory
Tx realizable in 7 iff every theorem of Ty is realizable in T .

Note. If F' is closed and realizable in 7 then 7 F R(F).

Theorem 1 Fach theorem of EHA is realizable in EONN.



The proof is standard and can be found, for example, in [TD88, Ch.IV, Sect.4].

Note. According to Theorem 1, to prove realizability of a theory Ta € Lo,
EHA C T,, it’s sufficient to construct realizing terms for additional axioms of Ty .
This is what we do in Section 4.

Now we turn to the relationship between D and R-interpretations. For first-
order negative formulas we can define canonical realizers as in [Tr98, Lemma 1.10].

Definition 3.7  Canonical realization, cang
For F € Ly first-order negative we define a term canp € Lgm (canonical realization
of F) in the following way:

0 if Fiss=t;

(canp,,cang, ) if F is Fy A Fy;
calp := Ar.cang, if Fis Fy — Fy;

AZ.cang(y) if F is VaGlx].

Note that for every F' cang is closed and App F canpg|.

Theorem 2 D(F) < R(F)

For F € L5 being first-order negative in App we have:
(1) 3x(xm F) — D(F);
(ii) D(F) — canp rn F;

Proof. We prove (i) and (ii) by simultaneous induction on F.

If F is atomic then it is of the form s = ¢ and both D(F) and trn F are of the
form N(s) = N(¢).

Assume F'is Fy A F and the claim holds for Fy and Fj.
Assume vrn (Fy A F1). Then we have porrn Fy A pivrn Fy. By IH(i) we get
D(Fy) AND(Fy), i.e. D(F).
Assume D(Fy A F1). Then we have D(Fy) A D(F1). By TH(ii) we get canp, rn Fy A
canp, rn Fy, which by Definition 3.7 gives canp rn F.

Assume F' is Fy — I and the claim holds for Fy and F;.
Assume vrn (Fop — Fy) and assume D(Fp). By IH(ii) we have canp, rn Fy. Then
tcang, | rn Fy and by TH(i) D(F}).
Assume D(Fy — Fy) and assume rrn Fy. By IH(i) D(Fp) and therefore D(F}). By
TH(ii) canp, rn Fy, which by Definition 3.7 gives canp rn F.

Assume F is VzG[z] and the claim holds for G[z].
Assume trn(VzG[z]). Then Vz e nat(vz|rnG[z]). By IH(i) this yields Va € natD(G[z]),
ie. D(F).
Assume D(VzG[z]). Then Vz e natD(G[z]). By TH(ii) this yields
Vx e nat(cangi,) rn Glx]), which by Definition 3.7 gives canp rn F'.

(iii) is an immediate consequence of (i) and (ii).

Definition 3.8  CC-class, cf. [Tr98, Sect.1.14]
A first-order formula F € Lo belongs to the CC-class iff for every subformula
G — H of it G is negative.

Theorem 3 R(F)—D(F)
If F € CC then App - R(F) — D(F).

Proof. The claim is proved by induction on F.
If F is atomic then it is of the form s = ¢ and both D(F) and trn F are of the
form N(s) = N(¢).



Assume F is Fy A Fy and vn (Fo A F1). Then we have porrn Fy A pitrn Fy. By
IH we get D(Fy) A D(Fy), i.e. D(F).

Assume F'is Fy V Fy and vrn (Fy V F1). Then we have pote nat A (pot =0 —
pitrn Fy) A (pot # 0 — pirrn Fy). In the case por = 0 by IH D(Fp); if por # 0
then similarly D(F}). In both cases D(F).

Assume F is Fy — Fy and v (Fy — F;). Then Fj is first-order negative.
Assume D(Fp). By the previous Theorem(ii) cang, rn Fy. Then vcang, | rn Fy. Now
by IH D(F}).

Assume F is VzG[z] and vrn (VzG[z]). Then Vz e nat(vz] rn G[z]). By IH this
yields Vx e natD(G|[z]), i.e. D(F).

Assume F' is 3xG[z] and vrn (3xG[z]). Then we have pore nat A pyrrn Glpot].
By IH D(G|pot]), which implies D(F).

O

Remarks about proof-theoretic strength. We assume here that Ty is
realizable in 7.

1) Note that Consis(T) is II{-formula for any theory T € Ly with a decidable
predicate Prfr(a,b). Therefore, if Tp - Consis(T) then 7 + D(Consis(T)).

2) Note that prenex formulas, in particular I19-formulas, are CC. Therefore, if
T proves totality of a function f, then so does 7.

3) Let f< be a characteristic function of a standard prim.-rec. ordering <
on natural numbers (e.g. an initial part of some fixed standard ordering), i.e.
y < x:& fx(y,x) = 0. For every first-order negative formula F[z] € Lo we set:
Prog(<, F') 1 Va(Vy(f<(y,z) = 0 — Fy]) — Flz]),

Fund(<, F) :& Prog(<, F) — VaF[z].

We say that a theory Ta proves well-foundedness of < iff T F Fund(=<, F') for
every first-order negative formula F'. Since Fund(=, F) also is a negative formula,
by Theorem 2 we have that if To proves well-foundedness of <, then so does 7 as
well.

4 Realizing subsystems of analysis

In this section we provide realizing terms for additional axioms of analysis listed in
the Section 2.

Theorem 4  Arithmetic comprehension
FEvery instance of ACA s realizable in EET.

Proof. Assume a formula i[a] € L2 to be arithmetical. By ECA there exists a
term ¢ such that

NN[t] AV e natVe((z,x) e t < rrn[z]). (4.1)

We are to prove now that the pair (¢, \x.(Ar.r, Ar.r)) is a realization of an instance
of ACA
AXVz(z € X « ¢[z]).

Indeed,
(t, Az.(Arr, Avr)) m 3XVe(z € X « Yfz]) =
Az.(Ar.p, Arr) mVe(z € t — Ylx]) =

Vzenat ((Ar.x, Ar.x) ma € ¢ < z])) = (4.2)
Vozenat (Arrm (z € t — ¢[z]) Adrrm (Y]z] — z € 1)),
which follows from 4.1.
O



Theorem 5 Axiom of Choice
FEvery instance of AC is realizable in EETJ.

Proof. Assume trn Vz3Y ¢[x,Y]. We then have
trnVedYolx,Y] =

Vaenat(tz] A NN[po(tx)] A p1(tx) mn ¢[z, po(tr)]). (5-1)
By ECA and J (over nat) let ¢ := t[t] be such that
MV A (((m,21),11) et < (21,31) € po(r)) - (5.2)
Claim. For every formula ¢[z,Y],
Va e natvu (urn ¢z, po(vz)] < urn iz, t,]) . (5.3)

Proof: First we prove the most important case when ) [x, Y] is of the form s € Y.

We have

ums€t, = urn(z,s) €t = ((z,s),u)et 22 (5.4)

(s,u) e po(tr) = urns € po(tz).

Now, the proof is completed by straightforward induction on ).
<
Using this claim, we have, for zenat, p;(tz)rng|x, t,]. Therefore (¢[t], \x.py(tz))
is a realization of the conclusion and At.(¢[t], Az.p1(rz)) is a realization of the in-
stance of AC

Ve3Y ¢z, Y] — IZVzd|x, Z,).

O

Corollary. EHA + ACA + AC is realizable in EETJ and has proof-theoretic
strength bounded by ¢(eq,0)?.

Proof. Realizability follows from Theorems 1, 4 and 5. The bound for proof-

theoretic strength follows from the Remarks in the end of Section 3 and the fact

[EETJ| = |21 - AC classical| = ¢(g0,0) (see, e.g., [Fef79, Section V]). O

The following theorem gives an example where D- and R-interpretations are
essentially different. While, according to the Theorem 5, T proves R(AC), it fails
to prove D(AC); the latter in the presence of the Law of Excluded Middle is at
least as strong as full second order arithmetic.

Theorem 6 (To if D(AC))
2) EET + TND + D(AC) has the strength of at least full analysis.

Proof. Obviously

EHA + ACA + TND is D-interpretable in EET + TIND (6.1)
(see, e.g. [G193, Section 2]). Then we have

EHA + ACA + TND + AC is D-interpretable

in EET + TND + D(AC). (2

But ACA +TND + AC implies full comprehension, so EHA + ACA +TND +
AC is full analysis. By 6.2 we have 2).

For 1), assume To F D(AC). Then Tg + TND + D(AC) and Ty + TND +
D(AC) = Ty + TND. By 2) To + TND is at least as strong as full analysis,
contradiction, since T¢ + TND is known to have the strength of AL—-CA+BI
(classical) (see [Fef79, J&83]).

O

2In fact, as shown in [Be85, Ch.XIII,§2-3], this bound is exact.
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Theorem 7  Replacement
FEvery instance of RP is realizable in EETJ.

Proof. Assume NN[a]. Assume also trn Vr € a3!Y ¢[z,Y]). By Definition 3.4 we
have
trnVeeadlYo[r,Y] = vmVe(r € o — Y Pz, Y]) =
Vzenat (vzlm (z € o — Y ¢[z,Y])) =
Vzenat (to] AVr(rmaz € a — rzx| m IV, Y])) =
Vzenat (va] A Ve ((z,1) e a — raxl m Y[z, Y]) ) =
Vzenat (va] A Ve ((z,1)ea —
ta:;cl m (3Y (¢[z, Y] AVZ(¢[z, Z] = Y = Z)))))
Vzenat (vz] A Ve ((z,1) e a — (var] A MN[po(rar)] A
p1(vat) mm (W po(tat)] AVZ( [z, Z] — po(var) = 2))) ) )
Vzenat (vz] A Ve ((z,1) e a — (AMN[po(rar)] (7.1)
po(p1(rar)) m ¢z, po(thc)]
p1(p1(tzr)) mmVZ(¢[z, Z] — po(rax) = Z)) ) )
Vzenat (vz] A Ve ((z,1) e a — (MN[po(rax)] A
po(p1(vzr)) rn @[z, po(rar)] A
VYWNI] = (pa(p1(x2x))y) m (42, 7] — po(tzz) = 7)) ))
Vo enat (vz] A Ve ((z,1) e a — (MN]po(rax)] A
po(p1(tzr)) mm @[z, po(var)]) A V(NN — (p1(pr(vzr))vl A
Va(qn ¢[z,7] — pi(p(var))yal mpo(rar) = 7)))) ) ) -

Continuing 7.1,

vy po(tay) =7 =
vy m Vo (21 € po(rar) — @1 € 7) A (xl €7 — 71 € po(var)))

Vryenat (tlzll A (Wo((fl?l,Fo) € po(vr) — (21, po(t1$1)2C0> £7) X (7.2)
Vi ((z1,11) €7 — (@1, p1(taz1)r) € po(rar))) ) -
Also, urmVzeagzr,Cy] = urnVe(z € a — ¢z, C]) =
Vzenat (uz]m (z € a — ¢lz,Cy])) = (7.3)
Vaenat (uz| A Ve ((z,1) € o — uax| m @z, Cy]) ) .
By ECA there exists a term t := t[a, t] s.t.
MNt[a, ] A (((z,21), ) € e, 1] (7.4)

n = (pob, p10) A {(z, poh), (x1, P1v)) € j(a, Ay-po(t(poy)(P1Y)))) -

If we had (z,r)e a0 — (t2 n ¢z, po(tay)] < torn @[z, tx}), this would provide us
with a realization of the Axiom of Choice on « (instead of Replacement) (cf. proof
of Theorem 5). While this is not the case, by making use of uniqueness part of 7.1
we obtain a pair of operations, which map realizations of @[z, po(tzr)] and @[z, t,]
into each other. This pair of operations is represented by a term t}; defined below,
and is sufficient to build up a realization of Replacement.

For each formula ¢ := ¢[z,Y] € L3 such that ¢ ¢ FVy(¢) and a predicate
variable Y € L5 we define a term t}; = tg [t, 2,1, FVo(p)] by recursion on ¢ in the
following way:
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(Aro-ro, Ar1-r1) if p is 51 = s9;
(Aro-ro, Ar1-r1) if pis se€ D and D is not Y;
if ¢ is s[z] € Y, where

(Aro- (5,70, Av-pr (v e, 2, 5wl sla]) (parn)) 4 0 P1(Pa (x2¥)) 79,

7y := po(rz(por1)),

{Aro-(poty, (Poro), pot (P1zo >,}
ALl <P1t%(P02€1) Plfw1 P11C1 )
(Aro-(poro, Podn (poxo, 0, tY, 07 Yl)(P12C0)> }
:= { Arr-(por1, P1dn(por1, 0, @0, )( 111)))
(AroAz.poty (xo(p1t Oz))} e
f .
e o e (por 2)) o is oo = ou
</\I0/\k.p0tw[k] (Fok) )\?1)\k.p1ti[k] (Pﬂf)) if © is Vk’t[)[k],
{Aro-(poro, Pogz[pm] (P1Xo)),
Ar1-(PoX1; P1typor,1 (P1EL)))

<>\Fo)\H~Pot5[R] (xok), >\2C1)\/€-P1f3;[,§] (r1k)) if ¢ is VK [K];

(Aro-(Poro, POty p o) (P1E0)),
At1-(Pokts P1ty o, (P1E1)))

if v is o A 1;

if pis g V p1;

=

if ¢ is Jk[k];

if p is IKY[K].

Claim. For every formula ¢ := @[z, Y] € Lo we have
<‘T7?> ea— t?;[t, ‘rvﬂ mn ((,0[1'7 pO(tx?)] A QO[.T, tm])

q := po(p1(tz(por1)));

(7.5)

Proof: We check only the most important case (the only one which requires use
of uniqueness in the premise of Replacement axiom), when ¢ is of the form s[z] € Y.

Other cases are proved by routine induction on .
By Definition 3.4 we have

rorn s[x] € po(tzr) = (s[z],z0) € po(tz), (7.6)
nmsle] €t, = nm(z,sfz)) et= ((z,sfz]),m)et & (7.7)
({2, por1), (s[z], p1r1)) € J(a, Ay-po(t(Poy) (P1y)))-
By J 7.6 and 7.7 immediately yield
(z,1) € @ = Aro-(r, x0) 1 (s[z] € po(vax) — s[a] € ta). (7.8)
For the opposite direction, assume (z,r) € o and ry rn s[x] € t,, i.e.
({z, por1), (s[z], p1r1)) € j(c, Ay.po(t(poy) (p1y))). Then by J
(2, por1) € a A (s[], pir1) € po(rz(por1))- (7.9)
By 7.1 we have
NN[po(rz(por1))] A po(p1(tz(por1))) rn ¢[z, po(ta(por1))]- (7.10)
Now by the uniqueness part of 7.1 we obtain
p1(p1(r2r))val mn po(rar) = 7, (7.11)
where 7 := po(vz(por1)) and q := po(p1(vz(por1))). Taking
t1 == p1(p1(tap))y[t, x, r1]qlv, z, 11], from 7.2 and 7.9 we have
(s[z], p(r1s[z])(p1r1)) € po(ray). (7.12)
Equation 7.12 shows that
(z,1) e @ — Ar1.pa(v1fe, 2, ¢, v1)s[z]) (pix1) m (s[z] € t, — s[a] € po(rar)), (7.13)
q.e.d.
&
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The previous Claim and equation 7.1 together prove that

(z,8) € @ = (Poth, vl 2] (olpr(s28))L mm 6o, (tla,¥]).]) (7.14)

which is to say that
trnVeeadlY gz, Y] — (7.15)
AEAEPOtY, 1 fe, 2.2l (polpi (k1)) mm Var €, (), . '

Last equation shows that an operation
)@u\t.(t[a,t},/\x/\‘t.potgmy] [t,2,2](po(p1(tar)))) is a realization for an instance of
RP
VX(Vee XY ¢z, Y] - IZVee X o[z, Z,]).

Theorem 8 Inductive Generation
Every instance of IGA is realizable in EET + IG.

Proof. Assume NN [a] ANN[3]. Assume also rrnVze o (Vy(y <g z — ¢[y]) — ¢z]).
By Definition 3.4 we have:

trnVrea (Vy(y <gz — ¢ly]) — ¢lz]) =
Eave (e rly <a e o) = ole]) =
Vaenat (vo] A Ve ((z,5) e a —
vzl (Vy(y <p @ — oly]) — ¢[z]) )

Vaenat (vo] A Ve ((z,1) e a — (taz] A

Vu (urn Vy(y <g z — ¢[y]) — tzrul m ¢[z]) ) ) )
Vaenat (va] A Ve ((z,1) e a — (vaxr] A Yu (Vyenat(uy] A
ly
(

Vo(brn (y,z) e 3 — uyv| rn ¢ly])) — twrul mfz]) ) ) ) =
Vaenat (va] A Ve ((z,1) e a — (vaxr] A Yu (Vyenat(uy] A

Yo({(y, ), 0) € B — uyo| m @[y])) — rarul m¢[z]) ) ) ).
By recursion theorem for a function f := AzAzxAr.tzr(AyAp.zyy) there exists a
term R := recf such that
Ry ~ rrp(AyAv.Ryv). (8.2)
By ECA there exists a term §* := 5*[0] s.t

NIB*] A (ue B u= (pou,pru) A
Pou = (PoPo, P1Pot) A p1u = (Pop1t, P1p1u) A (8.3)
PoPou € nat A pop1u & nat A ((popot, Pop1tt), p1pou) € 3) .

We want to prove Progg. (o, Ryv| rn ¢[y]), i.e.

(x,1)ea —

(Vyenatvo ({(y,0), (2,1)) e 5 — Ryol m @ly]) — Reglmola]). o)

Assume (z,1) e oo A Vy e natVo (((y,v), (z,1)) € 6 — Ryv| m ¢[y]). Then by 8.3

we have
Vyenatvo (((y,2),0) € 5 — Ryol m ¢[y]) . (8.5)

Therefore for the operation u := AyAv.Ryv by 8.1 we have tzzu] rm ¢[z], i.e
tar(AyAv.Ryv)| mn ¢[x]. From this fact and equation 8.2 we obtain 8.4.
By IG we obtain

Ve natvr((z,t) €i(e, 8%) — Rl m ¢lz]), (8.6)

or
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AzAp.Rer Ve €i(a, 6%)¢[z]. (8.7)
This shows that an operation AtAzAzr.Rzr is a realization of a “part” of IGA
Veea (Vy(y <gz — @ly]) — ¢lz]) — Vzei(a, 8%)¢[2]. (8.8)

Applying the above considerations to the formula z € U in place of ¢[z], we see
that AyAtAzAr.Rxy is a realization of

VU (Progla, U] — i(a, %) C U), (5.9)
Last, we have to find a realization of

Proggla,i(a, 37)]. (8.10)
By 8.1 with z € i(«, 6*) in place of ¢[z], we have

amn Prog,[a, i(a, 7)) =
qmVzea (Vyly <gz —y€i(a, B%)) » z €i(a, f)) =
Vzenat (qzl A Ve ((z,1) e o« — (qaz] A Vu (Vyenat(uy] A
Vo(((y,z),0) € 8 — uyol my € i(a, f))) —
grrulme € 0, 5)))) =
Vzenat (qz] A Vr ((z,1) e a — (quz] A Vu (Vyenat(uy] A (8.11)
Vo({(y, 2),0) < B — (g, uyo) < (e 57))) —
(@, 9w (e, 5)) ) )) &
Vo enat (qz] A Vr ((z,1) e a — (quzl A Vu (Vyenat(uy] A
Vo({(y,0), (z,1)) € 8% — (y,uyv) e (e, 57))) —
(z, gapu) ei(e, 5%)) ) ) ) -

Assume now (z, r)eaAVyenat(uyl A Vo({(y, ), (z,1))e " — (y,uyv)ei(a, 5%))).
Note that from the definition 8.3 of §* it follows that

Fo({{y0, v0), (y1,0)) € B") < Vo (((yo, v0), (y1,0)) € B) (8.12)
and therefore by IG
Fo((y, v) € i(a, 57)) < Vo((y,0) e i(, 57)). (8.13)

So, we also have VyenatVo({(y,v), (z,1)) € 5 — (y,0) (e, 5*)). By IG we
obtain (z,z) € i(e, 6*). This demonstrates that an operation q := AzAriu.r is a
realization of 8.10.

Bringing realizations of 8.8-8.10 together shows that an operation

AaAB.(i(a, B10]), ((AzArAu.g, AyAeAzAr.Rax), AeAxAr.Rzr))
is a realization of an instance of IGA

VXYY3Z (WPY[X, Z) A (YzeX (Wy(y <y = — ¢ly]) — olz]) — Vz€ Zg[2]) ) .

O

Corollary. TARI is realizable in Tg; its proof-theoretic strength is bounded by
that of Tyg.

Proof. This follows from Theorems 1, 4, 7 and 8. O
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