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Abstract

This article provides an ordinal analysis of ¥ transfinite dependent
choice.

1 Introduction

¥1-TDCy (X} Transfinite Dependent Choice) is a natural strengthening of
¥1-DCy. Both are subsystems of analysis and assure the existence of im-
plicitly ! definable sequences (of sets). In ¥1-DCy, the length of these
sequences is w, whereas in 3{-TDC, we can choose these sequences along an
arbitrary well-ordering. 3{-DC, has proof-theoretic strength w0 (cf. [2]), it
is a predicative theory. On the other hand, the proof-theoretic strength of
Y1TDCy is pw00. If we add complete induction for arbitrary formulas, then
the corresponding proof-theoretic ordinals are peg0 and ¢ey00.

The theory X1-TDC, and its proof-theoretic analysis typically belong to
the new area of so-called metapredicative proof-theory. Metapredicative sys-
tems have proof-theoretic ordinals beyond I'y but can still be treated by
methods of predicative proof-theory only. Recently, numerous interesting
metapredicative systems have been characterized. For previous work in
metapredicativity the reader is referred to Jager [5], Jager, Kahle, Setzer
and Strahm [7], Jager and Strahm [8, 9], Kahle [10], Rathjen [12], Riiede
(13, 14] and Strahm [19, 20, 21]. A central result of [14] is that (2{-TDC)
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is equivalent over ACA, to II} reflection on w-models of ¥.}-DC. We will use
this equivalence for the determination of the upper bound of 3{-TDCy. The
underlying idea of this proof-theoretic analysis is closely related to the deter-
mination of the upper proof-theoretic bound of metapredicative Mahlo (cf.
[9]). On the other hand, we carry-through the well-ordering proof directly
in the theory ¥}-TDCy. (The proof of the equivalence of (X}-TDCy) and II3
reflection on w-models of ¥{-DC given in [14] uses a pseudohierarchy argu-
ment. This argument is needed to prove I1} reflection on w-models of 3{-DC
assuming (X1-TDC). The other direction is proved without the method of
pseudohierarchies. )

The plan of this article is as follows. In the next section we introduce
the notation and definitions. The well-ordering proof is given in section
3. In sections 4, 5 and 6 we discuss semi-formal systems needed for the
determination of the upper bound of IT} reflection on w-models of ¥{-DC. In
some sense, these semi-formal systems can be seen as analogues of systems
for n-(hyper)inaccessibles (cf. [9]). The interpretation of II} reflection on
w-models of ¥1-DC into these semi-formal systems is given in section 7.

2 Preliminaries

In this section we fix notation and abbreviations and introduce some subsys-
tems of analysis, in particular ¥1-TDC and (IT-RFN)¥i-PC,

We let L, denote the language of second order arithmetic. Lo includes
number variables (denoted by small letters, except r, s,t), set variables (de-
noted by capital letters), symbols for all primitive recursive functions and
relations, the symbol € for element-hood between numbers and sets as well
as equality in the first sort. We write £, for the first order part of £,. The
number terms r,s,t of Ly and the formulas ¢,1,0,... of Ly are defined as
usual.

An L, formula is called arithmetic, if it does not contain bound set vari-
ables (but possibly free set variables). We write IT} for the collection of these
formulas and X} for the collection of all arithmetic formulas and of all £,
formulas X p(X) with ¢(X) from II}. X} and II}, are defined similarly.

In the following (...) denotes a primitive recursive coding function for
n-tuples (t1,...,t,) with associated projections (-)1,...,(-)n. Seq, is the
primitive recursive set of sequence numbers of length n. Seq denotes the
primitive recursive set of sequence numbers. We write s € (X), for (s,t) € X,



ie. (X)), ={z: (z,t) € X}, and X for Xy, ..., X,,. Occasionally we use the
following abbreviations.

re XY = Seqyux A
(@) € XA @ =)V () €Y A () = 2],
X=Y = (W)zeX—zeY),
X4Y = ~(X=Y),
Xey = Fk)Vr)(z e X « (z,k)yeY),

(Y € Z)p(Y) (3E)o((Y)r),
(VY € 2)p(Y) = (Vk)o((Yr),
XEY = X,EYAN...AX,EY.

By ¢[Z, X | we indicate that the variables Z, X really occur in o, ie., the
free variables are {57’,)?} go(f,)z) just means that #, X may occur in ©.
o[Z\t, X\ 5] is obtained from @[Z, X] by replacing all occurrences of z; and
X; by t; and S;. Similarly we define p(Z7\f, X\S). We adopt the stan-
dard notation ¥ for the relativization of the formula ¢ to X (for example
(VY (Y)* = (VY € X)p™ (V).

In a next step we introduce some well-known subsystems of analysis which
we shall need. We use the following abbreviations.

WO(X) := formalization of “X codes a non-reflexive well-ordering”,
x €field(X) = (Fy)(z,y) € XV (y,x) € X),
€ (Y)za = Sequz Az €Y A {((2)1,a) € Z.

(Y)z, is the disjoint union of all projections (Y'), with b less than a w.r.t. Z.
For a well-ordering Z we let 0z denote the Z-least element in field(Z) and
for a € field(Z) we let a + 1 denote the Z-successor of a. Sometimes we
write < for our well-ordering. Then e.g. (X)z, is written as (X)~,.

All subsystems are based on the usual axioms and rules for the two-sorted
predicate calculus. Often we write (T) for the central axiom of a theory T.

The theory ACA includes defining axioms for all primitive recursive func-
tions and relations, the induction scheme for arbitrary formulas of £5 and
the scheme



(ACA) For all arithmetic £, formulas ¢(z):
(FAX)(Vz)(z € X < ¢(x)).

The theory ¥1-AC extends ACA by the scheme

(X1-AC) For all £y formulas p(x, X) in Xi:
(V) (3X)p(z, X) — (3X)(Vo)p(z, (X)a).

The theory ATR extends ACA by the scheme

(ATR) For all arithmetic £, formulas ¢(z, X):
WO(Z) — (3Y)(Va € field(Z))(Vz)(z € (Y), < o(z, (Y)z4))-

The theory ¥{-DC extends ACA by the scheme

(X1-DC) For all £, formulas ¢(X,Y) in 3i:
(VX)EY)p(X,Y) = (32)[(Z2)0 = X A (Vu)o((Z)u; (Z)us1)]-

Axaca denotes a finite axiomatization of the arithmetical comprehension
scheme (ACA) (cf. [18] Lemma VIIL.1.5 for such a finite axiomatization).
Using these notations, we formulate the theory II}, ;-RFN. It extends ACA
by the scheme

(I, ,-RFN)  For all £, formulas ¢[#, Z] in II;, ;-

n+1 n

pl7, Z) — BX)(Z € X A (Axaca)™ A @[, Z)).
Next we introduce for each natural number n predicates |,,.

lo(M) = (AXE%—AC)M
i1 (M) = (Axgipc)™ A (VX € M)FY € M)(X €Y Al (Y)).

We have written Axgipc for a finite axiomatization of (3}-DC) + (ACA)
and Axyi_ac for a finite axiomatization of (32}-AC) 4- (ACA). We refer to
Lemma VIIL.1.5 [18] for a finite axiomatization of (ACA). And using the fact
that (21-DC) and (T19-DC) ((31-AC) and (T19-AC), resp.) are equivalent over
ACA,, the finite axiomatization of the mentioned axiom schemes can easily
be found (cf. e.g. [13]). Using these predicates |, we can define the theories
l,-RFN. 1,-RFN extends ACA by the axiom

(IL-RFN)  (VX)3EY)(X € Y Al (Y)).



Finally we introduce the basic subsystems of analysis of this paper: ¥} trans-
finite dependent choice and II} reflection on w-models of $1-DC. The the-
ory ¥1-TDC is the theory ACA extended by the scheme of X! Transfinite
Dependent Choice.

(X1-TDC) For all 37 formulas ¢:
(VX)(IY)e(X,Y) AWO(Z)
— (V) (Ya € field(Z2))p((V) 70r (V)a)-

The theory (IT--RFN)*i"PC extends ACA by the scheme

((TT3-RFN)Zi-PC) For all I13 formulas |2, Z]:
pl7,Z) — (AM)[Z € M A (Axs1-pc)™ A M.

Ty denotes the theory T with set-induction instead of the induction scheme
for arbitrary formulas.

In the following we will measure the proof-theoretic strength of formal theo-
ries in terms of their proof-theoretic ordinals. As usual we set for all primitive
recursive relations < and all formulas ¢:

Prog(p, <) = (V2)[(Vy)(y <z — »(y)) — ¢(2)],
Tl(p, <) = Prog(p, <) — (Vz € field(<))p(z).

We say that an ordinal « is provable in T, if there is a primitive recursive well-
ordering < of order type a so that T - (VX)TI(X, <). The proof-theoretic
ordinal of T, denoted by |T|, is the least ordinal which is not provable in T.

3 A well-ordering proof for X1-TDC(,

In this section we show that 3{-TDCq (X}-TDC) proves transfinite induction
for each initial segment of the ordinal ¢w00 (¢£000). The proof and the
presentation is inspired by [19, 21]. The ordinal notation system which we use
here is based on n-ary ¢ functions (cf. e.g. [7]). These ¢ functions correspond
to Schiitte's Klammersymbole [15].

We have mentioned that we do not use IT3 reflection on w-models in
the well-ordering proof of %}-TDCy. Nevertheless, in [13] we have given a
well-ordering proof of ¥1-TDC, using II} reflection on w-models. That well-
ordering proof is nearly the same as for KPmg (cf. [21]).
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In the sequel we presuppose the same ordinal-theoretic facts as given in
section 2 of [7]. Namely, we let @y denote the least ordinal greater than 0
which is closed under all n-ary ¢ functions, and we assume that a standard
notation system of order type @, is given in a straightforward manner. We
write < for the corresponding primitive recursive wellordering. We assume
without loss of generality that the field of < is the set of all natural numbers
and that 0 is the least element with respect to <. Hence, each natural number
codes an ordinal less than ®;. When working in ¥1-TDCy in this section, we
let a,b,c,... range over the field of <, and ¢ denotes limit notations. There
exist primitive recursive functions acting on the codes of this notation system
which corresponds to the usual operations on ordinals. In the sequel it is
often convenient in order to simplify notation to use ordinals and ordinal
operations instead of their codes and primitive recursive analogues. Then
(for example) w and w + w stand for the natural numbers whose order type
with respect to < are w and w + w. Finally, let us put as usual

Prog(¢) := Prog(p, <),
Ti(p,a) = Tle, <] a).

If we want to stress the relevant induction variable of a formula ¢, we some-
times write Prog(Aa.p(a)) instead of Prog(y). If S is a set term, then Prog(5)
and TI(S, a) have their obvious meanings.

We assign fundamental sequences (¢[n]),>o to each limit ordinal ¢. We
can assume f[u] < l[u+ 1] and 0 < £[u] for all u. We choose £~ [u] to denote
the unique ordinal such that ¢[u] + ¢~ [u] = ¢[u + 1]. Moreover, we use for
each natural number n > 0 the following abbreviations.

Ki(M) = (Axgiad)™,

K1 (M) = (Axaca)™ A
[(YQ)EY)(Ya)(WO(<] a) — Hier,(a,Q, (Y)a))]",

Hier,(a,Q.Y) = (MVe<a)(Y)< € (V) AQ € (V) AKL((Y)e)),
TI7(Y,a) = (Vb<c)(VX € (Y),)TI(X,a),

alb = (Fe,0))(b=c+a-l), (¢ denotes limit notations)
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Mainly (a) = (Vb)(Ve 2 ¢)w' ™ T e ATIT(Y,b) — TI™(Y, pnab)].

Next we specify the steps of the well-ordering proof in the following lem-
mas. We first collect some basic facts which we will often use tacitly in the
following.

Lemma 1 The following holds.
a) (ATR) and (VX)(3Y)(X €Y A (Axsiac)”) are equivalent over ACA,.

b) We have for each natural number n > 1 and for each instance ¢ of
(ATR)
ACAg F Kp(M) — (Axsi_ac)™ A

c) We have for each natural number n

ACAq F Hier,(a,Q,Y) — (Vb < a)(3Z &€ (Y))(V)(x € Z « TIF(Y, 2)).

Proof. We first prove a). It can be proved in ACA, by induction on the
wellordering Z that for each arithmetic formula ¢ the following holds

(Axsi-ac)” A Z,X € D AWO(Z)
— (3Y &€ D)(Va € field(2))(Vz)(z € (Y)q = Y]z, a, 2, (V) 24, X)).

Hence (VX)(3Y)(X € Y A(Axgi-ac)”) implies (ATR). The converse direction
follows from Theorem VIII.3.15 [18] and Lemma VIII.4.19 [18]. Next we
prove b). Since (ATR) is equivalent over ACA, to

(VX)EY)(X €Y A (Axgiac)”)

(cf. a)) and since ATRg proves (X1-AC) (cf. [18], Theorem V.8.3), we have to
prove only

ACAy F Ko (M) — (VX € M)(TY € M)(X €Y A (Axsiac)’).

This can be proved by an easy (meta-)induction on n > 1. We omit the
details. We now discuss c¢). We argue in ACA and assume that Hier, (a, Q,Y)
holds. Furthermore, we choose a b < a. Note that we have

(V) (TIF(Y, 2) « (Ve < b)(VX € ((Y)=p)e) THX, 2)).
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Thus TI7°(Y, x) is arithmetic in (Y);. Hence assertion b) — in the case n = 1
we know by definition that (AXE%_AC)(Y)’J holds — and (Y')<, € (Y), imply the
claim. 0

In the next lemma we prove in $1-TDC, the existence of sets M with K,,(M).

Lemma 2 We have for each natural number n > 0
$1-TDCo = (M) (P € M AK,(M))

Proof. The proof is by (meta-)induction on n > 0. For n = 1 the claim
follows from the fact that $]-TDC,y proves (ATR) and that ATR proves the
existence of w-models of ¥{-AC, as mentioned in the preceding lemma. Hence
we can assume n > 1. The induction hypothesis is

(YP)BM)(P &€ M A K,y (M)).
We apply (Z1-TDCy) and obtain
(Va) 3Y)(WO(<] a) — Hier,_1(a,Q,Y)).
An application of (X}-AC) leads to
(VQ)(FY)(Va)(WO(<[ a) — Hierp_1(a, Q, (Y)a))- (1)

Using (3{-AC) we can show that this formula is equivalent to a I1} formula
(cf. e.g. [18], Lemma VIIIL.6.2). Note that for the proof of this equivalence we
need (X]-AC) only for the implication (1)— 1. The other direction needs only
(ACA). Here, we need the "strong” direction; i.e. we need in fact (X}-AC).
In the argument below we need the "weak” direction, i.e. only (ACA).

In [18], Theorem VIIL.5.12, the equivalence of (X}-DC) and (I13-RFN) over
ACA, is proved. Since (X1-TDC) implies (X1-DC), we can use (II3-RFN) and
obtain a set M such that

PEMA (AXACA)M N
(VQ)(3Y)(Va)(WO(<a) — Hier,_1(a,Q, (Y)a)))"

holds. This is just the claim. a
Our well-ordering proof is in some sense an iteration of the well-ordering
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proof for I/Z\)a. Roughly spoken, the next lemma corresponds to the begin-
ning of the iteration. The statements are adaptions of Lemma 5, 6 and 7 in
[7] to our situation. (Lemma 3 and some further technical lemmas in this
article are adaptions of corresponding lemmas proven in the literature. We
agree with the referee that there should be abstract lemmas from which the
arguments in question follows. But this will be done in a different article.)

Lemma 3 The following holds
a) ACA F Hiery(£,Q,Y) ATIFN(Y, a) — TIFY(Y, pa0).
b) ACAq F Hier, (¢, Q,Y) — Prog(Aa. TI™ (Y, ¢10a)).
c) ACA, + Hiery(c,Q,Y) — Prog(Xa.Main; y (a)).

Proof. The proof of a) is standard. The relevant arguments can easily be
extracted from [16], pp. 184 ff., or [3], Lemma 5.3.1 ff.. b) is an immediate
consequence of a). Assertion c¢) corresponds to Main Lemma I in [7]. Since
the proof of ¢) is very much the same as the proof given in [7] — we have to
change only the underlying theories —, we omit it here. a

The induction step is given in the next three lemmas.

Lemma 4 ACA( proves for each natural number n > 0

Knt1 (M) A [(VQ, Y, ¢)(Hier,(c,Q,Y) — Prog(Aa.Main’y (a)))]
— (Va)[(VX € M)TI(X,a) — (VX & M)TI(X, pna0)].

Proof. We argue in ACAy and assume
Knt1(M) A[(VQ, Y, ¢)(Hier, (¢, Q,Y) — Prog(Aa.Maingy (a)))]"  (2)

Choose a such that (VX € M)TI(X,a) holds and let X be a set in M.
We have to show TI(X, pna0). Since M is a w-model of (ACA), we have
(VX € M)TI(X,w!'™® - w), too. The definition of K, (M) now implies the
existence of a set P in M such that Hier,(w't* - w, X, P) holds. Using (2),
we conclude that

Prog(Ab.Main]1+a, p(b)) (3)

holds. Since P is in M, the set {b : Mainjia, p(b)} is in M too. Hence
(VX € M)TI(X,a) and (3) imply Mainji.a, p(a). It follows TI(X, pna0),
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the claim. O

The following lemma follows by
e(n+1)00 = sup{(Az.pnz0)™(0) | m € IN},
en+1)0(a+1) = sup{(A\z.pnz0)"(p(n+ 1)0a+ 1) | m € IN},
o(n+1)0¢ = sup{e(n+1)0z | z < (}.
Lemma 5 ACA( proves for each natural number n > 0
Kni1(M) A (Va) (VX € M)TH(X,a) — (VX € M)TI(X, pna0))
— Prog(Aa.(VX € M)TI(X, ¢o(n + 1)0a)).

Lemma 6 ACA, proves for each natural number n > 0

Hier,(c,Q,Y) A (VM)(K, (M) — Prog(Aa.(VX € M)TI(X, pn0a)))
— Prog(Aa.Mainly (a)).

Proof. We argue in ACAy and assume
Hier,(c,Q,Y) A (VM)(K, (M) — Prog(Aa.(VX € M)TI(X, ¢n0a)))  (4)
We break the proof of Prog(Aa.Main(y (a)) into three cases by showing
(a) MainZy(0),
(b) Mainzy(a) — Mainzy(a +1),
(c) Lim(a) A (‘v’w)MainZY(a[w]) — Mainzy(a).

The proof of (b) and (c) corresponds to the proof of (b) and (c) in the proof
of Main Lemma I [7]. There is only one relevant difference: Main Lemma I
deals with fundamental sequences for e.g. ¢lpg and not with fundamental
sequences for e.g. pnpq. However, there is no difficulty to give corresponding
fundamental sequences for pnpg. Hence we prove here only (a). Let us
assume

excAwleANTI™(Y,b).

We have to prove TI™¢(Y, pn0b). There is a limit notation ¢ such that e =
eo +w - ¢ for an e5. We set e, := ey + w - l[u]. It is sufficient to verify
TI7 (Y, ¢n0b) for each u. We fix a u and a d < e,. Then we have to prove

(VX € (Y)a)TI(X, on0b).
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Since K, ((Y)q) holds, it follows from (4)
Prog(Aa.(VX € (Y)q)TI(X, pn0a)).
Hence TI7°(Y,b) implies (VX € (Y)q)TI(X, pn0b). 0

The iteration of the preceding lemmas leads to the following lemma.

Lemma 7 ACA, proves for each natural number n > 0

a) (VM)[(Axaca)™ —
(VQ, Y, c)(Hier,(c,Q,Y) — Prog(Aa.MainZY(a)))]M],

b) (VM) (Kpi1 (M) —

(V
(Va)((VX € M)TI(X,a) — (VX € M)TI(X, ¢na0))),
c) (VM)(K,i1(M) — Prog(Aa.(VX € M)TI(X, p(n+ 1)0a))).

Proof. We first prove that a) implies b) and c). Since by Lemma 5 assertion
b) implies ¢), we have to prove only a)=b). We argue in ¥}-TDC, and
assume a) and K,,11(M). Furthermore, we choose an ordinal notation a such
that we have (VX € M)TI(X,a). Let X be a set in M. We have to prove
TI(X, pna0). By (Axaca)™ we conclude that (VX € M)TI(X,w'™*-w) holds.
Using K,,41(M) we obtain a set P in M such that Hier,(w!'™®-w, X, P) holds.
Now a) implies
Prog(Ad.Mainj}i+a , p(d)).

Since P is in M we obtain by (VX € M)TI(X,a)
Mainli+a.,, p(@).

This implies TI(X, ¢na0). Hence a)=b) is shown. Now we prove a) by
(meta-)induction on n. For n = 1 this is just Lemma 3c). For n > 1 the
claim follows from the induction hypothesis and Lemma 6. a

The following theorem follows immediately from Lemma 2 and Lemma 7b).

Theorem 8 Y1-TDCq proves for each natural number n
(VX)TI(X, ¢n00).
Corollary 9 w00 < |X1-TDCy.
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We end this section with a discussion of the lower bound of %}-TDC. In
¥1-TDC we have induction for arbitrary formulas. The lower bound compu-
tation given in this section for ¥1-TDCy can be extended in order to yield
©e00 as a proof-theoretic lower bound of X}-TDC. The aim is to introduce
within X1-TDC for all ordinals o < &y the notion of a set X with “K,(X)”
and to show the existence of such sets. The formulas K,, (n a natural num-
ber) are arithmetic. The formulas K, (a an ordinal) will be 3{. Hence we
will need formula induction in order to prove that this ¥} formula serves the
right role and that sets X with “K,(X)” exists.

The main modification is that we do not speak about all sets X with
K,.(X) but that we speak only about all sets X in Y with K, (X). For each
set Y we will define a characteristic function F' with

ke (Flao "Kal(Y)r)"

These functions F' can be constructed inductively by using formula induction.
We give first an informal description where K, and Hier, should be under-
stood informally too. The formula ¢k means: F'is the desired characteristic
function on the sets in Y.

ok (F,Y, a) :=
for all b < o
if b=0: T € (F)o — (AXZ%_Ac)(Y)Z
if Suc(b): z€(F)y, < (Axaca)¥)=A
[(VQ)(3P)(Va)(WO(<] a)
— Hier,_1(a, @, (P)a))]™
if Lim(b): re(F), < (AXACA) A (Ve < b)Ke((Y)e)

The exact definition of ¢k is: (o € ®p)

ok(F,Y, ) :==

(Axsipc)¥ A

(Vb = a)(Va)|

(b=0— (e (Pl = (A

(Suc(b) = (z e (F)y < ((Axaca))A
[(VQ)(3P)(Va)(WO(<T a)

— Hier,_1(a, Q, (P)a))]")))A
(Lim(b) = (€ (F)y = ((Axaca)® A (Ve < b)(x € (F),))]
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where Hier,_1(a, @, (P),) is the following formula:

(Ve < a)[((P)a)<c € (P)a)e AQ € ((P)a)e
ANFj € (F)o-1)(((Pa)e = (Y);)].

Using the formula ¢k we can define “K,”:
Kla, P) == 3FY)(ek(F,Y,a) A Bz € (F)a)(Y). = P).

Following the lines in [13], section 4.4, we can prove for each ordinal « less

than g
Y1-TDC F (Vb < ) (VQ)(3P)(Q € P AK(b, P))

and
Y1-TDC F (VX)Tl(a, X).

Hence
©e000 < |X1-TDC. (5)

4 The semi-formal systems T! and E}

Our next goal is to establish the upper bound of X1-TDC,. Since (21-TDC)
and ((II-RFN)®1"PC) are equivalent over ACA, (cf. [14]) it is sufficient to

determine the upper bound of (H%—RFN)(?%_DC. And since we will reduce

(H%—RFN)?_DC to U,,ew In-RFNo, it will be sufficient to determine the upper
bound of 1,-RFNy. In this section we introduce for each n € IN and each
ordinal o € ®( semi-formal systems T and E], which we will need for the
determination of the upper bound of I,-RFNg. In T we have constants Dj
for each # < a such that I, (D) and D € Dj holds for v < 3. Hence there
is a hierarchy D”, up to a such that I,,((D%,)g) holds for 5 < a. E_ is a first
order reformulation of T7. The introduction of E} is for technical reasons.
We now turn to the exact definition of the semi-formal systems T. TV is
based on the language L. L7 is the extension of Lo by new unary relation
symbols Dj for each § < « and new unary relation symbols DZ_ for each
7 < a. The set terms of L] are the set variables. The L] formulas are the
L, literals and all formulas [=]Dj(t), [-]DZ,(t) for each set variable X, all
number terms ¢ and all ordinals § < a, 7 < . Furthermore, the class of L}
formulas is closed under A,V,Vx,3x,3X € D, VX € D%, 3X,VX for each
B < a. Note that T is formulated with bounded second order quantifiers
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1X € Dj and VX € Dj for 8 < a. The exact meaning of the bounded second
order quantifiers will be given in the definition of T7.

In the following we write for instance t € Dj for Dj(t), t € D2 for
D24(t) etc. Analogously we use D} € X, X € Dj, .... Finally, we fix for
each n,m € IN a universal IIY predicate 7i[e,z1,..., 2,0, X1,..., X,n]. We
take as L formulas of T the L, formulas without free number variables.

We let T', A, ... range over finite sets of L7 formulas; we often write (for
instance) I', ¢ for the union of I" and {¢}. The Tait-calculus T% is an exten-
sion of the classical Tait-calculus [17]. It contains the following axioms and
rules of inference:

T7-1 Ontological axioms I. For all finite sets I" of £ formulas of T7,
all closed number terms s,t with identical value, all true literals ¢ of £, all
set variables X and all 8 < o,y < a:

| and Mte X,s¢ X

and I',t € D3, s ¢ Dj and [teD. ,s¢DZ .

<)

T2-2 Propositional rules. For all finite sets I' of £ formulas of T and
all L7, formulas ¢ and ¢ of T(:

Lo L' ¢ Ly T9
Lovey'  Tipvey Loonyg
T7-3 Quantifier rules. For all finite sets I' of £ formulas of T, all § < «,

all £ formulas ¢ and ¢ of T, all closed number terms s, all set variables
Y:

T, o(s) T, o(t) for all closed terms ¢
I, (3z)p(x)’ I, (V2)p(z) ’
L) Lo
T, (3X)d(X) T, (VX)y(X) ’
T,Y &D5AY(Y) T,Y & Dy — ¢(Y)
T, (3X & Dp)u(X)’ T, (VX € D3)i(X) (ve),

By (vc) we indicate that the rule has to respect the usual variable conditions.
That is, Y must not occur the conclusion.
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T7-4 Ontological axioms II. For all finite sets I' of £} formulas of T7,
all 5 < a, all closed terms s so that Seq,s is false, all closed terms ¢ such
that Seq,t, Seqy(t)o and 3 < (t); is true:

[,s ¢ D24 and [t ¢ D2

T2-5 Ontological rules III. For all finite sets I' of £}, formulas of T, all
B < a,v< g, all closed terms ¢ so that Seq,t and (t); =~ is true:

I', (t)o € D} I',(1)o ¢ D}
IteDL;’ I,t¢ DLy

T2-6 Closure axioms. For all finite sets I' of £ formulas of T, all closed
number terms e, r, all set variables U, V and all § < a:

[, (U,V ¢D5),(3X EDN(X =Ua V),
T, (U ¢ D), (3X € Dj)(Va)(x € X  aile,z,r, U, DZy)).

T2-7 Closure rules. For all finite sets I' of £} formulas of T}, all closed

«?

number terms e, r, all § < «, all set variables U,V and if n = 0:

T, (qe;é DY), (Vz)(3X € DY)nlle,x,r, X, U, D%
I, (U ¢ DY), (3X € DY) (Va)rlle, 7, (X)s, U, D]

)

and if n > 0:
T, (U,V ¢ Dp), (VX & D) (3Y € Dy)ndle,r, X, Y, V,D2]
I, (U,V ¢ D3),(3X € DB)[(X)o = U A (Yu)rdle, 7, (X)us (X )usr, V, D2yl

T7-8 Reflection axioms. For all finite sets I' of £} formulas of T2, all
0 < «, all set variables U and if n > 0:

[,U ¢ D% (3X €DR)(U € X Al (X)).

T7-9 Cut rules. For all finite sets I' of £ formulas of T and for all £,
formulas ¢ of TV:

In order to prove a partial cut elimination, we have to introduce a cut rank.
Choose an L! formula ¢ of TZ. We set rk(p) = 0 iff in ¢ there are no
unbounded second order quantifiers 34X, V.X. Otherwise we set

15



1. If ¢ is a formula ¥ A 6 or ¥ Vv 0, then rk(p) := max(rk(y), rk(9)) + 1.
2. If ¢ is a formula Jxep, Voo, IX ¢ or VX, then rk(p) :=rk(y) + 1.

3. If ¢ is a formula (3X € D)y or (VX € D2)y, then rk(yp) := rk(y) +2
(v <a).

The notion T }% I' is used to express that I' is provable in T? by a proof
of depth less than or equal to # and so that all its cut formulas have ranks
less than m. We write T} Iz—i ' if there exists a 7 < # and a k < m with
T }% I'. We write T} }z—i I' if there exists a v <  and a k with T} }% I

Finally we write T % I' if there exists a k with T7 }% I'. Since all main
formulas of the conclusions of T-4 — T7-8 have rank 0 we can prove partial
cut elimination for T?. The proof is standard and hence omitted. We set

wo(7) := v and wy41(7y) 1= WO,
Lemma 10 TZ';ST r = T, }WkT('Y) I

Next we introduce the systems EJ; they are first order reformulations of T7.
We formulate E! in the first order part of L. The formulas of E, are the
formulas of T, in which no set variables occur. We now give the definition
of the Tait-calculus EJ,.

El’-1 Ontological axioms I. For all finite sets I' of £ formulas of EZ,
all closed number terms s, ¢ with identical value, all true literals ¢ of £; and
all < a,v<a:

|7 and I',t € D}, s ¢ Dj and IteDZ ,s¢ DL .

<7

E}-2 Propositional rules. For all finite sets I' of £}, formulas of E]} and all
L formulas ¢ and 9 of El:

|7 L,y Lo L',y
LoV’ | RNTAVETN Lony

E-3 Quantifier rules. For all finite sets I' of £ formulas of E,, all 8 < a,
all closed number terms s and all £ formulas ¢ and 9 of E:

T, o(s) [, o(t) for all closed terms ¢
L, Bz)p(x)’ L, (Vo)p(x) '

16



E’-4 Ontological axioms II. For all finite sets I' of £, formulas of E7, all
0 < a, all closed terms s so that Seq,s is false, all closed terms t such that
Seq,t, Seqy(t)o and B < (t); is true:

[',s ¢ D2y and [t ¢ D2

E.-5 Ontological rules III. For all finite sets I' of £} formulas of E, all
B < a, vy < g, all closed terms ¢ so that Seq,t and (t); = 7 is true:

I, (t)o € DY L, (t)o ¢ DY
rteDl,’  T,tgDw,’

E!-6 Closure axioms. For all finite sets I' of £ formulas of E}, all closed
number terms e, r, s,t and all § < a:

[, (3k)(D3)r. = (D) @ (Df)s,
L, (3k)(Vz)(z € (D)), < e,z 7, (D3)e, DZ5)).

n

~, all closed

E.-7 Closure rules. For all finite sets I' of £} formulas of E
number terms e, r, s, t, all § < a and if n = 0:

T, (Vz)(3k)7}le, z, r, (DY), (DF):, DL 4]
L, (Hk‘)(Vl’)ﬂ'?[e, Z,T, ((D%)k>$’ (D%)h D0<5] 7

and if n > 0:

F? (Vk’)(al)ﬂ'?[e, Ty (Dg)k‘a (Dgh’ (Dg)m DZQ]
I, (3R)[((DF)r)o = (DF)s A (Vu)mi[e,r, (DF)k)us (DF)i)ur1, (DF)e, DL

E.-8 Reflection axioms. For all finite sets I' of L] formulas of E!, all
closed number terms ¢, all 3 < « and if n > 0:

[, (3R)((DF): € (DF)k Al (Dj)r)-

E’-9 Cut rules. For all finite sets I' of £} formulas of E! and for all £
formulas ¢ of E:

L L', —p
- .

In a next step we give a partial cut elimination for E]. The situation here
is more complicated than for T. We have in E}, for instance, that the
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formula (3%)p((Dj)x) corresponds to (3X € D})p(X). The problem is that
we want to characterize formulas (3k)¢(k) with subformulas of type (s, k) €
D5 (k ¢ F'V(s)) but not with, e.g., a subformula of type k € Djj. In order to
define such an appropriate class of formulas we introduce (nominal) symbols
%; (1 € IN) which are different from all symbols in £). We now define the
classes ess-X](Dj) and ess-IT;(Dp).

Definition 11 We fix an a € ¢35, a f < a and an n € IN. The classes
ess-1(Dj) and ess-111(Dj) are inductively defined as follows:

1. For all number terms s, t of L1, all v < (3, all primitive recursive relation
symbols K of £ and all #; the following expressions are in ess-X1(D})
and ess-11}(Dj): [-]K3, [-]t € DI, [H]t € D2, [t € (D}).,, [7]t €
DZ;. (We write t € (D})., for Dj((t,:)).)

2. If @, 1 are in ess-%}(Dj) (ess-11}(Dj), resp.), then ¢ Avp and ¢ V1) are
in ess-X1(D}) (resp. ess-TI1(Dj)).

3. If ¢ is in ess-X{(D}) (ess-11}(D}), resp.), then Jxg and Vay are in
ess-%1(Dj) (ess-I1}(Dj), resp.).

4. If p(+;) is in ess-X1(Dj) (ess-I17(Dj), resp.), then g+ \z] (Voelx\],
resp.) is in ess-X1(Dj) (ess-I1}(D}), resp.). Here we write @[x;\z] for
the expression ¢ where all occurrences of *; are substituted by x.

There is one point worth mentioning. If ¢ is in ess-X1(Dj) or in ess-TI}(Dj)
and of the form ¢ € DI}, then v is strict less than 3. And if ¢ is in ess—E%(Dg)
or in ess-II1(Dj) and of the form ¢ € (D2).,, then 7 is (syntactically) equal
to 3.

Further we define that the class ess-X1(Dj)¢ (ess-IT} (D), resp.) is the
subset of all expressions in ess-X}(Dj) (ess-II;(D%), resp.) which have no
free number variables. For a given ¢ in ess-X1(Dj)¢ or in ess-11j(Dj) and
for ¥ = 1, ..., % we write @[¥] if all *; occurring in ¢ are among %, ..., *y.
Often we write only ¢[f] for p[¥][¥\t]. Notice that ¢[f] is an £? formula of
EZ. Analogously we write I'[¥] if all ; occurring in a ¢ in I' are listed in ¥
and if T is a finite subset of ess-X1(D%)° U ess-I1} (D). And again we write
T[] for T[¥][¥\{].

We can now define the rank rk(p) of a £ formula ¢ of EI. We set
rk(p) = 0 iff there is a t and a [#] in ess-X1(Dj)¢ or ess-IT1(D)¢ with
# < a such that ¢ = ¢[t]. Otherwise we set
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L. If pis a formula t € D2, t ¢ DZ,, t € Dj or a formula ¢t ¢ Dj
(B +1=q), then rk(p) := 1.

2. If p is a formula ¢ A @ or ¢ Vv 0, then rk(p) := max(rk(¢y), rk(6)) + 1.
3. If ¢ is a formula 3z or Vi), then rk(p) = rk(y) + 1.

Concerning clause 1 of this rank definition of E, we give some explanations.
First, assume that « is a limit number. Then each ¢ € Dj with 3 < « has
rank 0, since ¢ € D is an element of ess—Z%(DgH)c and +1<a.te€DZ,
has rank 1 for each term ¢. Secondly, we assume that « is a successor ordinal.
We write o — 1 for the predecessor of a. Then each ¢ € Djj with § < a —1
has rank 0 and (r,s) € D?_, has rank 0 too. If ¢ is a term different of all
terms (r,s), then ¢ € D?_, has rank 1. Again the rank of t € D is 1 and
the rank of t € D25 is 0 for § < a.

The notion E? }% I' is defined as for T}, but now with the above cut ranks.
The rank of the main formulas in E}-4 — E!'-8 is 0. Hence one immediately
realizes that the axioms and rules of E} are tailored in such a way that one can
prove partial cut elimination in a straightforward manner. This observation
is stated in the following lemma.

Lemma 12 E} 'va ' = E lw’“T(V) I.

In a next step we embed T7, into E!'. In order to achieve this, we inductively
define for each £} formula ¢ of T, an L7, formula ¢* of E].. If in ¢ there is no
occurrence of VX € Djj and of 3X € Dj for all § < a, then we set ¢* := ¢.
Otherwise we set

1. If o is of the form 6V 1) (6 A ¢ respectively), then we set p* := 0* vV )*
(6% A * respectively).

2. If ¢ is of the form 3z (Vap, X, VX1 respectively), then we set
©* = Jz* (Vap*, IX¢*, VX" respectively).

3. If ¢ is of the form (3X € D})¢(X) ((VX € Dj)p(X), resp.), then we
set ¢ = (FKN(DF) (VR)9((D)e), resp.) for <

This translation leads to the following embedding. For ¢ = t;, . ..t We write
(D2, )¢for (D2, )ey,-- -5 (D2 ), T[(DZ,)# is a shorthand for I'[X][X\ (D%, ).
(The bound in Lemma 13 is not optimal, we have chosen it for technical
reasons.)
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Lemma 13 Assume that I' is a set of T formulas without occurrences of
unbounded set quantifiers AX,V.X. Then there exists an integer m such that
we have for all closed number terms t

WY

T Xl = E - IU((DL)d.

Proof. The proof is by induction on . If I' is an axiom of T)-1 or T}-4,
the claim is immediate. If I' is the conclusion of a propositional rule T[-
2, of an ontological rule III T2-5 or of a cut rule T2-9, the claim follows
immediately from the induction hypothesis. We now discuss the quantifier
rules TZ-3. By assumption we do not have to deal with the (3X)- and
(VX)-rule. The (3x)- and (Vz)-rule follows immediately from the induction
hypothesis. There remain the cases of the bounded second order quantifiers.
First we discuss the (3X € Djj)-rule. We assume that I'[X] is the conclusion
of the (3X € Dj)-rule (3 < a). Then there exists a 7o < 7 and a set variable
Z with

TP T[X], Z €Dy Ay(2). (6)

The induction hypothesis yields an integer m with
w0 * n n - n * n
EZ lT r [<D<a)f]7 (D<a>7“ S Dﬁ A w ((D<04)T)

for all closed number terms r, ¢ such that X; = Z implies ¢; = . An appli-
cation of the (3z)-rule leads to

E7 2 (D)3, (3R)((D%)e € DI A 67 (D)),
We prove now
E7 F2 —(3h)(D )k € DA GH((D2)0), GR)U (DR)) ()

for an integer k. Then a cut implies the claim. Notice that there are integers
l1, 15 such that we have for all closed terms ¢, r

n ! n n * n * n
Eo b, (DZo)e # (D5)r, =" ((DZ0)0), " (D))
Hence there are integers [3, 4 such that

EX 2 (D2 )i € D — —00*((D%)e), (3k)¢" (D))

3
4
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holds for all closed terms t. Now the (Vz)-rule implies (7). Next we discuss
the (VX € Dj)-rule. Hence we assume that I'[X] is the conclusion of the
(VX € Dj)-rule (8 < a). Then there exists a 7o < v and a set variable ¥’

—

which does not occur in I'[X] with

T2 122 T[X], Y € D — (Y).

all

The induction hypothesis yields an integer m such that we have

wuﬂo * n n . n * n
Eo F— T7I(DZ,)d, (DZ,)r € D — 47 ((DZ,)r) (8)
for all closed terms ¢, . Since we can prove for § < a

EZ b ~(WA) (D) € D — ¥ ((D™,)i)), (V)™ (D)),

for suitable integers [y, ls, a cut together with the (Vz)-rule implies the claim.
There remain the closure and reflection properties. We first prove closure
under disjoint union. We have to prove for all 3 < « the existence of integers
[,y such that

n l n ) n n ) n n n n

Eat,- (DZa)e € Dj, (DZ,)s € D, (3k)((Dj)r = (DZ,)e @ (DZ,)s)

for all closed terms s,t. Let us fix a f < a. Since we have closure under
disjoint union in E? too, we have

n 0 n n n
Ex s (3K)((D3)k = (D5)ry © (Df)ry)
for all closed terms r; and 5 and hence there are integers I3, [4 such that

n L n n n n n n n
Eatr (DZa)e # (Dp)ry, (DZ0)s # (DB)ry, (3K (DR = (DZ,)e © (DZy)s)
for all closed terms ry,7. The (Vz)-rule implies the claim. Similarly we
can prove the remaining axioms and rules of T}-6, T.-7 and T}-8 using the
corresponding properties in E]). This is straightforward, hence omitted. O

The following lemma will be used in the asymmetric interpretation. It states
that in EY_, the projections (D2); are first order analogues of the second
order variables X. Usual second order systems have a substitution property:

If they prove I'[X], then they prove I'[Y] too. We prove in Lemma 14 the cor-
responding property for the system EY_;: If we can prove F[ﬂ (as mentioned
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we write T'[f] for T[¥][¥\t]) we can also prove T[5] (for t; = t; = s; = s;).
Of course we can not prove this for arbitrary sets I' of formulas; but only
for formulas which have a second order analogue. That is, we prove this
substitution property for formulas in ess-X}(DY)¢ U ess-I1}(DY)¢. In fact,
it would be possible to prove the substitution property for a larger class of
such second order analogue but we do not want to introduce further classes
of formulas. We also refer to Lemma 13. There it is proved that free set
variables (in T, ) are represented by projections (in EZ, ).

Note that this substitution property reflects a typical quality of countable
coded w-models. Assume that M is such a countable coded w-model, e.g. of
ACA. Then the projections (M) are the sets in M. The number variable k
is the index of the set (M), in M. We know absolutely nothing about this
index. If there is given an index k& we have no more information than the
fact “k is an index”. Perhaps, this can serve as motivation for the following
lemma. We write only s =t for “s =t is true” (s, ¢ closed number terms).

Lemma 14 Assume that T[%] is a finite subset of ess-%}(DY)°Uess-I17 (D?)°.
We assume that

£ o Tl
Then we have for all n-tuples § of closed terms s; (1 < i < n) such that for
alli,j (1 <i,j <n)t;,=t; implies s; = s; that

), £ I

Proof. The proof is by induction on 7. The case of the closure axioms E, ;-6
and rules E -7 follows immediately from the induction hypothesis. If I" is
the conclusion of a propositional rule E}, -2, of an ontological rule III E}, ;-5
or of a cut rule E},  ;-9, the claim is immediate from the induction hypothesis.
The case of the ontological axioms II E}, ;-4 is also trivial. There remain the
cases of the ontological axioms I E}, ;-1 and of the quantifier rules EJ, ;-3.
Let us discuss the ontological axioms I. Here we have only to discuss the case
of the following axioms, since the other cases are trivial. Assume

A[ﬂ7r1 € (Dg)tn+17r2 ¢ (D(Ox)tn-m

such that ¢ = (t1,...,t,) and t, 11 = t,40, 71 = 79. Choose an n-tuple § and
Sp+1, Snte such that t; = t; implies s; = s; (1 < 4,5 < n+2). We have to
prove

A[§]>T1 € (Dg)snﬂvr? ¢ (D3)5n+2
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But this is again an axiom, since s, 11 = s,12. We now discuss the quantifier
rules. T is a subset of ess-21(D?)¢ U ess-I11 (D2)¢. First, we assume that T is
the conclusion of the (3z)-rule. Then the main formula of the conclusion is
of type Jke(k). If there occur no (D%), in ¢ the claim follows immediately
from the induction hypothesis. If there occur a (D?)z in ¢, then k occurs in
¢ only in (DY),. Hence there are a 7y < v and a closed number term r such
that

£, P T, ol o]
We fix 5 such that ¢; = t; implies s; = s;. Then the induction hypothesis
yields

Eg—f—l WTO F[g]a (,0[5: T,]‘

We have written 7’ instead of r, since it is possible that the application of
the induction hypothesis changes r too. Now the (3x)-rule implies the claim.
Finally we discuss the (Vz)-rule. Here the main formula of the conclusion
is of type Vkp(k). Again we discuss only the case where (D2); occurs in .
Then there are 7, < v such that

Eg+1 WTT F[ﬂ, ‘P[Fa 7’]

for all closed number terms r. We fix an § such that ¢; = ¢; implies s; = s;
(1 <1i,5 <n). Choose an r such that r # ¢; for all i (1 <i <n). Then an
application of the induction hypothesis leads to

B P T8, 0[5, 7).

for all closed terms 7. Then the (Vx)-rule gives the claim. O

5 Finite reduction

In this and the next section the proof-theoretic analysis of E! is given.

5.1 Reduction of EY_, to EY

In some sense our reductions are adaptions of the reductions presented in
2]. Thus we introduce further semi-formal systems H,E? in which we have
in addition iterated arithmetical comprehension up to v € ®;. We will prove
an asymmetric interpretation of E2,, into H,EY. The next step will be the
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elimination of “H,” in H,E2. To achieve this we introduce a system RA,
of ramified analysis. The first order part of RA, essentially corresponds to
E2. We can embed H,E? into RA,. There is also a partial (second) cut
elimination in RA,. Finally, we will embed the first order fragment of RA,
into EY. This will yield the desired reduction of E2 to ED.

The class of arithmetic L2 formulas of E2 contains all £2 formulas ¢
such that no quantifier 3X € DY, VX € DI, 3X, VX occurs in ¢ (y < ).

Definition of the Tait-calculus H,E?. H,E? is formulated in £2. The
formulas of H,EY are those of T which do not contain bounded second or-
der quantifiers. In particular we allow unbounded second order quantifiers.
H,E? includes all axioms and rules of EY extended to formulas of H,EY. In
addition there are quantifier rules for unbounded second order quantification,
as well as the following scheme.

Iterated arithmetical comprehension. For all finite sets T' of £2 for-
mulas of H,EY  all arithmetic £° formulas ¢[z,y,Z,Y] of EY and all set
variables Y:

[, (3X)(Vx) (Ve < v)(z € (X)e < ¢z, ¢, (X) <6 Y]).

In H,EY we need a rank definition for the definition of the notion of deduction
}% which is defined as before. For simplicity we set rk(y) := 0 iff there are
either no unbounded second order universal quantifiers VX or no unbounded
second order existence quantifiers 3.X in .

We can now define in H,E? the hyperarithmetical hierarchy (H?),~, and
predicates (12),<,. We fix a I1 complete predicate j and define

LH ={z:2€S8}
Hopy = {2 :j(H7, o)}
HY = {(z,a) :a < {Ax € H}
2. H? = {Y :Y is recursive in a Hywith b < a},
= {(z, (e, b)) : b2 a A (V) (32)({e}™ (y) = 2) A {e} (2) = 0.
3.19 = {{e,b) : (e,b) is an index of an element of HZ},
= {(e,b) : b X a A (Vy)(32) ({0 (y) = 2)}.
In the following we will prove an asymmetric interpretation of EY,, into
H,E?. Tt corresponds essentially to the asymmetric interpretation of %1-AC

into (TI}-CA).., in [2]. The only difference is that our situation is more
complicated. We first give a translation.
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Definition 15 For each expression ¢ in ess-%}(DY) or in ess-I1}(DY) we
inductively define 7" as follows:

1. If there is no occurrence of D in ¢, then 7" = ¢.

2. (t € (DY),)P =t € (Ho=").. and (t ¢ (D°)..)P =t ¢ (Ho<),..

3. If ¢ is of the form 6 A+ (0 V 9, resp.), then 7" := 987V A 3pB7v
(657 4hPY resp.).

4. If ¢ is of the form Jk (k) (Vky(k), resp.) such that there is no (D2);
in 1, then ©?7" 1= kP (k) (VkyP7v(k), resp.).

5. If ¢ is of the form Fk((D?)) ((Vk@b((DO) ), resp.) such that there
a (D), in ¢, then @P1¥ = (Tk € I95)pPrr((H5<"),) ((Vk €
Ig“)wﬂ”’”((HE@)k), resp.).

In clause 2 we have given a translation of ¢ € (D?),.. In the following we set
(t € (D5)s) ™™ = (t € (D), )™ [i\s].

We extend this translation to all expressions ¢[*] in ess-(21D%)Uess-IT3 (DY )*
by setting p[t]?7" := (@[¥]%7*)[¥\t]. Notice that for s a closed number term
the formulas ¢ € (DY), and ¢ ¢ (DY), are interpreted symmetrically, whereas
the quantifiers Ik ((DY)y), Yk ((D?)y) are interpreted asymmetrically.

We will give an asymmetric interpretation. It is typical for such situations
that there is a persistency property. Notice that we have defined (H2)u<, 41
and (I )a<w+1 in such a way that we can prove in HVHE with finite deduction
length

kg lo= ke lDe
and o0 o0 o0
kg % (0%, = (0,
for all ordinals v < 4. Hence there is a persistency lemma. We omit the
proof, since it is proved by straightforward induction on the deduction length

J.

Lemma 16 For all finite sets T[¥] U {p[¥]} of expressions in ess-X1(D%)c U
ess-I11 (DY) and for all ordinals v, p,p',v,7,0 withv > p > p, v <~ <v
there are mtegers k,m such that we have for all closed number terms t

H,1EC - ﬂwﬂpwu —  H,E0 5+m T [ﬂplﬁl,u.
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The asymmetric interpretation is established in the following theorem.

Theorem 17 For all finite subsets T[¥] of ess-X1(D%)¢ U ess-IT11(D2)¢ and
for all ordinals 3,~v,v € ®y with § + w? < v there is an integer k such that
we have for all closed number terms t

Wuw‘»l_i_wﬁﬁ»m’Y

ng DY w v
E0. ) i Tlf] = H,EQ F——— ¢ = T[],

Proof. For technical reasons we first introduce a formal theory M. We tailor
M in such a way that the semi-formal system H,.{E, is a (first order) Tait-
style version of M. M is formulated in £2 and based on the usual axioms and
rules for the two-sorted predicate calculus. We have defining axioms for all
primitive recursive functions and relations and

(1) ontological properties for v < f < «

(Vz)(z =7 — (DLs). = DY),
(2) closure conditions for all D} (B < a)

(21)  Y,Z&DY— (3X EDY(X =Y @ 2),
(2.2) Z €Dy — (3X € DY) (Vo) (z € X « nile, x, 2, Z,D2y)),

(2.3) Z & DY A (Vm)('EIX € DY)ndle, x, 2, X, Z, DY ]
— (3X € D%)W?[B,ZL‘,Z, (X)), Z, Dgﬁ],

(3) idterated arithmetical comprehension up to v+ 1 for all formulas arith-
metic in DY,

(4) set-induction up to v+ 1
(VX)TI(X, v +1).

The whole point of introducing this extra theory M is that we can carry
out more easily certain proofs in M and then interpret them into the more
complicated framework H, 1EY. Let us formulate this embedding of M into
H,1E2. For all formulas ¢ of H, 1EY there are integers k,n such that

0 wtl4n
My = HuuE F5—v 9)
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holds. Furthermore we can prove a tautology lemma for H, 1E. For each
formula ¢[5] of H,,E? there exists an integer k such that we have for all
closed number terms ¢

Hy 1 B0 by olf], —olf]. (10)
We now start to prove the claim by induction on v. We have to discuss
E2,;-1 - EC ,-9. If ' is an axiom of EY -1, the claim follows immediately,
since we can prove in H, 1EY —p, ¢ with finite deduction length (cf. (10)).
Since A and V commute with ()%, we immediately get the claim in the
case of E2,,-2. Notice that there is no D%, in I, hence the cases EQ -4
and E2_ ;-5 are immediate. If the last rule is a cut rule EY ;-9 we can argue
as in similar asymmetric interpretations, cf. e.g. [2], Theorem 2.5. And since
E2., does not contaln E?.,-8 there remain EY_ -3, E0_ -6, E0,,-7. Let us
write in this proof ¢*¢ for o>,

E2,.-3. We have only to deal with the (Vz)-rule and the (3z)-rule. We
first discuss the (3z)-rule. Hence, assume that I'[f] is the conclusion of the
(Jz)-rule. There is a vy < ’y and a closed term ¢, 1 such that

a+1 W_O Fﬂ o( n+1)[ﬂ

If no (DY);,,, occurs in ¢, the claim follows easily from the induction hy-

pothesis. Therefore, we assume that (D?), ., occurs in ¢. Thus we have

Eos1 F1- DI 0((D0)ens ) [E: ta].

We prefer here — and sometimes also later on — to write ¢((D%);, . )[f, tns1]

instead of @[, t,41], since later on we have also to control the ordinal ¢ in
0

HED <«. Using Lemma 14 and the induction hypothesis, we obtain an integer

k such that for all closed terms § = (s1,...,5,) and s,41 such that ¢; = t;

implies s; = s; (1 <4,5 <n+1)

v+1 +w6+w70

— DO DO o —
Hy 1B o & snn & 1y TSP o((H =), ) )[B, snia )77

holds. We can prove with finite deduction length for all s,,41 (Sp41 ¢ Igg‘*,

Snt1 € g +m) Then we use the A-rule, the (3k)-rule and persistency. Hence,
there is an integer j such that

v+1 B~+w70 -
0 w +w +7 -
Ho B, F—F—— Sisnp1 &

(3k € 1752 o (M, i) 3175
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holds for all §,s,.; which satisfy the condition above. If there is a ¢; (1 <
i <n) with t; = t,,,; we can set §:= t. Sny1 := t; and we are done. If there
is no t; with t,.; = t; we distinguish two cases: If n > 1, we set § := t and
Spi1:=11. If n =0 we use the (Vz)-rule and obtain

WPt B+ D%, Uﬂ
ol 5 g ¢ 50, T
Bk el ifﬂ)@ﬁmm((Hmm) )-
We can show with finite deduction length —(Vk)(k ¢ Igg“). Hence, a cut
implies the claim.

Now, we discuss the (Vz)-rule. We assume that I'[f] is the conclusion of
the (Vz)-rule. Hence there is for each closed term r a 7, < 7 such that

Eg+1 = ﬂ o(r 1

If no (D2), occurs in ¢, the claim follows easily from the induction hypothesis.
Therefore, we assume that (DY), occurs in . Thus we have

Eg+1 . ﬂ%p DO )[ 7]

for all closed terms r. We apply the induction hypothesis and obtain with
the aid of persistency integers j, k such that

Hu+1Eg }% ¢ I <a [ﬂﬁ,ﬁﬂﬂ, 90((H53a)r)[{; T]ﬁ,ﬁﬂﬂ.

holds for all closed terms r. The V-rule and (Vx)-rule imply

WVl B+ WY 2. %, WY
H,,+1E0 }; t ¢ | <a [ﬂﬁ#“r ,(Vk e |g< )90<<H5< )k)[ﬂﬂ,ﬁJr )

Since we can prove with finite deduction length

DO

D%a D%a <o
t ¢ Iﬁ ,(Hu )t — (Hﬁ )t,
we can prove with finite deduction length
DO

(v € 155 p((HD ) [P+ (Fk € 155 )o((HE == ) [P+

and a cut implies the claim.
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E2,,-6. We discuss the second axioms, the first are proved with similar

arguments. We have to prove

v+1 +wﬂ+w’7

Hu+1Eg }WT t¢ ID%Q)
(Fk € Iﬂizv)wm)(f’c € (Hﬂ+m)
o mllex,r, (M=), D%,)).

for an integer n. Recall that we have in M iterated arithmetical compre-
hension up to v + 1 and set induction up to v + 1. Using this iterated
arithmetical comprehension we can build in M the hyperarithmetical hierar-

0 0 0
chy (H5<a)a-<1/+1 and the sets (IE“)(H,,H. We now fix an index ¢ in Ig@‘ and

integers e and r. Since (H,?ga)t = (Hgo“‘)t holds, the set
{o: wlle,a,r, (M=), DT}
is recursive in (Hﬁ +1)e. It follows that there is an index d € | ﬁjf{‘ such that
(Vo) (@ € (H357)a < mile.xm, (H°);, DL,))
holds. Hence we can prove in M
105V (Fk € 15, (Va) (@ € (HO )k o e, o, (Ho =), DY), (11)
Using the embedding given in (9), we obtain the claim.
E2,1-7. We know
Eoi i L], Gk)(Va)mile, 2,7, ((DQ)i)a, (DY), D]

and have to prove

u+1+w,8+u7

A N
Do
3k € Gz ) (vaymle. v, r, (RG22 )0)s, (MU ), DY

H,41E°

for an integer n. We know that there exists a vy < vy with
Eg—i—l |7T0 F[ﬂ» (Vﬂ?)(ﬂkﬁ)ﬂ?[e, x,rT, (Dg)k, (Dg>r7 Dga]'
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Applying the induction hypothesis yields an integer n such that

wu+1 +wﬁ+w70

(F,r ¢ 15%), TP+

DY D, D,
(V) (Fk € Lg30)mile, o, (Hgione )i (M =*)r, DL, ).

HI/+1E21

Arguing as in E? -6, it is sufficient to prove in M

(t,r € Ig%"
w DOoc Doa Doa
- (F[ﬂﬁﬁ+ Y (Vo)(3k € Iﬁj-mo)ﬂ(l)[ev z,T, (ng_mo)k, (Hv=%)s, Dga]))
N 0
— (t,r € Ig@

= (D77 v (3k € 1555,) (Va)mb e, o,y (H5y i) (H2 ), DL,)).
Again we build in M the hyperarithmetical hierarchy (H(IlD O<°“)a<l,+1. And
again we use the fundamental properties of this set hierarchy in order to
prove in M the formula above. Since the proof is standard — the relevant
arguments can be extracted from e.g. Case 1 of the proof of Theorem 2.5 in
2] -, we omit it. O

In a next step we reduce H,,1E® to E®. This reduction together with the
asymmetric interpretation of Theorem 17 will lead to an interpretation of
E2,, into E2. As mentioned we introduce a semi-formal system RA,. RA,
is essentially an extension of RA* of Schiitte (cf. [16]) by E2. The language
Lra, of RA, is similar to £2. We have set variables X? Y# Z8 ... for all
[ € @y, and we have all predicates of £2. The number terms of Lra, are
those of L£5. The set terms R,S,T,... of Lra, are defined simultaneously
with the formulas of Lra,.

1. Each X7 is a set term.
2. If p is a Lra, formula, then {z : ¢} is a set term.

3. [F|Kt, [-]t € DY, [H)t € DY are Lpa, formulas for K a primitive
recursive relation symbol and § < a, v < a.

4. [=|t € T are Lra, formulas for number terms ¢ and set terms 7.

5. Lgra, formulas are closed under A, V, 3z, Vo, IX? VX? for 3 > 0.
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The level of a set term and the level of a formula ¢ is defined by

lev(T) = max({0} U{a: X occurs in T7}),
lev(p) = max({0} U {a: X occursin ¢}).

Definition 18 The rank rk(p) of an Ly, formula ¢ and of RA, is induc-
tively defined as follows: If in ¢ there is no occurrence of an X” or a {x : 1},
then rk(p) := 0. Otherwise:

1. If pis a formula t € X? or t ¢ XP then rk(p) := max{1l,w - 3}.

2. f pisaformulat e {z:9y}orté{x: P}, then rk(p) :=rk(¢y) + 1.
3. If ¢ is a formula ¢ V 6 or ) A 6, then 7k(p) := max(rk(y), rk(0)) + 1.
4. Tf ¢ is a formula (Fxep) or (Va), then rk(p) := rk(y) + 1.

5. If p is a formula (3X?)(X?) or (VXP)(X7), then
rk(p) = max(w - lev(p), rk((X)) + 1).

Notice that rk(¢) = rk(—y). We make the following observations.
1. If lev(p) = 7, then wy < rk(p) < w(y+1).
2. If lev(T) < 7, then 7k(p(T)) < rk(IXp(X7)).

RA, is defined as a Tait-calculus (o € ®(). The axioms and rules are given
below. Notice that these rank properties will lead to a partial cut elimination
lemma.

1. Logical axioms. For all finite sets I' of Lr4, formulas, all set vari-
ables X?, all true £; literals ¢, all closed number terms s,¢ with identical
value and all ordinals v, 0 with v < a,d < a:

| and IteXf s¢ XP

and  T,teDJ,s¢ D) and  T,teD%,s¢ D%.

2. Propositional rules. For all finite sets I' of L4, formulas and all Lr4,
formulas ¢ and 1):

|7 L,y Iy Ty
| NNCAVEVE LoV’ Lony
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3. Set term rules. For all finite sets [" of L4, formulas, all L4, formulas
@ and all closed number terms ¢:

L, p(t) ', —p(t)
Dite{r:p(@)}  Ttg{r:p)}

4. Quantifier rules. For all finite sets I' of L4, formulas, all set terms 7',
all closed number terms s and all Ly, formulas ¢(s),¥(T):

I, o(s) [, p(t) for all closed terms ¢
[, (Fr)p(z)’ [, (Va)p(z) ’
L (T) [, (T)  for all set terms 7" with lev(T) <

lev(T) < 3,

[, (3X7)p(X7) [, (VXP)p(X7)

5. EY axioms and rules. For all finite sets ' of Lra, formulas, for all

axioms A; and all rules ﬁ—i of the ontological axioms II and rules III and
closure axioms A; and rules ﬁ—; of EY:
I, A
A d =,
s 431 an F,Ag

6. Cut rules. For all finite sets I' of closed Lr4, formulas and for all Lra,

formulas ¢:
Lo T,-p
T :
In the following theorem we collect the main results about RA,. For the
formulation we need the notion of a y-instance.

Definition 19 Take an £° formula ¢ of H,E? (notice that there are no
bounded second order quantifiers in ¢). The L4, formula ¢ is a y-instance
of ¢ if ©7 is obtained from ¢ by

— free set variables are replaced by set terms of Lra, with lev < 7.

— bound set variables get the superscript ~.

Theorem 20 The following holds.

a) For all finite sets ' of Lra, formulas we have

RAwirzos I = RAHLT.
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b) For all finite sets T of LY formulas of H,E?, we have for all w"*!-
instances T« of I'

wu+3+w’y vl

HyEg l% F — RAa }:J)WHW Fw .

c) For all finite sets T of Lra, formulas without set terms X?, {x : ¢(z)}
we have
RALLET — EOLT.

1

Proof. The proof of the partial (second) cut elimination a) is standard and
hence omitted (cf. for instance [11] Theorem 18.4). The proof of b) is by
induction on ~y. All cases beside the iterated arithmetical comprehension can
be shown by standard arguments and some calculations of bounds. The rel-
evant arguments for the embedding of iterated arithmetical comprehension
in RA, can be extracted from [4], Proposition 9. Finally, an easy induction
on 7y shows c). O

In Corollary 21 we write £(vy) for the next epsilon number above .

Corollary 21 For all finite sets T' C (ess-%1(DY))¢ U (ess-11}(D2))¢ without
an occurrence of DY we have

B, T = E~00r

Proof. We assume that E? }% I'. By Theorem 17 there exist ordinals v, &
less than () with

HEQ T
We conclude from Theorem 20a) and 20b)

RA, 2502 1,

And from Theorem 20c) and Lemma 12

Eg <s081(7)0 T
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5.2 The semi-formal systems Eg

In Theorem 17 we have interpreted EY,, into “Iterated arithmetical com-
prehension over E2”. In the following we give an asymmetric interpretation
of El1] into “E? over E'*!”. We will introduce in this subsection e.g. a
semi-formal system Efj;g“, which corresponds to “E" over E*T17.

We write | = n,n+1,...,n+ k where n,n 4+ 1,...,n + k are natural
numbers and @ = @, Qpi1, ..., Qpip Where g, i, ..., i € 9. The
language Eg is an extension of £, by the predicates Dii, Di<%, for each ¢ with
n Sj < n + k and all ordinals 3;,v; with 8; < a;, 7 < ;. The formulas
of L% are built in analogy to EJ': All £ literals and [-]t € D}, [-]t € DL,
are formulas of Ef; forn <1 < n+k, 6 < a;, v < «;. Moreover, the
formulas of [,lc; are closed under A, Vv, dz, Vx. We take as Eg formulas of El;

the £ formulas without free number variables. The semi-formal system E,

corresponds to "E” over EPT! over ...over EZTF 7. Hence its Tait-calculus
n n+1 Antk

contains the following axioms and rules of inference.

1. Ontological axioms I. For all finite sets I' of Eg formulas of Eg, all
closed number terms s, ¢ with identical value, all true literals ¢ of £; and all
Bi < iy vi <, 1 <<

| and F,tEDZ,s%D%@_ and I',te Di<%,s§é Di<%_.
2. Propositional and quantifier rules. Rules for A, Vv, 3z, Vx (w-rule).

3. Ontological axioms II and rules III. For all finite sets I' of Ef;
formulas of EL and for all ontological axioms II A; and ontological rules III

82 of the systems E7 ..., EZTF:
I, A,
I, A and =,
Y 1? F7 A_3
4. B} ,..., Egjfk axioms and rules. For all finite sets [' of 52 formulas of
Eé, for all closure and reflection axioms A; and for all closure rules ﬁ—i of the
systems E. ... E}F
I, Ay
Ay, and =,
1 I\ As
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5. Inclusion axioms. For all finite sets I' of Cg formulas of Eg, all ¢ with
n <1< j<n+kand all ordinals §; < a;:

I, (3k)((Dj,)x = DL,,).
6. Cut rules. The usual cut rules.

For Ef; we introduce classes corresponding to ess-¥j(Dj) and ess-TIj(Dj)
with respect to § < a,,.

Definition 22 We fix | = nn+1,....n+k a = Qpy Ot - - - O,
B = B,0ni1,..., sk, B < a,. The classes ess—E%(Dlﬁ) and ess- HI(DZ)
are inductively defined as follows:

1. For all number terms ¢, 5, all primitive recursive relation symbols K,
all *;, all ordinals v; < a; (n < j < n+ k) and all ordinals 6 < 3 the

following expressions are in ess—El(Dl:) and ess—H}(Dg): [H]KS, [t €
D%j [t € D]<v , [t e D§, -]t € DZs, [-]t € (Dg)*i, (-]t € D7<Lﬁ

2. If p, 1 are in ess-2(
in ess—Z%(Dlﬁ) (ess-

g.) (ess—H%(Dg), resp.), then ¢ A and ¢ V1) are
I (

DL

5), resp.).

3. If ¢ is in ess-X}(D
ess—Z%(Dg) (ess-I14

) (ess—H%(Dg), resp.), then Jzp and Vze are in

T

—~

U
D5)7 resp.).

4. Tf p(x;) is in ess-21(DL) (ess—H%(Dg), resp.), then Jzp[x;\x] (Vo[ \z],

%) (ess—H%(Dg), resp.). Here we write o[*;\xz] for

Nlﬁl it}

resp.) is in ess-27(D
the expression ¢ Where all occurrences of *; are substituted by x.
As in section 4 we define: ess—E}(Dg)c (ess—Hi(Dg)C, resp.) is the subset of
all expressions in ess—Z%(Dg) (ess- Hl(Df ), resp.) which have no free num-

ber variables. The rank rk(p) of an Ll formula ¢ of E~ is now defined as
follows: k() = 0 iff there is a closed term ¢ and a 1[¥] in ess—E}(D%)c or

ess—H%(Dg)c with = 3, st . .. aner and @ < a,, and such that ¢ = Y[t].
In order to achieve a finite reduction, we extend the methods of the preceding
subsections, which led to Theorem 17, to EL
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Definition 23 Fix [ = n+1,n+2,....,n+kand & = ayi1, a0,y Qpike
For each expression ¢ in ess-X1(D%) or in ess-I1}(DL) we inductively define
@ as follows:

+1 AV
1. If there is no occurrence of Dy in ¢, then PPV = .

2. (te(Dyf}))" " ==t € (D)), and (t ¢ (Di!).,)""" =1t & (D}).,.

QAn+1 QOn+1

3. If ¢ is of the form 6 A (0 V 9, resp.), then 7" := 987V A pBrv
(@Y = 9P v PV resp.).

4. If ¢ is of the form Jatp (Vaih, resp.) such that there is no (D! ), in
@, then 7 1= JapPrv (PP = VrpP 1| resp.).
5. If ¢ is of the form (Fk) (D™ )) ((VE)y((D2F! )z), resp.) such that

Qn+1 An+41

there is a (DZ!)y in 4, then @7 = (k)1 ((D);) (@7 =

Qn+1

(V)27 ((DB)x), resp.).

We now formulate the asymmetric interpretation. It corresponds to the
asymmetric interpretation of E) | into H,EY. We write in this interpretation

(HE)(DE)E = (D}); for (3k)(D5)r = (Dj)y, - - (3K)(D)r = (D)s,.-

Theorem 24 We set | = n + 2,....,n+k and d = auyo,...,0 1 wWith
Qpioy -y Qnig € ©g. For all finite subsets I'[¥] of

ess-% (D"Hl 2)¢Uess- Hl(D"Hl 2)S,
Qn+1, a On41,0
for all ordinals ay,y1, 8,77, v € ®¢ with B+ wY < v there is a natural number
m such that we have for all closed number terms t

WY -
En e O = BN —@ER(Dp); = (D) T+
Proof. We only have to adapt the proof of Theorem 17. First, notice that we
can prove for all semi-formal systems EL properties corresponding to Lemma
14 (”substitution property”) and Lemma 16 (" persistency”). Since the proof
of these properties is straightforward, we omit it. We prove now the claim by
induction on . Apart from the inclusion axioms and the EZ"! Ente, ..,

Egjfk axioms and rules all axioms and rules are treated in a similar way as
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in Theorem 17. We first discuss the inclusion axioms. The only non trivial
cases are ~ ‘
En e i Tl (GR)((D5T])k = Dlyy)

ant1+1,a Qlnt1

where n + 1 < j <n+ k. We have to prove
nntl,l wite? = n n o n )
B P ~(3K)(D5); = (D)) DI, (3k) (D )k = DLa,).

. . .. . . . 1.0
(We write ¢ for ¢**¥.) Since this is an inclusion axiom of E""™"'_ " we
V,0n 1,00

: n+1 n+2 n+k :
are done. There remain the EL7" L, EZ™ o) Ean+k axioms and rules. We

assume that ngjl occurs in I'[f] — the other cases are immediate. Recall
that in the proof of Theorem 17 we have built the hyperarithmetical hier-

0
archy (H,l)D “*)b<v- Here we have a hierarchy (D})s<,. In this asymmetric
0
interpretation here, each Dj corresponds to HIE) <* (b = () and vice versa.

And since the properties of D} are analogous to the properties of ’H,? <a (in
fact stronger), the argumentation is very similar as in Theorem 17. Hence
the relevant arguments for the closure of D' under disjoint union and Tl
comprehension can be extracted from Theorem 17 and the relevant argu-
ments for the closure under X1-DC can be extracted from Theorem 3.1 in [2]
or from Theorem 13 in [§].

There remain the reflection axioms. It is sufficient to show that we can

. 41, ) ] ;
prove in EJ7 ", with finite deduction length

=(3k) (D) = (D7)e; (FK)((D): € (D1 )i Aln((Dyen)i))-

We assume n > 0, the case n = 0 is immediate. As in the proof of Theorem

n,n+1,1
V,&n+1,

a way that E’jg:ll 5 1s the Tait-style version of M. In particular M is based on

the usual axioms and rules of one-sorted predicate calculus, and M contains

En,n-l—l,f
V’an+lyd'

17 we introduce a theory M. M is formulated in £ 5 and tailored in such

all axioms and rules corresponding to the axioms and rules 1, 3-6 of

—

: . . 1 :
And again we argue in M and then embed into EZ;‘ZI 5- We have in M
Ead d k)

(VD (BR)((DB): € (DF) Aln1((Dp))).

Since we also know (sz%_DC)Dg, we conclude that I, (Dj) holds. Hence we
can prove in M

(FK)((DF)r = (DF):) — ((D}): € Dj Al(Df)).
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We know D} € D}, thus

=(3K)((D3)e = (D7)e) V (FK)((DY)e € (Dfyun )k An((Dfyn i) (12)

Notice that we do not have used induction in this argumentation. Hence we
can prove (12) in E™" "' with finite deduction length. This is the claim. O

V,0p 41,0
The following corollary is an immediate consequence.

Corollary 25 We set [ =n+ 2,...,n+k and @ = auyo,...,Qpig with
Qpioy -y Qnig € Pg. For all finite subsets I' of
n+1,f c nJrl,f c
688-2%(Dan+1@) Uess—H%(DanHﬂ) ,
without occurrences of Dgﬁl and for all ordinals a1 € ®¢ there is a natural
number m such that we have

EZ:LIH s [[tf] = thereis an ordinal v < () with

En,n-i-l,f e(v) r.

R
V,an41,08 ' m

6 Transfinite reduction

The transfinite reductions in our context are very similar to the reduction of
transfinitely many fixed points (cf. [7] Main Lemma II) or to the reduction
of transfinitely many n-inaccessibles (cf. [9] Theorem 10). Roughly spoken,
the hard part is the finite reduction, since usually for that we need asymmet-
ric interpretations and embeddings and “back-embeddings”. On the other
hand, when we inspect the proofs of the transfinite reductions we see that
nearly nothing happens: The initial step of the induction follows from the
finite reduction, and the induction step essentially follows from the induction
hypothesis. Again we distinguish two cases: EY and E.. We start with the
first case.

6.1 Transfinite reduction of E?

The following theorem corresponds to Main Lemma IT in [7]. Also the proof
is very similar.
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Theorem 26 Assume E%+w1+p I% I for a finite set

I'c U (ess-1(DY) U ess-I17 (DY)°).
§<BHwlte

Then we have for all ordinals & less than w'*?

I' C U (ess-X1(D§)  Uess-II}(DY)") = Ej, }@1% I
0<B+E

Proof. We follow the proof of Main Lemma II in [7]. We prove the claim by
main induction on p and side induction on ae. We distinguish the cases p = 0,
p is a successor or p is a limit ordinal. Here we discuss only the case p = 0,
since the relevant arguments for the other cases can easily be extracted from
the corresponding cases in the proof of Main Lemma II in [7]. That proof
and the proof here differ only in the underlying theories.

Let us assume that p = 0 and that I" is a finite set of L'% +, formulas
of EB +n for some natural number n so that Ej, == T. If T is an axiom
of Eﬁ +n, then the claim is trivial. Furthermore, if I' is the conclusion of a
rule different from the cut rule, the claim is immediate from the induction
hypothesis. Hence, the only critical case comes up if I' is the conclusion of a
cut-rule. Then there exist a natural number m > n, ordinals «g, @1 < a and
an Eﬂ +m formula ¢ such that all DJ, D%, in ¢ fulfill \,# < 3+ m and such
that

ﬁ—}—w }a_O F7 ¥ and

Eﬁ+w }_ F 2
By the induction hypothesis we can conclude that
E% . }M | ) and

10a
B—l—m }u r » P
and an application of the cut-rule yields Eﬁ m }% I' for
v := max(p10ag, 10a;) + 1.

Partial cut elimination (Lemma 12) gives Eﬂer }# . If m =n, we are
done. Otherwise, successive application of Corollary 21 (finite reduction) and
partial cut elimination gives

10

Egin T
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Notice that we have proved in Corollary 21 a reduction of EY_, to E2. In-
specting the arguments which led to Corollary 21, we see that we can adapt

~to E0 lﬁ The only difference is

the arguments obtaining a reduction of Ea T

that now we have E? ., over El (and not only EY_ ). We can adapt Lemma 12

and Lemma 14 and introduce semi-formal systems H,,Eg’l& too. There are no
problems to generalize the asymmetric interpretation (Theorem 17) to em-

bed H, E0 lq into a system of ramified analysis over E 5 and to back-embed

the first order part into EOZ We can use this reductlon of Eoil 5 to E0 lﬁ in

order to obtain Theorem 27 a generalized version of Theorem 24. Smce the
proof is straightforward, we omit it.

Theorem 27 Let | = 1,...,k be a vector of natural numbers and let & =

i, ...,  be a vector of elements of ®y. Assume E 0.l - T for a finite

B+wlte @ 1
set

I' C U (essE(D ) UessHl(DOZ))
d<Btwltr

Then we have for all ordinals & less than w'™?
rc (ess-z}(DQ;j;)c U ess-ni(Dgﬁ’g)C) = Egiga T
o< B+E
6.2 Transfinite reduction of Elo_z
We give in this subsection a kind of iteration of Theorem 27.

Theorem 28 Let | = n + 1,....n+k be a vector of natural numbers and

let @ = apy, .-, Quig be a vector of elements of ®y. Assume EﬂJr Lo g }% r
for a finite subset

rc |J (ess-SHDEL)) Uess-II (DR,
§<B+wltr
Then we have for all & less than w'*r

Pe U fessslO) Uess MO)) = Ejles H0 T
6<B+¢E
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Proof. The proof is by meta-induction on n. The case n = 0 is exactly
Theorem 27. It remains to prove the claim for n > 0. Therefore, we assume
n > 0. We prove the claim by main induction on p and side induction on a.
We distinguish the cases p = 0, p is a successor or p is a limit ordinal. Here
we discuss again only the case p = 0, since for the other two cases we refer
to the corresponding cases in the proof of Main Lemma II in [7].

n,l

B+l.a
for some natural number [ so that Eg’frw & I% I'. Again, the only critical case

comes up if [' is the conclusion of a cut-rule. Then there exist a natural

Let us assume p = 0 and that I' is a finite set of EZL 5 formulas of E

number m > [, ordinals «ag,a; < « and a ngm 5 formula ¢ such that all
7, D%, in @ fulfill A\,0 < B+ m and such that

7
gt T T and
J aj
EZW@ = I~
By the induction hypothesis we can conclude that

Egim 5 }7¢(n+11)0a0 Lo and

n+1)0ay

n,i’ (
E[,er’cY T : I’ —p.
An application of the cut rule yields Egim, & }g—w I' for
v := max(¢o(n + 1)0ag, p(n + 1)0aq) + 1.

Partial cut elimination gives gt & }%m I'. (We have not proved partial

B+m,
cut elimination for Ezgiy_l 5 But it is clear that we can do this as for E} 1,

since the mainformulas of the added axioms and rules have cut rank 0.) If
m = [, we are done. Otherwise an application of Corollary 25 yields

717 7f <E(’Y)
for a v less than (). Hence
—1,n,0 <e(y)
EZ,ﬁJr:z—l,a 1 L.
Now, we use the meta-induction hypothesis and conclude that
—1n,l <pne(y)0
Eg,ﬂJr:;fl,&‘ 1 L.
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Since E'E™ s just Eg’l ~ we have Eg’l }M I'. We do this

0,84+m—1,& +m—1,& +m—1,a
again and again until we have m — 1 = [. Therefore

n,f p(n+1)0c
Esia—1— I

6.3 Proof-theoretic upper bound of T and T?

In this subsection we collect the results of the preceding subsections. More-
over we will present these results in such a form that we can directly apply
them in the proof-theoretic analysis of our theories. We write PA* for a Tait-
style reformulation (with w-rule) of the Peano arithmetic PA. We can take
EJ as PA*. Recall that Ej is formulated in £; extended by D%,. D%, can
be interpreted as the empty set. The Tait-calculus of Ej is given by EJ-1,
E0-2, EJ-3, Ef-4, ES-9. For a formula ¢ of £; extended by DY, we can define
a (new) rank rk(p). We set rk(p) = 0 iff ¢ is an £y literal or ¢ € DY,
t ¢ DY, t a closed number term. Hence we can prove full (predicative) cut
elimination with respect to this rank definition (cf. e.g. [11])

ESf T —  EQp@ p
Theorem 29 Assume that o is an ordinal less than ®qy given in the form
a=wlton pplten-1 4 plter 4oy
for ordinals o, > a1 > ... > a1 and m < w. We set
(]0) := e(a) and (alm +1) := p(a|m)0
and  §:= play(ela,_1(...plag(alm)...)).
Then we have for all sentences ¢ of L1 and for all ordinals v < ()
T |<V—w ¢ = PA” |<T§ ©.
Proof. We assume TY };—w ¢. From Lemma 10, 12 and 13 we conclude that
EY I%(V) @. Applying m-times Corollary 21 leads to

<

E21+an+...+w1+01 (Oﬂm) 2
We now use n-times Theorem 26 and conclude E) }<T6 . We obtain the

claim by predicative cut elimination (in PA"). O
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Theorem 30 We set v, :=e(v) and vy 441 = pny,,0 for n > 0. Then we
have for all sentences of L1 and for n > 0

Thzo ¢ = PAP o

Proof. We assume T}, I:—w ¢. Lemma 10 and Lemma 13 lead to E}, }—<€1(V) ©
By induction on m we prove

iy = PAEm
which implies the claim. If m = 0, we embed Ej into PA* by interpreting all
D", as D%, and get the claim by predicative cut elimination. Now we assume
m > 0. We conclude from Corollary 25 that there is an ordinal « less than
e(4) with
n—1lmn | ¢
Ea,m }<—w -
An application of Theorem 28 gives
Eo ot - .
This is E},_, }& . Now, the induction hypothesis implies the claim. O

7 Proof-theoretic strengths

In this section we finish the proof-theoretic analysis of ¥.]-TDCy. The lower

bound is given in Corollary 9. It remains the determination of the upper
1_
bound. In order to achieve this, we use the equivalence of (H%—RFN)? 17P¢

and X1-TDCy (cf. [14]). We first reduce (H%—RFN)(?%_DC to U,enw In-RFNg by

a symmetric interpretation. Secondly, using an asymmetric interpretation,
we reduce |J, e In-RFNo to U, e The-

In the following we let ((Hé—RFN)OE%_DC)T denote a Tait-style reformula-
tion of (H%—RFN)?_DC. Note that in this Tait-calculus ((II3-RFN)*i"PC) is

formulated as the rule

—.

T, (3Y)el7, X, Y, 7]
T, (3M)(Z & M A (Axgip)™ A (YX)(EY)el7, X, Y, Z))M)

for all TI{ formulas ¢[7, XY, A |. The arithmetic comprehension is formulated
as

I,(3X)(Va)(z € X « ¢z, 2, 7))
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for each IT} formula [z, Z, Z] and set induction has now the form
I'-0eX,(3x)(xr e X AN=(x+1) € X), (Vo)(zr € X).

These mathematical axioms and rules are extended by rules for VvV, A, dz,
Va, 3X, VX, by cut rules and by axioms I',p and T',t € X, s ¢ X for each
true L, literal ¢ and all closed number terms ¢, s with ¢ = s. Of course these

Tait-style reformulation of (H%-RFN)? i-be

can embed (H%—RFN)? 1P into it. For all L, formulas ¢ there exists a natural
number n such that

is tailored in such a way that we

»1-DC ~ »1-DC\7 (n
(I-RFN), ™ ¢[7] = ((I-RFN) )T 1 o]
holds for all closed number terms ¢. Next we define the cut rank of a formula
. We set rk(p) = 0iff p is a 37 or a IT} formula. Then one readily notes that
the mainformulas of the mathematical axioms and rules of ((H%—RFN)? 1_DC)T
have cut rank 0. As a consequence we obtain the following partial cut elim-
ination

£1-DC n si-DCy\T 2"
(IREN) ) g T = ((IL-RFN) )T - T

and finally

(MARFN)ITPC o = ((TI-RFN)STPO)T (52

1_
for each £, sentence . Let us now formulate the reduction of (H%—RFN)? 17P¢
to [U,.en In-RFNg. For an analogous reduction in the context of set theory we

refer to [9].
Theorem 31 For all finite sets T C 1 of closed Ly formulas, all arithmetic
sentences @ and all n € IN we have

a) (M-RFN) )T T(Z] = ACAl —lui(D). Z ¢ D,T(Z),

1 ¥1-DC
b) (II3-RFN), Fo = U,en In-RFNg F ¢.

Proof. Assertion b) follows from assertion a), since in |,-RFNy we have sets
D with 1,,(D) and since we can embed (IT.-RFN)*1"PC into its Tait-calculus.
Thus, we have to show a). The proof is by induction on n. We discuss only
the case where I' is the conclusion of the ((II3-RFN)*1"P¢)-rule, since the
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other cases follow easily from the induction hypothesis and the definition of

1 E%-DC
l,+1(D). Hence, assume that ((II;-RFN),* 77)
n >0

T proves with deduction length

where ¢ is of the form (VX)(IY)(X,Y,Z) and all free set parameters of
) € T} are among X,Y, Z. We have to prove in ACA
_'ITL+1(D)7 ﬁa Z¢ Der[ﬁ]a (EIM € D)<Z € MA (AxE}—DC)M A QDM)

First, we notice that we have

(TI-RFN); 29T (2L T A), (vX) (3Y ) (X, Y, Z).

£1-DC
0

We can prove (VX )-inversion in ((II3-RFN) )¥. Hence

(T-RFN); 129 2L TP, 3Y)e(V, Y, Z),

V' a fresh variable. Now we apply the induction hypothesis and obtain
ACAo - —1u(D), (Z, P,V ¢ D).T”[P|,(3Y € D)(V.Y.Z).  (14)

From now on we argue within ACAy. Choose a set C' with I,,1(C) and
P, Z € C. We have to show

TC[P],(3M € C)(Z € M A (Azsipc)™ A ™). (15)

Since we have l,,41(C), there is an M in C with P, Z € M and l,(M). Using
(14), we obtain .
V¢ M,TY[B],3Y & M)b(V,Y, ).

That is TM[P], oM. Notice that we have transitivity in C, ie. G € M &€ C
implies G € C. This fact follows from I,,1(C), in particular it follows from
arithmetical comprehension in C. Since we know G = (M), for a k, there is
an I in C' with

(Vz)(x € F < (z,k) € M).

Hence G € C. Using this transitivity and the fact that I" is a disjunction of
31 formulas we have also I'“[P], . Furthermore, we have n > 0 and hence
(Azgipc)™. Thus

TC[P],(3M € C)(Z € M A (Azsipc)™ A ™).
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But this is exactly (15). O

In a next step we asymmetrically interpret I,-RFNg into |J, . T7. Again
we use a Tait-style reformulation (I,,-RFNg)T of I,,-RFNg. (1,-RFNg)T is the

Tait-calculus ((IIL-RFN)°)T without the ((IT-RFN)®PC)rule | but with

T,QAY)(X €Y ALY))

In (1,-RFNg)T we set 7k(p) = 0 iff ¢ is a X} or a II] formula. Hence we
can prove partial cut elimination and we can embed I,,-RFN into (1,,-RFNg)”
such that the deduction lengths are finite. Combining embedding and partial
cut elimination we conclude that for all £, formulas ¢[Z] there is a natural
number k£ such that

L-RFNo - ¢[7] = (1,-RFNo)” & o[f]

holds for all closed number terms ¢. Now, we introduce a translation. For each

L, formula ¢ we define a E’jﬂax(k’l) 4 formula @*. If there are no second order

quantifiers 3X, VX in ¢, we set p*! = . Otherwise we set (IX¢)* = (IX €
DMkl and (VX9) = (VX € D)™l This is inductively extended to the
whole class of £, formulas. We now formulate the asymmetric interpretation.

Theorem 32 For all i,j,1 with i + 27 < 1, for all finite sets T[&, X] of Ly
formulas there exists a natural number k such that
(I.-RFNo)" - I'[#, X] = T;F—— X ¢ D}, """ [t, X]

for all closed number terms t.

Proof. This theorem is proved by induction on j. Apart from (I,,-RFN) all
axioms and rules of inferences are treated as in similar asymmetric interpre-
tations, cf. e.g. [2]. Now suppose that T is a reflection axiom I', (3Y)(X €
Y AL, (Y)). It is sufficient to prove that we can prove in T}

X ¢ D}, (3Y ED}y)(X €Y ALy(Y)) (16)

with finite deduction length. We assume n > 0. (The case n = 0 is in fact
easier.) Using T}-8 we obtain

(YU € DM@V ED)(U €V AlL_1 (V).
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And using T}-6 and T}-7, we obtain (AXZ%_DC)D?. We conclude I,,(D}) — with
finite deduction length. Hence

X ¢ D7, X €D Al,(D}).

Since we can prove in T} that D} is a set in D7, ,;, we can show (16) with

finite deduction length. a

Finally we obtain the following theorem.
Theorem 33 We have for all arithmetic sentences ¢

a) I,-RFNo+F ¢ = There is an m with T!, }% ©

1 Z%—DC . . n | <€o
b) (II3-RFN), ¢ == Thereis ann and an m with T}, —- ¢

ml <w

Using the results of the preceding sections, we obtain the following theorem.

Theorem 34 |(II}-RFN)>°¢| = |S1.TDCy| = w00
Proof. From [14] we know that (H;-RFN)(?%_DC and X1-TDCy are equivalent.

In particular we have |X1-TDCy| = \(H%—RFN)OEi_DC\. The lower bound of

¥1-TDC, is stated in Corollary 9a). And from Theorem 33b) and Theorem
30 we can take the upper bound. O

In (H%—RFN)?_DC complete induction is restricted to sets. The methods
applied before also provide an upper bound for (l_Ié—RFN)E%'DC where we
have complete induction for arbitrary formula. The pattern of the argu-
ment is as follows. Let us write ((II:-RFN)ZI"PT for a Tait-calculus of
(II3-RFN)1"PC where we have the w-rule. We can embed (IIL-RFN)¥i-PC
into this Tait-calculus, thus getting rid of full complete induction in favor of
infinite derivation lengths. Hence

(EREN)™DC 1o = ((TTL-RFN)ZI)T 550

for each arithmetic sentence . Infinite derivations in ((II}-RFN)Z1PT are
modeled in infinite unions of theories |,-RFN. Following the proof of Theorem
31 we obtain

(IG-RFN)PC o = ] 1-RFNEZ ¢

a<ep
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for each arithmetic sentence ¢. From now on we can proceed as before, but
always with families (I, : o < ) instead of families (I, : n < w). Carrying-
through everything in detail finally gives 700 as proof-theoretical upper
bound for (II-RFN)*1"PC. Using the equivalence of ((II3-RFN)*1"PC) and
(X1-TDC) over ACA; and (5) we obtain

|(IT--RFN)™1"PC| = |BLTDC] = e000.

(IIL-RFN)TP) = [SLTDC| = w00,
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