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1 Introduction

The aim of this thesis is a proof-theoretic analysis of certain weak systems of
Explicit Mathematics. More information about Explicit Mathematics can be found
in the following section. This thesis is a follow-up to Kréhenbiihl’s [Kr&06], wherein
it was shown that

YTET+T-IN=PRA=XTET + T-Iy+J + VYN + X"S-C + Pow™
and
YTET+ FEIy=PA=YTET 4+ FE-Iy +J + VN + X1S-C + Pow ™.

where Y TET denotes the explicit type axioms, including basic operations and
numbers BON™, representations axioms Age, and generator axioms Ay +g for types,
T-Iy and FE-ly are type and full formula induction respectively, J is the principle
of disjoint union, VN states that all individuals are natural numbers, ¥1S-C is
positive existential stratified comprehension and Pow™ denotes the weak power
type principle. By a positive existential stratified formula, we mean a positive
formula wherein neither the naming relation JR nor the universal quantifier ¥ (for
individuals and types) does appear, but existential quantifiers 3 (for individuals
and types) are allowed.

In this thesis we add the principle of uniform monotone inductive definitions
UMID, which basically states that each monotone operation on types has a fixed
point which can be uniformly found from the operation itself. Using an idea of
[Tak89] we prove first the consistency of our theory (using the Myhill-Shepherdson
theorem) and we will afterwards compare its proof-theoretic strength with well-
known systems of Arithmetic. They are introduced in the second section of this
thesis.

First questions about the proof-theoretic strength of UMID and related princi-
ples can be found in [Fef82], where the principle was also introduced. The results in
the following years were mainly concerned about much stronger systems of Explicit
Mathematics than the one we will be using. It turned out that UMID is a rather
powerful principle amidst these strong systems of Explicit Mathematics. You can
find a precise account of this in the introduction to the section about proof theory.

Despite the knowledge that UMID proved to be very strong in other settings, we
initially conjectured that it loses all of its strength in our weak systems of Explicit
Mathematics, i.e.

PRAT =T + T-Iy

and
PA=T + F:ly

(where T'=XTET + £7S-C+ J + VN + VR + UMID) of which we were only able to
prove the latter, whereas we got the following upper and lower bounds for 7'+ T-Iy

PRAT < T + T-ly < PRAT + TI5-Ind.
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So the question about the exact proof-theoretic strength of T'4 T-ly remains open.
We still conjecture PRAT = T + T-ly, but would like to remind you to allow a
slight possibility of PRAT +119-Ind = T + T-ly, since UMID has proved to be prone
to surprises, as both Feferman in [Fef82] and Takahashi in [Tak89] admit.

1.1 A Word about Inductive Definitions

Inductive definitions are used in mathematics every day, you find them in this thesis
for e.g. terms or formulas (as well as in almost any other text about mathematical
logic), but also outside the foundations of mathematics, e.g. in abstract algebra to
define the ideal generated by a subset of a ring.

Usually inductive definitions begin something like “the set X is inductively de-
fined as follows” or “the set X is the least set closed under the following conditions”
followed by something like

1) All objects having property ¢ are in X

If x1,...,2,, then ¢(xq,..., z,) are in XE]

(1)
(2)
3) ...
(4)
(®) ...

4) More conditions in the style of 2

>

If you like more specific examples, we could e.g. define the set
X ={a, b, aaa, aba, bab, bbb, aaaaa, aabaa, abbba, ababa, babab, . . . }

inductively as follows
(1) a and b are in X.
(2) If x € X, then aza € X and bxb € X.

It can easily be seen, that we can assign a formula ¢(z,S) (in an appropriate
second-order language) to the inductive definition which looks something like

r=aVe=0V (Jy)(ye SA(r=ayaVz=>byb))

With some further thinking you may convince yourself that such a formula can be
found for all inductive definitions (or at least for all inductive definitions that de-
serve that name). Furthermore you can assign to such a formula ¢(z, S) an operator
I', (mapping sets to sets, but this depends on the actual framework you are working
in, so we will not go into details here) defined by I',(S) = {z ; ¢(x,S) holds }.
As it turns out, most (or even almost all) of the inductive definitions used in
everyday’s mathematics define a monotone operator I'y,, i.e. if S C 8" then I',(S) C

Lwhere 1) is some kind of transformation or mapping of the objects 1,...,Z,
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[',(5"). This actually depends on the fact that in such inductive definitions the
(relation) variable S only occurs positively in ¢. Hence such inductive definitions
are called monotone inductive definitions. Having the monotonicity of I', at hand,
we can use the classical set-theoretic results to show that I', has a least fixed point,
which is the set we wanted to define inductively.

Thus, talking about (monotone) inductive definitions is actually talking about
(monotone) operators and their fixed points, which is—as you will see in
the way this is done in the framework of Explicit Mathematics. For more infor-
mation about monotone inductive definitions see Moschovakis’ [Mos74a] and for
further information about their non-monotone cousins see [Mos74b].






2 Explicit Mathematics

In this section some systems of Explicit Mathematics will be presented. The ter-
minology and most notations are equal to Krahenbiihl’s [Kra06].

Systems of Explicit Mathematics were introduced by Feferman in [Fef75] as a
formal logical framework for Bishop style constructivism, as is explained in [Fef79].
We will follow the approach of Feferman and Jéger in [F'J93], [FJ96] and [Jag8§].
This means we are using a two-sorted version of Beeson’s logic of partial terms
(see [Bee8H]) as our underlying logic, in order to directly use the application dot -
instead of the application relation App. Furthermore a naming relation SR(z, X)
replaces the older x = X and we have generator axioms and comprehension terms
instead of a comprehension axiom scheme.

In Explicit Mathematics we have two sorts of objects, namely individuals and
types. Types can be considered as some kind of set, i.e. a collection of individuals.
Each type has a name, a concept which will become perfectly clear once we have
built a recursion-theoretic model of our theory. There the types will be recursively
enumerable sets and the names will be the indices of the sets. Explicit Mathematics
does also contain combinatorial logic (and hence also lambda calculus) as well as
means for talking about natural numbers.

Different systems of Explicit Mathematics are mainly determined by what kind
of types can be constructed and the amount of induction. The types that can
be constructed are determined by the amount of comprehension you allow and by
other principles such as e.g. inductive generation, join and inductive definitions.
In our approach we will only consider systems with positive existential stratified
comprehension, which means in particular that complements of types can not be
constructed in general. These systems are much weaker than Feferman’s T, which
contained full elementary comprehension and an additional axiom for inductive
generation (see [Fef75]). In [Fef75] we can also find the construction of a recursion-
theoretic model as well as a set-theoretic interpretation of Ty. In [Fef79] the system
EMg is introduced as a subsystem of Ty. In our notation EMg is EET™ + E-C +
FE-Iy. Also a more general model construction can be found in [Fef79], namely
the construction of a model of Ty over any model of APP (which is BON™ in our
notation), as well as an investigation of role of the join axiom J and power type
axioms Pow.

The principles of monotone inductive definition MID and UMID appear in
[Fef82]. As mentioned before, they basically state the existence of fixed points for
monotone type operations. While MID only asserts the existence of fixed points,
UMID is more in the spirit of Explicit Mathematics as it gives an operator Ifp which
assigns to an operation its fixed point (which is what is meant by “uniformly”).
Weaker versions of MID and UMID are MID 4 and UMID 4 where you restrict induc-
tive definitions to subtypes of the type A. The most prominent example of this
might be UMIDy which gives fixed points only for operations from subsets of the
natural numbers to subsets of the natural numbers.
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2.1 Syntax

2.1.1 Language, Terms and Formulas

Definition 2.1.1 (Language of Explicit Mathematics)
The language of Explicit Mathematics is given by

(1) A countable set V; of individual variables. The individual variables will usu-
ally be denoted by lower-case letters a,b, ¢, f,g,h or u,v,w,z,y, z (possibly
with subscript).

(2) A countable set Vr of type variables. The type variables will usually be
denoted by upper-case letters A, B,C, U,V,W or X,Y, Z (also possibly with
subscripts).

(3) The set CE = {k,s, p, po, P1, 0, sn, Pn, d, nat, id, neg, con, dis, dom, inv, j, Ifp} of
constant symbols.

4) The function symbol - (centered dot).

6) The logical symbols —, Vv, A, 3, V.

(4)
(5) The relation symbols |, N, €, =, R.
(6)
(7)

7) The auxiliary symbols (,),, (left bracket, right bracket, comma).

Definition 2.1.2 (Individual Terms 7F)
The set of individual terms 7F of Explicit Mathematics is defined inductively as
follows:

(1) Each individual variable x € V; and each constant symbol in CE is a term.

(2) If s,t are terms, then (s,t) is a term.

Remark 2.1.3 Since we will not define type terms, we will call individual terms
simply terms.

Notation 2.1.4
The function symbol - is usually written in infix notation or even omitted, i.e.
instead of -(s,t) we write s -t or st.

Furthermore, by using the convention of association to the left, we will write
S0+ 81 ... Sp OF S0S1...8y, instead of (... (sp-51) ... Sp).

Definition 2.1.5 (Atomic Formulas F7, Formulas FF, Theories)
The set of formulas FE of Explicit Mathematics is defined inductively as follows

(1) If s,t € TF are terms and X € Vr is a type variable, then

- = (57t)
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_ tl
N(t)

- € (t,X)
~- R(t, X)

are formulas.

(2) If p, ¢ are formulas, then

-
~ (p V)
~ (pAY)

are formulas.

(3) If ¢ is a formula, = € V; an individual variable and X € Vr a type variable,

are formulas.

The set of atomic formulas F§ of Explicit Mathematics is defined as the set of
all formulas satisfying only the first clause of the inductive definition above.

Sets of formulas T C FF of Explicit Mathematics are called theories of Explicit
Mathematics.

Notation 2.1.6
The atomic formulas = (s,t),N(t), € (¢, X) are usually written as s = t,t € N,t €
X respectively.

As usual, ¢ — ¥ and ¢ <  will be used as abbreviation for (—¢ V 9) and
(p — ) A (v — ), respectively. Brackets will also be omitted by the usual
conventions.

We will also write (32)¢ and (3X )¢ for (3xo) ... (3z,)e and (3X,) . .. (3X,,)ep,
respectively if the number of variables is clear from the context. The same holds
for V.

Definition 2.1.7 (Free Individual and Type Variables FVy, FV )
The set of free individual variables FV(¢) is inductively defined as follows

(1) if t is c € CE, then FV () = 0
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(2) if tis x € Vy, then FV(t) = {x}
(3) iftisr-sand r,s € TF are terms, then FV;(t) = FV(r) UFV/(s)

for all terms t € TE.
The set of free individual variables FV () and the set of free type variables
FVr () are inductively defined as follows

(1) if pis s =t and s,t € TF are terms, then FV;(¢) = FV;(s) UFV;(t) and

FVr(p) =10
(2)if pist] ort € Nand t € TF is a term, then FV;(¢) = FV;(¢) and
FVr(p) =0

(3) if pist € X or R(¢t,X) and t € TF is a term and X € Vy is a type variable,
then FV;(p) = FV,(¢t) and FVy = {X}

(4) if ¢ is —p and ¥ € FF is a formula, then FV;(p) = FV;(¢) and FV7(p) =
EVr ()

(5) if ¢ is P V 9y or ¥y A by and 1,10y € FE are formulas, then FV(p) =
FVi(¢1) UFV (¢s) and FV (@) = FVp(11) UFVr(s)

(6) if pis (Vz)(¢) or (3z)(v) and ¥ € FF is a formula and = € V; is an individual
variable, then FV;(¢) = FV(¢) \ {z} and FVy(¢) = FV (1)

(7) if ¢ is (VX)(¢) or (3X)(x) and ¢ € FF is a formula and X € Vy is an type
variable, then FV(p) = FV;(¢) and FVr(p) = FVr(¥) \ {X}

for all formulas ¢ € FE.

Definition 2.1.8 (Closed Terms)
Let t € T be a term. ¢ is called a closed term if and only if FV(¢) = (.

Definition 2.1.9 (Term Substitution, Type Variable Substitution)

Let zg,...,x, € V; be individual variables, Xy,..., X,,Yy,...,Y, € Vr type vari-
ables, s,tg,...,t, € TF terms and ¢ € FF a formula of Explicit Mathematics.
Substitutions are defined in the usual way (involving a quite unspectacular but
long inductive definition) and are denoted by

slto/xo, ..., ty/x,] Or s[f/iz’],
olto/xo, . .., tn/xy] or V[t/T],
s[Yo/Xo, ..., Yn/X,] or s[Y /X]

and o
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Definition 2.1.10 (Substitutable Terms and Type Variables FTr, FTy)
Let 2 € V; be an individual variable, X € Vr a type variable and ¢ € FF a formula
of Explicit Mathematics. The sets FT;(x, @) and FT7(X, ¢) of substitutable terms
and substitutable type variables are defined inductively as follows

(1) If ¢ € FE, then FT;(z,p) = TF and FT7 (X, ¢) = Vr.
(2) If ¢ is =), then FT (x,¢) = FT/(z,v) and FT7(X, ¢) = FTr(X,¢).

(3) If @ is ¥1 V 1by or 1y A by, then FT (x,¢) = FT (z,¢1) N FT(x,1,) and
FTr(X, ) = FTr(X, ¢1) N FTr(X, ).

(4) If ¢ is (3y) or (Vy)(¥), then

FT(z,¢) = { {teTE; ydFV ()} NFTy(z,1)) ify#=x

and FT7(X, ) = FT7(X, ).
(5) If pis (3Y )Y or (VY) (¢, then FT/(z,¢) = FT;(z,v) and

Vr HY =X
FT“X’“’):{ FTr(X, )\ {Y} #Y #X °

Remark 2.1.11 The idea of the definition above is of course that for each formula
¢ € FE, all individual variables ¥ € Vy, all type variables X ,57 € Vr and all
terms ¢ € TE we will use ¢[Z/f] and p[X/Y] if and only if t; € FT;(z;,¢) and
Y; € FT/(X;, ), respectively. If you find a formula with a substitution but can
not see this condition near it, then it will most likely have been forgotten and we
beg you to forgive us this error.

2.1.2 Logical Axioms and Proofs

Definition 2.1.12 (Propositional Axioms, Af_ )

The set of propositional axioms AEmp is defined as the set consisting of
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®) (a—=B) = ((a=(B—=7)—=(a—7)
9) (@ —B) = (@ = =p) = ~a)

(10) =—a —

for all formulas «, 3,7 € FE.

Definition 2.1.13 (Equality Axioms, AEq)
The set of equality axioms AF, is defined as the set consisting of

(1) z2==2
(2) ZL’O:yO/\-'-/\xn:yn/\ng@[g/f]

for all individual variables z,xg, ..., Zn, Y0, ..., Yo € V; and atomic formulas ¢ €
E.

Definition 2.1.14 (Quantifier Axioms, AE)uant)

The set of quantifier axioms AG,,, is defined as the set consisting of

for all formulas ¢, € FE, for all individual variables x € V;, for all terms t €
FT(z, ), for all type variables X € Vr and for all type variables Y € FT(X, ).

Definition 2.1.15 (Definedness Axioms, Af )
The set of definedness axioms AF,; is defined as the set consisting of

(1) rl
(2) (s-t)l—sint]
(3) [t/7] = to LA... Aty |

for all individual variables and constants r € V; U CE, for all atomic formulas
¢ € FF, for all individual variables zy,...,x; € V; with x; € FV;(¢) and for all
terms s, t,tg,...,t, € TF.

Definition 2.1.16 (Rules of Inference, RF)
The set of rules of inference RE is the set consisting of

ely/z] —
M) (3z)p — 1
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0 2
© =7
W
(5) ¥ fb —

for all formulas ¢, 1) € FE, for all individual variables 2,y € V; with y € FT(z, )\
FV(¢) and for all type variables X,Y € Vp with Y € FT(X, ) \ FVy(¢).

Notation 2.1.17 (Prem(R), Conc(R))
Let

1 - Pn E
R = €ER
(&
be a rule of inference. The formulas ¢4, ..., ¢, will be called premises, the formula
1 is called the conclusion. We will denote the set of premises by Prem(R) =
{¢1,...,¢n} and the conclusion by Conc(R) = 1.

Definition 2.1.18 (T-Proof, T )

Let T' C FE be a set of formulas and ¢y, ..., p, € FE formulas. The sequence of
formulas (@, ..., ¢,) is called a T-proof, if each ; satisfies one of the following
conditions

(1) i € T7
(2) Y € Allfz’rop U AEq U A(guant U AIE)ef7
(3) there is a R € RE such that ¢ = Conc(R) and Prem(R) C {pq, ..., i1}

The proof relation FC P(FF) x FE is defined as follows:
T I ¢ for all sets of formulas T C FF and formulas ¢ € FF if and only if there
is a T-proof (¢, - .., ¢,) such that ¢, = .

Definition 2.1.19 (Consistency)
Let T C FFE be a set of formulas. T is called consistent if and only if there is a
formula ¢ € FE such that there is no T-proof of ¢.
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2.2 Semantics

2.2.1 Structures

Definition 2.2.1 (Structure of Explicit Mathematics)
A structure of Explicit Mathematics M consists of

(1) A set M called domain of individuals.

(2) An object co € M called extra individual.

(3) A set T'C P(M) of subsets of M called domain of types.
(4) For every constant ¢ € CE an element ¢™ € M.

(5) A binary operation -M : M> x M> — M> such that for all z € M*>

OO'M.T:JI'MOO:OO

holds, where M := M U {oc}.
(6) An unary relation NM C M.
(7) A binary relation RM C M x T.

The sets M, T and M will usually be denoted as | M |I, | M|T and | M |*°,
respectively.
The class of all structures of Explicit Mathematics will be denoted ME.

Definition 2.2.2 (Valuations v € VM)
Let M € ME be a structure of Explicit Mathematics. A valuation v for the
structure M is a mapping

vV uVr = MU M|*
satisfying
(1) if x € Vy, then v(x) €| M|,
(2) if X € Vr, then v(X) €| M|T.

The set of all valuations for the structure M is denoted by VM.
Let v € VM, w € V; (or u € Vr) and m €| M|! (or m €| M |T, respectively).
v[u : m| denotes the following valuation for M

{m, if v =,

v[u:m](v) == v(v), otherwise.
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Definition 2.2.3 (Interpretations M,)
Let M € MEF be a structure of Explicit Mathematics and v € VM a valuation for
M. An interpretation M, for M and v is a mapping

M, TE S| M|®
satisfying
tM if t € CE,

M, = V(Zf’), if t € Vr,
M, (r) MM, (s), ift=(r-s).

An interpretation M, induces a mapping (which will be given the same name
as the interpretation)

M, : FF — {t,f}
which is inductively defined by
M, (s =1t) =t: & M,(s) = M,(t) # o0
M, (t]) =t My(t) # oo
M,(t €N)=t: M,(t) e NM
M, (te X)=t:= M,(t) € v(X)
M, (R(t, X)) =t (M, (1), v(X)) € RM
My (~p) =t My(p) =f
M, (V) =t M, (p)=tor M,(¢) =t
My(p A1) =t M,(p) =t and M, (¥) =t
M, ((3z)p) =t :& there is a m €| M|" such that M, .. (p) =t
M, (Vo)) =t 1 My (p) =t for all m €| M|’
M, ((3X)p) =t & there is a S €| M|" such that M,x.q(p) =t
M, ((VX)p) =t & Myx.g(p) =t for all S €| M|"

for all terms ¢, s € TF, individual variables = € V;, type variables X € Vr and
formulas ¢, € FE.

Definition 2.2.4 (Model relation =)
The model relation =C ME x FE is defined by

ME@ & My(p) =tforalveVM

for all structures of Explicit Mathematics M € MF and formulas ¢ € FFE.
The model relation can easily be lifted to a relation =C MFE x P(FE) by

MET & MEgypforallpeT

for all structures of Explicit Mathematics M € MF and sets of formulas 7' C FF.
If M =T then M will be called a model of T.
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Definition 2.2.5 (Entailment relation, logical consequence I--)
The entailment relation IFC P(FF) x FF is defined by

TIFy &= MET implies M = ¢ for all M € MF

for all sets of formulas 7' C FF and formulas ¢ € FF.
Again the entailment relation can easily be lifted to a relation IFC P(FFE) x
P(FE) by
TFS & Tlhpforall pe S

for all sets of formulas S,7 C FFE.

2.2.2 Adequacy

Theorem 2.2.6 (Adequacy)
Let ¢ € FE and T C FE, then

TIF¢ if and only if T+ .

Proof. See [Bee85)]. Correctness is done as usual by induction on the length of the
proof. For completeness you may embed the logic of partial terms into classical logic
using n+ 1-ary predicates for n-ary partial functions and then use the completeness
theorem for classical logic. Another approach using deduction chains can be found
in e.g. [Sal01]. O
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2.3 Theories and Principles

2.3.1 Basic Operations and Numbers
Notation 2.3.1

Let x,xq, ...,z € Vi be pairwise disjoint individual variables and s, sg, ..., s, as
well as t,tg,...,t, € TF terms. We will use the following abbreviations
s#tfors [Nt | AN—-(s=1)
s~tfor(s|Vt])—s=t

S0, ifn=20
(50, 5n) for { (p(S0y -+ Sn-1)8n) ifn>0

(3z € N)op for (Fz)(z € N A @)
(Vo € N)p for (Vx)(z € N — )
t € (NFT1 — N) for (Voo € N) ... (¥, € N)tzg... 2 €N
t € (N —N) fort € (N - N).

Definition 2.3.2 (Basic Operations and Numbers BON™)
The theory of basic operations and numbers BON™ is defined as the set consisting
of

(1) Partial combinatory algebra

(a) (kz)y=w
(b) sy | A (szy)z ~ (22)(yz)

(2) Pairing and projection

(a) po{z,y) =z Api(z,y) =y
(b) 0e NAsy e (N—N)

(3) Natural numbers

(a) (Vx € N)(syx # 0 A pn(snx) = )
(b) (Vx € N)(z #0 — pnz € N Asy(pnz) = 7)

(4) Definition by numerical cases

(a) reNAyeNAz =y — (dyuv)zy = u
(b)) ze NAyeNAx #y— (dyuv)ry =v

for all individual variables u, v, z,y, 2z € V;.

Remark 2.53.3 The theory BON is BON™ with an additional constant rec and the
additional axioms
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(5) Primitive recursion
(a) f € (NN—= N)Aa e NAbeN — (recfa)0 = a A (recfa)(snb) =
fo((recfa)b)
(b) f€(N* - N)AaeN— (recfa) € (N— N)
for all individual variables a, b, f € V.

We will see in [2.5.4], that we can prove the first part of the axioms above in
BON™ and to prove second part we need some additional axioms, namely V-Iy.

2.3.2 Explicit Types

Notation 2.3.4
Let s,t,tg, ..., t, € TE be terms, € V; an individual variable and X, X, ..., X, €
Vr type variables. We will use the following abbreviations

XCY for Ve)(ze X -z €Y)
X=Yfor XCYANYCX
R(L, X) for R(te, Xo) A ... AR(tn, X,n)
R(s) for (3X)(R(s, X))
s€t for (3X)(R(t, X) As e X)
sCt for (Vz)(z€s — wét)
s=t for sCt N tCs

Definition 2.3.5 (Representation Axioms Agep)
The set of representation axioms Agep is defined as the set consisting of

(1) Gz)R(z, X)
(2) Rz, X) ANR(z,Y) - X =Y
(3) X =Y AR(z, X) — R(z,Y)
for all individual variables z € V; and for all type variables X,Y € Vr.

Definition 2.3.6 (Generator Axioms Ajsg)
The set of generator axioms Ag+g is defined as the set consisting of

1 nat) A (Vz)(z€nat < z € N)

id) A (V) (z€id < (Fy)(z = (4, 9)))

(1) R
(2) R
(3) R(a) AR(b) — R(con(a,b)) A (Vz)(zécon(a, b) < vEa A xED)
(4) R
(5) R

a) ANR(b) — R(dis(a, b)) A (Vz)(x&dis(a, b) < x€a V xED)
5 (

a) — R(dom(a)) A (V)(zedom(a) < (Jy)({(z,y)€a))
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(6) R(a) — R(inv{a, f)) A (Vz)(z€inv{a, f) < fr€a)
for all individual variables a, b, f,x,y € V;.

Definition 2.3.7 (Generator Axioms .Ag)
The set of generator axioms Ag is defined as the set consisting of

(1) all axioms of As+g
(2) R(a) — R(neg(a)) A (Va)(z€negla) <« —x€a)
for all individual variables a,z € V.

Definition 2.3.8 (Explicit Types XTET, EET ")
The sets of explicit type axioms Y TET,EET ™ are defined as

(1) YTET := BON™ U ARep U As+E.
(2) EET™ :=BON™ U ARep U Ag.

Definition 2.3.9 (Disjoint Union J)
The set of disjoint union axioms J is defined as the set consisting of

R(a)A\(Vr€a)R(fx)
— R(j{a, ) A (Va)(z€ja, f) < (Fy)(Fz)(z = (y,2) Ayca A z€fy)).

2.3.3 Ontological Principles

Definition 2.3.10 (All Individuals are Names of Types V®R)
The set V¥R is defined as the set consisting of

(Vz)R(x)
for all individual variables = € V.

Definition 2.3.11 (All Individuals are Numbers VN)
The set VN is defined as the set consisting of

(Vz)N(x)
for all individual variables = € V.

Definition 2.3.12 (Uniform Comprehension X-C)
Let X C FE. The set X-C is defined as the set consisting of

3 (VZ, g, X)[?ﬁ(f,)?) — R(f20... 290 - - Ym)ANV2)(2Efx0 . .. T0Yo - - - Y < )]

for all formulas ¢ € & where FVp(p) = {Xo, ..., X} and {yo, ..., ym} = FVi(¢)\
{z} and all individual variables xy,...x, € V;.
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2.3.4 Uniform Monotone Inductive Definition

Notation 2.3.13 (Monotone Operation Mon, Least Fixed Point Lfp)
Let f € TF be a term and z,y € V; individual variables. We will use the following
abbreviations

fe R —R) for (Vz)(R(z) — R(fx))
Mon(f) for (Vz,y)(R(z) AR(y) AzCy — fzCfy)
Lip(y, f) for R(y) A fyCy A (Ve)(R(z) A frCa — yCa)

Remark 2.53.14 Usually, one would require a type operation f : R — R to be
extensional, i.e. to satisfy Ext(f), which is an abbreviation for

(V) (Vy) (R(x) AR(y) A a=y — fr=fy).

But obviously Mon(f) — Ext(f), i.e. monotonicity implies extensionality. Since
we will always have extensionality or monotonicity as additional assumption, we
will not require it in the definition of type operations.

Definition 2.3.15 (Uniform Monotone Inductive Definition, UMID)
Let f € V; be an individual variable. The principle of uniform monotone inductive

definition UMID is defined as

(V/)(f € (R — R) AMon(f) — Lip(ifp(f), f))-

Remark 2.3.16 (Monotone Inductive Definition, MID) The principle of monotone
inductive definition is defined by

(V)(f € R —R) AMon(f) — (Fz)Lip(z, f)),

i.e. only the existence of least fixed point is asserted but there are no means to get
them uniformly from the type operation f.

2.3.5 Induction Principles

Definition 2.3.17 (Set Induction S-ly)
The set of set induction axioms S-ly is defined as the set consisting of

feN=-NAfO=0A(VzeN)(fr=0— f(syz) =0) — (Vx € N)(fz =0)
for all individual variables z, f € V.

Definition 2.3.18 (Value Induction V-ly)
The set of value induction axioms V-ly is defined as the set consisting of

fOeENA (Vx e N)(fr € N— f(syz) €N) — f € (N—N)

for all individual variables z, f € V.
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Definition 2.3.19 (Type Induction T-ly)
The set of type induction axioms T-ly is defined as the set consisting of

OeXAMVzeN)(zeX -snreX)— (VreNzeX
for all individual variables x € V; and type variables X € Vp.

Definition 2.3.20 (Formula Induction FE-ly)
The set of formula induction axioms FE-ly is defined as the set consisting of

pl0/z] A (Vo € N) (¢ — @lsnz/x]) — (Vo € N)p

for all individual variables z € V; and formulas ¢ € FFE.
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2.4 Consistency Results

The aim of this subsection is to establish the consistency of the theory X TET +
FE-Iy + J 4+ VYN + VR + UMID by building a model of this theory. The model con-
struction follows the idea of [Tak89], it is basically the classical recursion-theoretic
model with some extended thinking about why UMID holds. Takahashi showed in
[Tak89] the consistency of the much stronger T+ MID and To+UMID and pointed
out that the Myhill-Shepherdson theorem (see [MS53]) is the key to proving the
consistency of APP + X*t-ECA + UMID which is BON™ + £*S-C + UMID in our
notation.

We will assume some basic recursion-theoretic knowledge, which can be found
in any textbook such as [Cut80] or [Rog87]. The notations and proofs which are
used in the following are mostly from [Cut80]. Most of the following results are
well-known in a slightly different version, as they are usually stated for partial-
recursive functions, while we are stating them for recursively enumerable sets. In
most textbooks their destiny is to remain hidden in the exercise section until an
eager student may find them, but we will pay them a little bit more attention, as
they will play a crucial role in the consistency proof as well as in the proof-theoretic
embedding.

2.4.1 Recursion-Theoretic Preliminaries

Notation 2.4.1
We will use the following recursion theoretic notations

(1) Let f: A — B be a partial function, dom(f) denotes the domain of f, i.e.
dom(f) = {# € A ; f defined on z}, ran(f) denotes the range of f, i.e.
ran(f) = {y € B ; there is a © € dom(f) such that f(z) =y)}

(2) Let f: A — B be a partial function and ¢ € N a natural number. f* is
defined by
fle) = { F(fi () else

for all x € N, i.e. f*is the i-th iteration of f.
(3) F denotes the set of all partial functions f with dom(f) C N and ran(f) C N.

(4) Let n € N, then {n} denotes the partial recursive function with index n. { }
is called the Kleene bracket.

5) C denotes the set of all partial recursive functions, i.e. C = {{n}; n € N}.
6) C, denotes the set of all n-ary partial recursive functions.

(5)
(6)
(7) W, :=dom({n}) for n € N.
(8)

8) S denotes the set of all recursively enumerable sets, i.e. S = {W,, ; n € N}.
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(9) If X C N", then X denotes the complement of X, i.e. X = N"\ X.
(10) K denotes the halting problem, i.e. K = {z; z € W,}.

Theorem 2.4.2 (s-m-n Theorem)
Let f = {i} € Cppin be a (m + n)-ary partial recursive function. Then there is a
total recursive (m + 1)-ary function s* € Cpq1 such that

F@g) ={i}(Z,9) = {3 (6, 0)} ()
for all ¥ € N™ and y € N™.
Proof. See [Cut80] or [Rog87]. O

Theorem 2.4.3 (Kleene’s Second Recursion Theorem)
Let f € Cy be a total recursive function. There is an index e € N such that

{e}(z,9) = {f(e)}(x,9)
for all x,y € N.
Proof. See [Cut80] or [Rog87]. O

Corollary 2.4.4
Let n € N be a natural number and g € C,, and h € C,,15 partial recursive functions.
There is a partial recursive function f € C,1q such that

f(0,7) = g(¥)
[l +1,9) = h(f(z,9),z,7)
forall x,y1,...,y, € N.

Proof. Let r € C be a total recursive function that assigns to each natural number
n € N an index r(n) such that

{r(n)}0,9) = 9(®)
{r(n)}(z +1,9) ~ h({n}(z,9), 2, 7).
The existence of r is given by an appeal to Church’s thesis (or a long and tedious

construction).

By there is an index e € N such that

{er(,9) = {r(e)}(z,9)

for all x,y1,...,y, € N.
You may now easily convince yourself that we can take {e} as the function f
desired above. [
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Theorem 2.4.5 (Rice-Shapiro-Theorem, set version)
Let T C S be a set of recursively enumerable sets such that the set {n; W, € T}

1s recursively enumerable.
Then X € T if and only if there is a finite Y C X such thatY € T.

Proof. Define T :={n ; W,, € T}. T is recursively enumerable by assumption.

Now assume (towards a contradiction) that there is an X € 7 such that Y ¢ T
for all finite Y C X. Since X is recursively enumerable, X has an index i, i.e.
X = W,;. Furthermore let k£ be an index of K. Now define the partial recursive
function f by

undefined if {k}(x) stops in y or less steps

e ={ B o

By there is a total recursive function s such that f(z,y) ~ {s(z)}(y). Ob-
viously we have {s(z)} C {k} for all z € N by construction. We can now easily
check the following implications

r € K = there is a minimal yo such that {k}(z) stops in yo steps
= {s(z)}(y) defined implies y < yo
= {s(x)} finite
= W) €T

r ¢ K = {k}(x) is undefined
= {s(x)}(y) =~ {i}(y) for all y € N
= Wy =Wi=XeT

So we have B
reK & s(x)el.

Since T is recursively enumerable and s is a total recursive function, this would
imply the recursive enumerability of K. But we know K to be not recursively
enumerable and so we arrive at a contradiction.

For the other direction assume (again towards a contradiction) that there is a
recursively enumerable set X = W; such that there is a finite Y C W, with Y € T
but X € 7. Now define the partial recursive function g by

_ iHy) reKoryeY
g(x,y) = { undefined else

By there is a total recursive function ¢ such that g(z,y) ~ {t(z)}(y). Again
we easily check two simple implications

v e K= {tlx)}y) ~{j})
= Wt(x) = Wj Q T

r & K = {t(x)}(y) is defined if and only if y € Y
= Wt(m) =YeT
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So we have again o

reK & tx)eT
which leads us to the same contradiction. OJ

Definition 2.4.6 (continuous)
A mapping ¥ : P(N) — P(N) is called continuous if and only if

x € W(X) <« thereis a finite Y C X such that z € U(Y)

holds for all X C N.

Definition 2.4.7 (monotone on indices, extensional on indices)
Let f € C; be a partial recursive function.

(1) f is called monotone on indices if and only if

Win © Wi = Wim) © W)

(2) f is called extensional on indices if and only if

Wi =Wy = Wiy = Wim)

Remark 2.4.8 1f f is monotone on indices, then f is extensional on indices.

Theorem 2.4.9 (Myhill-Shepherdson, poor man’s version)

Let h € Cy be a total recursive function which is extensional on indices. Then
there is a continuous mapping V : P(N) — P(N) such that V(W) = Wy, for all
n € N.

Proof. Define a mapping ¥y : S — S by Vo(W,) := Wy, for all n € N. ¥y is
well-defined since h is extensional on indices. For = € N define the set 7, := {X €
S; 2z eVy(X)}. Theset T, := {n; W, € T,} = {n; x € Wyp} is obviously
recursively enumerable. So we can apply which yields

X €T, <& thereisafinite Y C X such that Y € 7,
for a recursively enumerable set X € S. So we have
r € Vo(X) <& thereis a finite Y C X such that 2 € Uy(Y).
Now we can define ¥ : P(N) — P(N) by
U(Z) :={z € N; there is a finite Y C Z such that z € ¥o(Y)}

for all Z C N.
Clearly ¥ extends ¥, and is continuous by construction. So we have a mapping
with the desired properties. [
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Definition 2.4.10 (least fixed point)
Let f € F be a total function. A recursively enumerable set W, is called the least
fixed point of f if and only if

(1) Wiy = Wh,
(2) if Wy(my = Wiy, then W, € W, for all m € N.

Remark 2.4.11 It makes sense speaking of the least fixed point of f, since—as can
be easily checked—it is unique.

Theorem 2.4.12
Let f € Cy be a total recursive function which is monotone on indices. Then f has
a least fixed point W,.

Proof. Surely the empty set () is recursively enumerable, so there is an e € N such
that W, = (0. An easy induction shows, that Wiiey € Wyita(e) for all i« € N since
0 =W, C Wi and f is monotone on indices. Note please that the existence of
f? is guaranteed by [2.4.4]

The set |J;cn Wiiee) can be defined by (3i € N)(x € Wyi(.)) and is hence recur-
sively enumerable. Let n be an index of ;o Wri(e), i.6. Wi = Ujeny Wrie)-

We will now show, that W, has the desired properties.

(1) Show Wf(n) = Wn:

— Show Wye,y 2 W,: Let o € W,. Then there is an ¢ € N such that
r € Wyiey. By definition Wiy € W, and by the monotonicity of
J Wity € Wy, But we also have Wyiey € Wity and so = €
Write) © Writie) © Wy

— Show Wi,y € W,: Let & € Wy,). Then z € dom({f(n)}). By f

defines a continuous mapping ¥ : P(N) — P(N) with W(W,) = Wy(,.
Since € Wy(,) and V¥ is continuous there is a finite Y C W), such that
x e VU(Y).
Since Wy, = U,eny Wrie) and Wiy € Wity there must be an iy € N
such that Y C Wiy (else Y would not be finite). Let j be an index
of Y,ie. Y = W;. We have v € ¥(Y) = ¥(W,) = Wy and from
Y = W; C Wiy () and the monotonicity on indices of f we get W) C
Wiigt1(e). A combination of this yields finally z € U(Y) = ¥(W;) =
Wiy © Wrionie) © Usen Write) = Wa-

(2) Let Wy, be such that Wy, = W,,. By induction on 7 € N we will show that
Wiitey € Wiy, holds for all i. Clearly we have ) = W, C W,,. Now let Wpi(,) C
Wy By the monotonicity on indices of f we have Wyiti) © Wy = W,
So we have Wiy € W, for all i € N and hence also W, = J,c.y Wiy € Win.
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2.4.2 The Model My

Lemma 2.4.13 (k)
There is a k € N such that

{{k}@)}y) ==

for all x,y € N.

Proof. Let f : N x N — N be defined by f(z,y) := z. [ is obviously partial
recursive. So we can fix an index n € N such that {n} = f.

By there is a recursive s : N x N — N such that {n}(x,y) = {s(n,z)}(y).
A second application of yields a recursive ¢ : N — N such that {¢(n)}(z) =
s(n,x).

Define k as ¢(n).

We have

{k}2)}y) = {{t(n) }(=)}(y)
= {s(n,2)}(y)
= {n}(z,y)
= f(z,y)
=x. |

Lemma 2.4.14 (8)
There is a S € N such that

dom({{s}(z)}) =N
and

{8}(@)}(y) =~ {{=}(2)}({y}(2))

for all x,y,z € N.

Proof. Similar to the proof above, but slightly more involved. O

Lemma 2.4.15 (p, po, P1)
There are p, po, p1 € N such that

{Po}({H{pH()}(y)) = =

and

{p}({{p}(2)}(y) =y

Proof. Using a recursive pairing function and one easily finds indices of re-
cursive functions satisfying the desired properties. [
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Notation 2.4.16
We will use the following abbreviation

o, ifn=20
(oo Tp) = { {{p}({s0, -, Sn_1))}(sn) ifn>0

for all natural number n € N and x, ...z, € N.

Lemma 2.4.17 (0, sy, pn)
There are 0,sn, pn € N such that

{sn}(x) #0
and
{pn}({sn}(2)) =
for all x € N. Furthermore for all 0 # x € N
{sn}({pn}(z)) =
holds.

Proof. Take 0 := 0 € N and let sy and py be indices of ¢(z) := z + 1 and
(x) := x — 1, respectively. O

Lemma 2.4.18 (dn)
There is a dy € N such that

@b @m ={ & 12
for all z,y,u,v € N.
Proof. As above. O

Lemma 2.4.19 (nat, |d con, d|s dom inv, j)
There are nat, |d con, dIS dom inv _] € N such that
Wnét = N7
Wy ={{z,2) ; z €N},
Wicenytapy = Wa N Wy,
Widispap = Wa U Wa,
Wigomy@ = 12 € N there is a'y such that (z,y) € Wo},
W{iﬁv} {a,f) — {.T € N 3 {f}(l‘) S Wa}?
Wiy ={z €Ny there arey,z €N
such that x = (y, z), y € W, and z € Wiy}

for all a,b, f € N.
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Proof. Obvious by the usual recursion theoretic methods. [

Lemma 2.4.20 (Ifp)
There is a Ifp € N such that, if {f} is a total function which is monotone on
indices, then Wy g is the least fized point of {f} for all f € N.

Proof. A close inspection of the proof of and a firm belief in Church’s thesis
reveals that given an index of a total function which is monotone on indices, the
index of its least fixed point can be obtained uniformly, i.e. there is a recursive
function taking the index of the function as input and giving the index of the least
fixed point as output. Let Ipr be the index of such a function O

Definition 2.4.21 (Model My)
The model My is given by

1) the domain of individuals | My|/:= N

2) an individual oo ¢ N.

(1)

(2)

(3) the domain of types | My |T:= {W, ; n € N} C P(N)

(4) the constants kM1 .=k, sMi = 5, pMi = p, Py = po, p1 ™ = pp, OM = 0,

s/NVIN ‘= SN, pﬁAN ‘= PN, dﬁAN = dy, nat™¥ := nat, id™" := id, negM¥ := 17,

con™ = c6n, dis™ ;= dom, invM¥ := inv, M := | and Ifp™M¥ = Ifp, as

defined previously.

(5) the binary operation - : (NU{oo}) x (NU{o0}) — (NU{oc}) defined by

p Mg { {t}(s) ift # 00, s # 0o and s € dom({t})
' 00 else

(6) the unary relation NMv := N
(7) the binary relation RM := {(n, W,,) ; n € N}.

Theorem 2.4.22
My is a model of YTET + FE-Iy + J + VN + VR + UMID.

Proof. Immediate by the lemmas above. O

Corollary 2.4.23
YTET + FE-Iy + J + VN 4+ VR + UMID is consistent.

2If you are not absolutely convinced by this argument, we recommend a look at [3.5.12
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2.5 Aspects of Explicit Mathematics

Having the consistency of our theory at hand, we will now take a look what our
theory is able to prove. Most of this results can be found in this or a similar form
in many texts about Explicit Mathematics and therefore we will present them in
a very abridged version. For more information about combinatory algebra and
lambda calculus we refer to the classical textbooks as e.g. [Bar84] but remind you
of the fact that these mostly deal with total versions whereas ours is partial.

2.5.1 Lambda Calculus

Definition 2.5.1 ()
The mapping ) : V; x 7% — TF is defined inductively by

skk, ift =u,
)\(ZE,t) = S)\(Zﬂ,tl))\(l’,tQ), if t = tltg,
kt, else,

for each term ¢t € TF and individual variable z € V.

Notation 2.5.2
Az.t is usually written for \(x,t), Azg.(. .. Az,.(t)...) is abbreviated by Azg ... x,.t
or \Z.t.

Lemma 2.5.3
Lett,s € TE be terms, x,y € V; individual variables. Then

(1) FV;(\x.t) = FVi(£) \ {2},
(2) BON™ F Azt |.
(3) BON™ F s | — (A\z.t)s ~ t[s/x].
(4) v #y = BON™ F (Az.t)[s/ylz = t[s/y].
Proof. Straightforward. 0

Theorem 2.5.4 (Fixed Point, Primitive Recursion, noty)
(1) There is a closed term fix € TE such that

BON™ F fixf | A f(fixf)z ~ (fixf)x
for all variables f,x € V.
(2) There is a closed term rec € TE such that

(a) BON"F fe (N> = N)AaeNAbeN — (recfa)0 ~ aA(recfa)(syb) ~
fo((recfa)b)
(b) BON™ + (V-Iy) = f € (N> = N)Aa €N — (recfa) € (N— N)
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for all variables a,b, f € V.

N .
(3) There is a closed term noty € T+ such that BON™ = —(noty € N)

Proof. (1) Choose fix as \f.tt where t is Ayx.f(yy)z.
(2) Choose rec as Afa.fixt where t is Ahz.(dy(Az.a)(Az. f(pne) (R(pn)))20)0.

(3) Choose noty as fixt0 where ¢ is Azy.dy(sn0)0(zy)O0. O

2.5.2 Induction

Theorem 2.5.5
(1) BON™ + V-Iy F S-ly.

(2) XTET 4 T-Iy F V-Iy.
(3) TYET + FE-Iy F T-ly.

Proof. See e.g. [Kra06]. O

2.5.3 Comprehension

Definition 2.5.6
The sets XTE,E, XS, S of positive existential elementary, elementary, positive ex-
istential stratified and stratified formulas are defined by

(1) for all terms s,t € T and type variables X € Vr the formulas

- s=t

—t]
—teN
-te X

are in X TE,E, ~*S and S.

(2) if ¢, € LTE are positive existential elementary formulas and x € V; is an
individual variable, then

— VY and p AU
- (Bx)e

are also in £ TE.

(3) if ¢, 1 € E are elementary formulas and x € V; is an individual variable, then

7—|S0
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— @V and p A Y
— (3x)p and (Vx)e

are also in E.

(4) if p,1» € LTS are positive existential stratified formulas 2 € V; is an individ-
ual variable and X € Vr is a type variable, then

—pVyand o A
- (Fr)p
- (3X)¢

are also in X *S.
(5) ¢,y €S are stratified formulas, z € V; is an individual variable and X € Vp
is a type variable, then
— —mp
—pVyand p AV
— (3x)¢ and (V)¢
- (3X)p and (VX)p
are also in S.

Remark 2.5.7 The sets XTE,E, ~*S,S have in common, that they do not contain
any formula wherein the naming relation R does appear. In addition to this con-
dition we have:

— XTE contains only positive formulas (formulas without negations) without
quantified type variables and without universal quantifiers V, but existential
quantifiers for type variables are allowed,

— E contains only formulas without quantified type variables, but both kinds
of quantifiers for individual variables are allowed

— and XS contains only positive formulas. Universal quantifiers V are not
allowed (neither for types nor for individuals), but existential quantifiers 3
may be used for types as well as for individuals.

Theorem 2.5.8
(1) TTET - XTE-C.

(2) EET~ F E-C.
(3) SYET + J + VR - T+S-C.
(4) EET™ + J+ VR is inconsistent.
Proof. See e.g. [Kra06]. 0
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3 Arithmetic

In this section we will present the well-known systems of arithmetic. As before, the
terminology and most notations are similar to [Kr&d06]. We use classical first-order
logic with equality as our logical framework, which can be found in almost each
textbook about mathematical logic, e.g. Shoenfield’s [Sho67].

The most famous system of arithmetic is the Peano Arithmetic, which is a first-
order version of the second-order Peano Axioms. Giuseppe Peano introduced his
Axioms as early as 1889, a translation of the original work can be found in [Pea77].
In contrast to the classical definitions of systems of arithmetic, we will include
function symbols for each primitive-recursive function and defining equations for
these function symbols.

We will get various systems of arithmetic by allowing different amounts of induc-
tions, ranging from the primitive-recursive arithmetic PRA, where only induction
for quantifier-free formulas is allowed to the Peano Arithmetic PA, where induc-
tion for all formulas is allowed. By classifying formulas (in prenex normal form)
by the arithmetical hierarchy, i.e. by counting alternations of quantifiers we get a
whole hierarchy of systems inbetween PRA and PA. For more information about
systems of arithmetic and their proof-theoretic strength, we refer to Sieg’s [Sie85]
and Hajek and Pudlak’s [HP93].

In contrast to the section about Explicit Mathematics we will not prove the
consistency of our systems of arithmetic. The consistency of Peano Arithmetic can
be shown rather easily in any standard set theory, such as e.g. Zermelo-Fraenkel
set theory. Such proofs can be found in almost any textbook about set theory
such as e.g. Moschovakis’ elaborate account in [Mos06]. There are also more proof-
theoretically flavoured consistency proofs, such as Gentzen’s ordinal analysis which
can be found in [Gen36] and [Gen38] and translated in [Sza69]. While these results
are about the consistency of full Peano Arithmetic, there are also interesting results
about the consistency of fragments of Arithmetic, one of which we mention in the
section about some aspects of arithmetic, but as it needs some theory that lies
beyond the scope of this thesis, we refer again to [Sie85] and [HP93] for a full
account. While using the heavy machinery of set theory to prove the consistency
of Peano Arithmetic (or a fragment thereof) is mostly quite a simple affair, the
proof-theoretic consistency proofs tend to be more sophisticated. They usually
yield a lot more of information about the inner structure of Peano Arithmetic
and were also an important (and somehow unexpected) step after the failure of
Hilbert’s program, as they—in view of Gddel’s incompleteness theorems—are as
close as possible to the original idea of Hilbert.

Besides the many (from the viewpoint of formal logic) informal texts about
arithmetic and recursion theory as e.g. the already mentioned [Cut80] from Cutland
and [Rog87] from Rogers we will also occasionally refer to more formal treatments
of the subject such as Hinman’s [Hin78] and Troelstra’s and van Dalen’s [TvD8§].

As systems of arithmetic were in the focus of the logical community since their
beginning there are a lot more results about it than could ever fit these pages. So
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our account of arithmetic will remain essentially incomplete, as we will mostly only
mention the results we are actually using for our proof-theoretic analysis.

One main goal of this section is to show that we can formalise all the necessary
results for the consistency proof. This will, as we will see in the following section,
immediately give us the upper bound for the proof-theoretic strength of our systems
of Explicit Mathematics. So we will keep an eye on the complexity of the formulas
we use. As before in the consistency result, the Myhill-Shepherdson theorem (see
[MS55]) will be playing a central role. On this occasion we also would like to
apologise for the lot of new notations that is introduced and the sometimes not
quite standard namings of the variables (which was chosen in order to keep as close
as possible to the informal results).
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3.1 Syntax

3.1.1 Language, Terms and Formulas

Definition 3.1.1 (Primitive Recursive Functions)
The sets Prim,, of n-ary primitve recursive functions is inductively defined as follows

(1) S is an unary primitive recursive function, where S : N — N is defined by
S(x):=z+1
for all z € N.

(2) Cs! is a n-ary primitive recursive function, where Cs] : N* — N is defined
by
CsM (1, .. xn) =1

for all 7,n, 7 € N.
(3) Pr}is a n-ary primitive recursive function, where Pr' : N* — N is defined by
Pri(zy, ..., x,) == xiq
for all i,n,7 € N with ¢ < n.

(4) if f is a m-ary primitive recursive function and ¢i, ..., g,, are n-ary primitive
recursive functions, then Comp”(f, g1, ..., gm) is a n-ary primitive recursive
function, where Comp™(f, g1, ..., gm) : N* — N is defined by

Comp™(f, 91, gm) (@1, ..., 20) = flgr(x1, .., 20), ooy Gm(T1, o Ty))
for all n, ¥ € N.

(5) if f is n-ary primitive recursive function and g is a (n+2)-ary primitive recur-
sive function, then Rec"™(f, g) is a (n + 1)-ary primitive recursive function,
where Rec"(f, g) : N**! — N is defined by

Rec" ™ (f,g)(z1,...,2,,0) == f(w1,...,2,)

and

ReCn+1(f7 g)(xl, ey Ty, S(I‘)) = g('rla s 71:717‘1:7Recn+1(f7 g)(wl’ T ’xn’x))
for all n,z, ¥ € N.

for all n € N.
The set Prim of all primitive recursive functions is defined as

Prim = U Prim,,.

neN
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Definition 3.1.2 (Language of Arithmetic)
The language of Arithmetic is given by

(1) A countable set V4 of variables. The variables will usually be denoted by
lower-case letters a, b, ¢, f, g, h or u,v,w,x,y, z (possibly with subscript).

(2) The constant symbol 0.

(3) A function symbol for each primitive recursive function. The function sym-
bols will usually be denoted by lower-case letters f, g, h (possibly with sub-
scripts) or by the same symbol that is used to name the intended function,
e.g. Cs;.

(4) The relation symbol =.
(5) The logical symbols —,V, A, 3, V.
(6) The auxiliary symbols (,),, (left bracket, right bracket, comma).

Definition 3.1.3 (Terms T ?)
The set of terms 7” of Arithmetic is inductively defined as follows

(1) Each variable z € V4 is a term.
(2) The constant symbol 0 is a term.

(3) Ifty,...,t, are terms and f is function symbol for a n-ary primitive recursive
function, then f(ty,...,t,) is a term.

Definition 3.1.4 (Formulas F?, Quantifier Free Formulas QF)
The set of formulas F” of Arithmetic is inductively defined as follows

(1) If s, € T" are terms, then (s = t) is a formula.

(2) If ¢ and 9 are formulas, then
"

- (pV)
- (A7)

are formulas.

(3) If ¢ is a formula and = € V4 is a variable, then

— (Jz)p
— (Vz)op

are formulas.
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The set QF of quantifier free formulas of Arithmetic is defined as the set of all
formulas satisfying only the first two clauses of the inductive definition above, i.e.
the set of all formulas in which no quantifier occurs.

Definition 3.1.5 (Arithmetical Hierarchy, X%, II?)
The sets X0, TI% are inductively defined as follows

(1) X =115 == QF,

(2) Z9z+1 =
{p € FA; thereis a ¢ € I1I° and zy, ..., 2, € V4 such that ¢ is (37)1},

(3) My =
{p € FA; thereis a ¢ € X0 and z1,...,x,, € V4 such that ¢ is (VZ)},

for all n € N.

Notation 3.1.6

As usual s # t, ¢ — ¥ and ¢ < 1 will be used as abbreviations for —(s = t),
(mp V) and (¢ — ) A (¢ — @), respectively, where s,t € TA and ¢,¢ € FA.
As before, brackets may be omitted by the usual conventions.

Definition 3.1.7 (Free Variables, FV 4)
The set of free individual variables FV 4(t) is inductively defined as follows

(1) if ¢t is 0, then FV 4(¢) =0
(2) if tis @ € Vg, then FV4(t) = {2}

(3) if tis f(t1,...,t,) and f is a function symbol for a n-ary primitive recursive
function and ¢y, ... ,t, € TA are terms, then FV 4(t) = FV 4(¢t;)U- - -UFV 4(¢,,)

for all terms t € TA.
The set of free individual variables FV 4(¢) is inductively defined as follows

(1) if pis s=tand s,t € TA are terms, then FV 4(p) = FV4(s) UFV 4(t)
(2) if ¢ is =) and ¢ € FA is a formula, then FV4(p) = FV 4(2)

(3) if @ is Y1 V 1y or ¥ A by and Py, € FA are formulas, then FV4(p) =
EVa(1) UFVa(¢)2)

(4) if p is (3z)¢ or (Va)y and ¢ € FA is a formula and = € V, is a variable,
then FVa(p) =FV4(Y) \ {z}

for all formulas ¢ € FA.

Definition 3.1.8 (Closed Terms, Sentences)
Let t € 7" be a term and ¢ € FA be a formula of Arithmetic. ¢ is called a closed
term if and only if FV 4(¢) = 0 and ¢ is called a sentence if and only if FV 4(p) = 0.
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Definition 3.1.9 (Substitution)
Let z1,...,1, € V4 be variables, t,...,t, € T terms and ¢ € F* a formula of

—]

Arithmetic. Term substitution is defined as usual and is denoted by ¢[t/]

Definition 3.1.10 (Substitutable Terms FT 4)
Let 2 € V4 be a variable and ¢ € F* a formula of Arithmetic. The set FT 4(x, ¢)
of substitutable terms is defined inductively as follows

(1) If p is s = t, then FT q(x, p) = TA.
(2) If ¢ is =), then FT4(x, @) = FT4(x, ).
(3) If wis 11 V 1y or 1y Atbg, then FT g(z, ) = FT4(z,¢1) NFT 4(z, 99).
(4) If ¢ is (y)v or (Vy)y, then

[ TA ify=ux,
FTAe )= | £ 78, 3 PVA0) NPT 0, iy 0

Remark 3.1.11 Remark [2.1.11] (in an appropriately modified form) applies here as
well.

3.1.2 Logical Axioms and Proofs

Definition 3.1.12 (Propositional Axioms, A]’ﬁ
The set of propositional axioms Ag,,, is defined as the set consisting of

rop)

for all formulas a, 3,7 € FA.
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Definition 3.1.13 (Equality Axioms, .qu)
The set of equality axioms Aﬁq is defined as the set consisting of

(1) x=x
(2) Zo=YoN...Nxp =y Ns=t— (s =1t)[y/7]

for all variables z, xg, . .., Zn, Y0, - .., Yn € V4 and terms t,s € TA.

Definition 3.1.14 (Quantifier Axioms, .Ag

The set of Quantifier axioms A}
(1) ¢ft/z] — (Fz)ep

(2) (Vo) — olt/z]
for all formulas ¢ € FA, variables € V4 and terms ¢t € TA.

Definition 3.1.15 (Rules of Inference, R*)
The set of rules of inference R” is the set consisting of

uant )

want 15 defined as the set consisting of

(1) ply/z] —

() — ¢
Y — ply/]
@) = e
o =
@%——J—*

for all formulas ¢, € FA and variables z,y € V4 with y € FTo(x,¢) \ FVA(¥).
Notation 3.1.16 (Prem(R), Conc(R))
Let

Y1 .- Pn A
R=—"T——T"¢¢R
(0

be a rule of inference. The formulas ¢q,..., ¢, will be called premises and the
formula v is called the conclusion. We will denote the set of premises by Prem(R) =
{¢1,...,pn} and the conclusion by Conc(R) = 9.

Definition 3.1.17 (T-Proof, T - )

Let T C FA be a set of formulas and ¢y, ..., p, € FA formulas. The sequence of

formulas (@, ..., ¢,) is called a T-proof, if each ; satisfies one of the following
conditions

(1) i € Ta

(2) w; € Aérop U Aéq U AGuan‘m

(3) there is a R € R” such that ¢; = Conc(R) and Prem(R) C {¢o, ..., 9i_1}-

The proof relation FC P(FA) x FA is defined as follows:
T I ¢ for all sets of formulas 7' C F” and formulas ¢ € F? if and only if there
is a T-proof (g, ..., ¢,) such that ¢, = ¢.



40 3 ARITHMETIC

3.2 Semantics

3.2.1 Structures

Definition 3.2.1 (Structure of Arithmetic)
A structure M of Arithmetic consists of

(1) A set M called the domain of numbers.
(2) An element 0M € M.
(3) For every n € N and every function symbol f € Prim,, a function

MM — M.

The set M will usually be denoted as | M |, the class of all structures of
Arithmetic is denoted by MA.

Definition 3.2.2 (Valuations v € VM)
Let M € M be a structure of Arithmetic. A valuation v for the structure M is
a mapping

v:iVy—=|M|.

The set of all valuations for the structure M is denoted by VM.

Let v € VM u € V4 and m €| M. v[u : m] denotes the following valuation
for M

m, ifv=u
v(v), otherwise.

viu:mj(v) = {

Definition 3.2.3 (Interpretations)
Let M € MA be a structure of Arithmetic and v € VM a valuation for M. An
interpretation M,, for M and v is a mapping

M, Th | M|
satisfying

oM, ift=0
M, =< v(t), ifteVa
FMM(s0), ..., My(sy)), ift= f(0,...,5n).

An interpretation M, induces a mapping (which we will be given the same
name as the interpretation)

M, FA — {t,f}
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which is inductively defined by

M,y (s =1t) =t M,(s) = M, (1)
M, (~p) =t My(p) = f
My(p Vi) =t (sO)ZtorM(@/))
My(pAY) =t M, (p :tand/\/l(w)
M, ((3z)p) =t :& there is a m €| M |" such that M, (p) =t
M (Vo)) =t 1 My (p) =t for all m €| M|’

for all terms t,s € TA, variables © € V4 and formulas o, v € FA.

Definition 3.2.4 (Model relation =)
The model relation =C M* x F” is defined by

MEp = M, (p) =tforalveVM

for all structures of Arithmetic M € MA” and formulas ¢ € FA.

The model relation can easily be lifted to a relation =C MA x P(FA) by

MET & MEgpforallpeT

for all structures of Arithmetic M € M” and sets of formulas T C FA.
If M =T then M will be called a model of T.

Definition 3.2.5 (Entailment relation, logical consequence I-)
The entailment relation IFC P(FA) x FA is defined by

Ty & MET implies M |= ¢ for all M € M*

for all sets of formulas T C F” and formulas ¢ € FA.

41

Again the entailment relation can easily be lifted to a relation IFC P(FA) x

P(F) by
THES & TlFepforal pe S

for all sets of formulas S, T C FA.

3.2.2 Adequacy

Theorem 3.2.6 (Correctness)
For all theories T C F* and formulas o € F"

If Ty then TIF .
Proof. See e.g. [Sho67].
Theorem 3.2.7 (Henkin’s Theorem)

O

A theory T C FA is consistent, if and only if there is a model M € M? of T, i.e.

MET.
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Proof. See e.g. [Sho67]. O

Corollary 3.2.8 (Completeness)
For all theories T C F” and formulas p € FA

If Tk  then Tk .

Proof. We will prove the contraposition. Without loss of generality we may assume
that FVa(p) = 0. Let T I/ .

Assume (towards a contradiction) that T'U {—y} is inconsistent. Then 7" U
{—¢} F ¢ since inconsistent theories prove every formula. By some further think-
ing, this yields T'F ¢ which contradicts our assumption 7" I ¢.

So T'U{—¢p} is consistent and has hence by a model, say M € MA. Since
M =T U {=p} we get especially M =T and M = —p, i.e. M =T but M [~ ¢
and so T'Iff . O

Theorem 3.2.9 (Adequacy)
For all theories T C F” and formulas p € FA

TIFe ifandonlyif T .

Proof. Follows immediately by combining and OJ
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3.3 Theories and Principles

3.3.1 Primitive Recursive Arithmetic

Definition 3.3.1 (Numerals 1 € T?)
For each n € N the term m € 7" is defined inductively as follows

~—~
—_

~—
ol

=0,

(2) n+1:=S(m).

Definition 3.3.2 (Defining Equations A}
The set of defining equations A5

Prim

rim)
is defined as the set consisting of

(1) =S(z) =0

(2) Cs™Mx1,... 20) =1

(3) Pr(1, ..., 20) = i1

(4) Comp™ (£, grs .-y gm) (@1 o) = FG (@1, oo Tn)se e s Gou(T1s e T)
(5) Rec™ X (f, g)(x1, ..., 2,0) = f(@1,...,20n)

(6) Rec™ (£, g)(x1, ..., 2, S(x)) = g(x1, .. ., 20, 2, Rec" (f, g) (@1, . ., Tn, @)

for all i,n € N with n > 0, function symbols Cs', Pr', Comp”(f,g1,.-.,9m),
Rec"™(f, g) and variables z, 21, ..., 2, € V4.

3.3.2 Induction Axioms

Definition 3.3.3 (Induction Axioms X-Ind)
Let X C FA be a set of formulas. The set X-Ind C FA is defined as the set
consisting of

pl0/z] A (Vo) (e — ¢[S(z)/a]) — (Vo)
for all p € X and z € V4.

Remark 3.5.4 Often we will use X-Ind with X = QF, %9, 119 or FA.

3.3.3 Further Principles

Notation 3.3.5

Let f be a function symbol for the primitive-recursive characteristic function of
the order relation <, i.e. f(y,x) = 0 if and only if y < x, ¢ € F” a formula and
z,y € V4 variables. We will use (Vy < x)p as an abbreviation for (Vy)(f(y,z) =
0— o).
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Definition 3.3.6 (Least Element Principle X-LEP)
Let X C FA be a set of formulas. The set X-LEP C FA is defined as the set
consisting of

() — (Fx)(@ A (Vy < z)=ply/z])
for all p € X and =,y € V4.

Remark 3.3.7 The least element principle states, that if we can find an element
satisfying some property, then we can find a least element satisfying that property.
As we will see in [3.4.3] this concept is (not surprisingly) closely related to induction.

Definition 3.3.8 (Collection Principle X-CP)
Let X C FA be a set of formulas. The set X-CP C FA is defined as the set
consisting of

(Vo < t)(Fy)p — (F2)(Ve < t)(Fy < 2)p

forall p € X, t € TA and z,y,2 € Vj4.
Remark 3.3.9 The collection principle is a so-called number theoretic choice prin-
ciple. Information about similar weak choice principles and also about stronger

(second-order) choice principles in the context of arithmetic can be found in e.g.
[Sie85].

3.3.4 PRA, PRA" and PA

Definition 3.3.10 (Primitive Recursive Arithmetic PRA)
The theory of primitive recursive arithmetic PRA is defined as

PRA := A8. U QF-Ind.

Prim

Definition 3.3.11 (PRA™)
The theory PRA™ is defined as

PRAT := PRA U X-Ind.

Definition 3.3.12 (Peano Arithmetic PA)
The theory of Peano Arithmetic PA is defined as

PA := PRA U F*-Ind.
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3.4 Aspects of Arithmetic

Here we will present some of the interesting and sometimes also surprising results
about systems of Arithmetic. Not all of them will be used in the following parts.

Theorem 3.4.1 (Parsons’ Theorem)
Let ¢ € 113 be a formula of Arithmetic. Then

PRAT F ¢ if and only if PRAF ¢,
i.e. PRAT is conservative over PRA for TI3-formulas.
Proof. See e.g. [Sie91]. O

Theorem 3.4.2 (Equivalence of X2-Ind and ITI?-Ind)
%-Ind is equivalent to 3°-Ind over PRA for all n € N.

Proof. Let ¢ € TI2 be a formula of arithmetic and x,y € V4 variables such that y
is different from z and z—y € FT4(z, ). Then

—plr—y/x]

is an element of X2, where — denotes the (primitive recursive) limited subtraction.
Using the XY induction axiom for this formula and some further thinking will yield
a prove of the corresponding 10 induction axiom for . The reverse direction is
established in the same way. See e.g. [Sie85| for a full account of this proof. O]

Theorem 3.4.3
For alln € N

(1) 39,,-CP is contained in X2 -Ind over PRA.
(2) TI°-LEP is equivalent to X0-Ind over PRA.

(3) XU-LEP is equivalent to I19-Ind over PRA.
Proof. (1) By induction on n and the induction axiom for the formula
b<a— (32)(Vz <b)(Jy < 2)p,

where ¢ is the formula you want to prove the collection principle for. See
e.g. [Sie85] for details.

(2) For the left-to-right direction assume that the least element principle holds
but the induction axiom fails. Using a bit of arithmetic machinery will give
a contradiction. For the reverse direction, if you assume (3x)¢, let 1) be

(Vy < 2)ply/x].
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Then the induction axiom for ¢ and the initial assumption (3z)y can be used
to get
(Vo) (Yle/2] — P[S(x)/2]

which gives the consequence of the least element principle. For details we
refer again to e.g. [Sie85).

Another way to prove this is by comparing the least element principle for a
formula ¢ to the contraposition of the induction axiom for —¢.

(3) Parallel to the prove above. See e.g. [Sie85]. O
Corollary 3.4.4
For alln € N

(1) if p € X2-LEP, then PRA + X2-Ind I .

(2) if p € B0 ,-CP, then PRA+1ID_-Ind F ¢.

Theorem 3.4.5
PRA + X2, -IR proves the consistency of PRA + II2-Ind for all n € N.

Proof. See e.g. [Sie85]. O

Remark 3.4.6 Let X C FA. Then X-IR denotes the induction rule for formulas in
X, i.e. the rule

pl0/z]  (Vz)(¢ — ¢[S(z)/z])
V)

peX.

—

The induction rule X2-IR is weaker than the corresponding induction axioms
¥0-Ind, for details see e.g. [SieS5].
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3.5 Recursion Theory Formalised

In the following we will show that the recursion theoretic results we used to prove
the consistency of our systems of Explicit Mathematics also hold in the formalised
settings of arithmetic. As we will see later, these results are the key to the proof-
theoretic analysis of our systems of Explicit Mathematics and so we pay some
special attention to the complexity of formulas. The first step of formalization is
introducing a formal version of the Kleene bracket, which we do using a version of
Kleene’s T-Predicate. Afterwards we are working informally in PRAT and PRA™ +
I19-Ind, respectively. The main problem one encounters when trying to formalise the
recursion theoretic results is the lack of second order objects and the fact that many
implicit dependencies become explicit. We will also occasionally refer to classical
(informal) recursion-theoretic theorems from the section about the consistency of
our theory, but we actually mean formalised counterparts of these theorems.

3.5.1 Notations and Definitions
Definition 3.5.1
Let T be the function symbol for a formalised version of the (primitive-recursive)
characteristic function of Kleene’s T-Predicate, i.e. {x}(y) ~ z in u or less steps if
and only if T'(u,x,y, z) = 0.

Furthermore let S be the function symbol for the function defined by {x}(y) |
in u or less steps if and only if S(u,x,y) = 0.

Remark 3.5.2 To be more precisely, we could take the characteristic functions of
the primitive-recursive predicates S; and H; of Corollary 5-1.3 of [Cut80] for T
and S.

A more formal construction of (functions similar to our) 7' can be found in
many textbooks, such as [TvDS88] or [Hin7§g].

Remark 3.5.3 In the following we will use characteristic functions of predicates as
if they were the predicates, i.e. we will write P(z,y, z) instead of P(z,y,z) = 0.
Furthermore we will use primitive recursive relations like < in infix notation.

Definition 3.5.4 (Kleene terms 7.¢)
The Kleene terms are defined inductively as follows

(1) each variable is a Kleene term,

(2) ifty,...,t, are Kleene terms and f a n-ary function symbol, then f(¢1,...,t,)
is a Kleene term,

(3) if t and sy,...,s, are Kleene terms, then {t}(s1,...,s,) is a Kleene term.

We will denote the set of Kleene terms by 72. Please note that 7 C 7.

Remark 3.5.5 Kleene terms are not part of the language of Arithmetic. They will
be used as abbreviations, as will be seen in the following definition.
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Definition 3.5.6 (y: T X Va4 — F*)

The function vy : 72 x V4 — FA is defined for each Kleene term ¢ € 72 and each
variable x € V4 inductively by

(1) if ¢ is a variable y € Vy, then y(t,x) is z = y.

(2) if tis f(t1,...,tn), then y(¢,x) is
FNOELy) A AYE Y A fyn, oY) = ).
(3) if tis {s}(r1,...,m), then (¢, x) is
(Fy, 2)(v(s,9) Ay(r1, z1) Ao o Ay (T, 20) A Fw(T(w, y, (21, - -, 2n), T))).

Notation 3.5.7

Let t € 7/ be a Kleene term and ¢ € F» be a formula. By ¢(t/z) we mean the
formula ¢ with all occurrences of x replaced by t. If t € 72 NT" then we will
interpret ¢(t/z) as usual. If t € T2\ T?, we will interpret ¢(t/z) as follows

(1) if ¢ is of the form z = s, where s € TA is a term, then p(t/z) is

(F2)(v(t, 2) A 2 = ylz/z]),
where z € V4 is a variable that does occur neither in ¢ nor in s.

(2) if ¢ is non-atomic, then ¢(¢/z) is defined inductively in the obvious way
(again being careful no variable clashes occur).

Notation 3.5.8
(1) Let t,s be terms of arithmetic. We use the following abbreviations

a) t

( s for (Fu)(S(u, s,t)).
(b

[N * M*

)

) t C s for (Vm)(xétﬁxés)

(c) tésfortés/\sét.

(d) Fin(t) for 32)(Vy)(y €t — y < 2).

(2) Let t,s € T2 be Kleene terms. We will write ¢ ~ s as an abbreviation for
(V) (v(t, 2) = (s, 2)).

(3) k € N denotes an index of the halting set K.
(4) (.) denotes a primitive-recursive pairing function.

(5) Let f,t be terms. We us the following abbreviations
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(a) Ext(f) for (Vo,y)(z =y — {f}z) = {f}(¥)).

)

(b) Mon(f) for (Vz,y)(x €y — {f}(z) € {f}(w)).

() Tot(f) for (4)(E)(L/}) = 1)

(d)
)
)

d) Cont(f) for (Va,y (ZE {fHy) < Fz(z é y AFin(z) A x e {f}(2))).

)
e) Lip(t, f) for {f}(t) Ct A (Vs)({f}(s) C s —tC s).
f) ExtClos(t) for (Vz,y)(x EtAyta—yée t).

(
(
Remark 3.5.9 Please remember that a formula like ¢ é s is an abbreviation for
(Va)(x Et—ae s),

which is an abbreviation for

(V) ((3w)S(wy, t,2) — (Fws)S(we, s, )),
which is again an abbreviation for
(V) ((Vwy) =S (wy, t,x) V (Fws)S(we, s, )).

So we easily see that this formula (even if we replace ¢t and s by Kleene terms) is
equivalent to a formula in I3 N 9.

3.5.2 The Theorems

Theorem 3.5.10 (Rice-Shapiro, formalised)
Lett € TA be a term.

*

PRA™ b ExtClos(t) — (Va)(z € t «— (3y)(y C = A Fin(y) Ay & 1)).

Proof. We will only prove the left-to-right direction of the equivalence, the proof
of the other direction being similarﬂ
So assume (towards a contradiction), that we have a x such that

zELA (Vy)(y é x AFin(y) — -y & t).
With the usual recursion theoretic methods, we can find an f € N such that
(Vu, U)((Hw)(w SUA S(w’Ev u) - _'(E]w)(s(wa {?}(ZL’), u, U))))

and

(Va, ) (=(Fw)(w < v A S(w, k,v) — (Yw)({{FHz2) Hu,v) = w o {z}(u) = w))).

3and actually only the left-to-right direction is used in the following theorems
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Using we can get a s € N such that

(Vu, v, w) ({F} (@) Hu,v) = w = {{5} @) Hu) }v) = w).

Now let u € F. Using an instance of X9-LEP (which we can by [3.4.4), we can
show

(Fv) (Vo) (v < vy = =S (v, k,u))
and from there we easily get
Fin({{s}(x)}(u)).

By our initial assumption this means also

~{{s}@)}(u) € t.
On the other hand let now —u € k, by definition of f and s we get

(Vo, w)({{{5(z) }(u)} }(v) = w = {z}(v) = w)
and therefore by ExtClos(t)
{sha@)}(w) €.
So we finally get
Vu(-u € F = {{s}(x)}(u) € 1)

which can be used to construct a contradiction to the undecidability of the halting
problem. But this means our initial assumption was wrong and hence we get the
desired result. O

Theorem 3.5.11 (Myhill-Shepherdson, formalised)
PRAT = (Vf)(Ext(f) A Tot(f) — Cont(f)).
Proof. First, find a t € N such that

(Va,y)(y € {E}(f,2) =z € {f}()).

From Ext(f) we instantly get ExtClos({¢}(f,z)) and so we can use |3.5.10] to
get

y & [B(f,2) — (32)(2 C y AFin(2) A 2 & {1 (f, 7).
So we get immediately
v E{fHy) = (32)(z Sy AFin(z) Aw & {f}(2)),

which is Cont(f). O
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Theorem 3.5.12 (least fixed point, formalised)
There is a n € N such that

PRA® + II3-Ind b (¥)(Tot(f) A Mon(f) — (Lfp({m}(f). f).

Proof. Let e € N be an index of the empty set. By we can find a fi € N
such that

{fiwer }(f,0) &
and
{fier} (f,S(n) = {F}({ fiter} (f: ).
Furthermore we can find a n € N such that

z € {mY(f) = G € {fuar}(f1)).

Using an appropriate instance of TI9-Ind (see [3.5.9) and the property Mon(f)
we can first show

(Vi) ({Fuar} (1) € {Frar (£, S(0)).
Since Mon(f) — Ext(f) we can use [3.5.11] to get Cont(f). So from x e

{FHTY(F))) we get
(3y)(y € {R}(f) A Fin(y) Az & {F}()).

From Fin(y) we get

(Fu) (Vo) (v & y— v <u)
and from y é {n}(f) we get
(V0)(v €y = Gi)(v € {Faar}(,))):
A combination of this yields

(Vo <u)(3i)(v €y — v € {Fau}(f,7)).

Using an instance of I13-CP (which we can by [3.4.4] and [3.5.9)), we get

(Jio)(Vo < w)(3i < io)(v € y — v € {Fuar}(f,1)).

And since v € y — v < uand {fier}(f,7) é { fiter }(f,i0) for i < ig we are able
to deduce

(3io)(y € {Fuer} (£ i0)
and so we get

€ {FY{Faar} (fi0)),
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which, by definition of fii, leads to

v € {Fuer}(f,S(i0))

and further, by definition of n, to
z € {n}(f).

So we have shown {f}(7) é 7.
Now finally assume we have a s, such that {f}(s) = s. Using an instance of
I19-Ind we can show

(Vi) ({ fiser } (f,7) © 5)
and so, by definition of n again,
{n}(f) S,
which concludes our proof. 0

Remark 3.5.13 A little extra thinking reveals that {n} is even a primitive-recursive
function, so we could (but will not) use a function symbol from the language of
arithmetic to represent it.
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4 Proof Theory

In [Fef79] Feferman showed (amongst others) the following proof-theoretic results
about Ty and EM,

EMy + J = Z1-AC
To = EMg + J +1G < ©5-AC + BI

where 1G stands for the axiom of inductive generation, Bl for the principle of bar
induction and X1-AC for the axiom scheme for the axiom of choice for X! -formulas.
Furthermore Feferman conjectured

T, = ¥LAC + Bl

which was proved by Jéger in [Jag83].
In [Fef82] Feferman raised the question about the strength of Ty + MID and
To + UMID. In [Tak89] Takahashi showed that

EMg + J + MID = I1;-CA

and also that Ty is interpretable in II-CA + Bl, where IT.-CA stands for the the
axiom scheme of comprehension for II} -formulas.

A survey about some further answers to Feferman’s question can be found in
[Rat02]. One interesting fact is, that To] +MID proves the consistency of T (where
Tol is a version of Ty with restricted inductive generation |G| and type induction
T-ly instead of full formula induction F E—IN) and that UMID is even stronger.
Rathjen also conjectured

To +UMIDy = T + UMID = II3-CA + BI.
and the following results about UMID could be proved:
Tol +UMIDy = II3-CA],

Tol +INDy + UMIDy = I1L-CA

and
H%—CA < Ty + UMIDy < H%—CA + B,

where INDy is FE-ly in our notation and IT3-CA[ is second order arithmetic with
[T} comprehension schema and induction restricted to IT} sets.

While a lot of investigation about MID and UMID in the setting of classical
logic has been done, the question about these principles in intuitionistic Explicit
Mathematics was only recently addressed in [Tup04], where Tupailo, using a result
of Mollerfeld from [Mol02], showed that

(EETJ] +UMIDy)’ = (Tol +UMIDy)" = IT-CAY,
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where (.)" denotes the intuitionistic version of the respective theory and EETJ]| is
EET™ + J + T-ly in our notation. Thus, using intuitionistic logic does not change
the proof theoretic strength.

The exact strength of Tg + UMID remains an open question in both classical
and intuitionistic logic.

In this section we will give lower and upper bounds for the proof-theoretic
strength of systems of Explicit Mathematics T with

YYET C T C YTET 4+ ¥X1S-C+ J+ VN + VR + UMID.

For the lower bounds we will map the primitive-recursive function symbols to
terms of the lambda calculus, for the upper bounds we will basically map terms
s-t to {s}(t) and use the results from the formalised recursion theory. For systems
T + FE-ly, i.e. systems with full formula induction, we will get exact results, but
for systems T+ T-ly, i.e. systems with type induction, the question of determining
the exact proof-theoretic strength remains open.
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4.1 Lower Bounds

In this part we will embed systems of arithmetic into systems of Explicit Math-
ematics. This is done in a very classical way by mapping the primitive-recursive
functions to their lambda-calculus counterparts. As this method is very familiar we
will not go into detail and refer mostly to [Kra06] for a full account of the proofs.

4.1.1 The Embedding

Definition 4.1.1 (Numerals 7 € 7F)
For each n € N the term m € 7F is defined inductively as follows

(1)
(2) n T 1= (s T0).

ol

=0,

Definition 4.1.2 (mapping  : V4 — Vj)
Let ©: V4 — Vi be a mapping with following properties

— " is one-to-one
— V;\ V; is (countably) infinite
where V; := {0 ; v € V4}.

Definition 4.1.3 (mapping .° : 7* — TF)
The mapping .° : 7A — TF is defined inductively for each term ¢ € 7” by

(1) if ¢ is 0, then ¢° is 0,
(2) if t is @ € V4, then ° is 7,
(3) if tis f(to,...,tn), then t°is fo5... 0,
where f° is defined inductively by
— if fis S, then f° is sy,

— if fis Cs?, then f°is Azy... 7,0,

it fis Pr}, then f°is Azy... 2,241,

if fis Comp"(h,g1,...,Gm), then f°is
ATy . T B (g1 o) e (g ),
— if f is Rec"™(h, g) then f° is

o

Axy .. xprec(g®ry .. xy) (BT Ty,
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for each primitive recursive function symbol f and for all natural numbers i,n € N
with the additional condition that z1,...x, € V; \ V;.

Definition 4.1.4 (mapping .° : F* — FF)
The mapping .° : FA — FF is defined inductively for each formula ¢ € F* by

1) if p is s =t where s,t € T” are terms, then ¢° is t° = s°,
2) if ¢ is =) where ¢ € FA is a formula, then ¢° is =(¢°),

(1)
(2)
(3) if @ is 1y V by where 1,1, € FA a formulas, then ¢° is 19 V 13,
(4) if o is 1 A by where 1Py, 1y € FA a formulas, then ¢° is 15 A 43,
(5)

5) if ¢ is (3x)1p where ¢ € FA is a formula and = € V4 is a variable, then ¢° is
(32 € N)y°,

(6) if ¢ is (Vx)1) where ¢ € FA is a formula and = € V, is a variable, then ¢° is
(V& € N)y°.

Definition 4.1.5 (embedding . : FA — FF)
The embedding .V : FA — FF is defined by

N .__ §007 if FVA(SO) = ®7
L o ENA... AT, €N — ¢° I FVy(p) = {x0,...,2Tn},

for each formula ¢ € FA,

4.1.2 The Embedding Theorems

Theorem 4.1.6 (Embedding Theorem)
For all p € F* we have

(1) PRAF ¢ = BON™ + V-Iy V.
(2) PAF ¢ = BON™ + FE-Iy F V.
Proof. See [Kra06]. O

Corollary 4.1.7
Let T =Y ET + J + VR + VN + UMID. For all p € F” we have

(1) PRAF ¢ = T + V-y F V.
(2) PAF o = T+ FEAy V.
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4.2 Upper Bounds

In this section we will embed systems of Explicit Mathematics into systems of
Arithmetic. The main idea is to map a term s -t to {s}(t), as we have already
done in the consistency proof. So it is not a big surprise that we will use the
formalised recursion theoretic results in order to proof the translation of UMID. As
you will see, we have again chosen the terminology and the notations as similar as
possible to the embedding in [Kra06] and we will also see that these embeddings
share some important basic properties. So it will be possible to refer to [Kra06] for
some results that rely only on this general aspects and focus on the more specific
parts of our systems.

4.2.1 The Embedding

Remark 4.2.1 T and S denote the same functions as defined in [3.5.1}

Definition 4.2.2 (7)
Let 7: VU Vr — V4 be a mapping with following properties

— ~ is one-to-one
~ V4\ V4 is (countably) infinite
where V, := {v;veV,UVr}.
Definition 4.2.3 (a, 3)
The mappings a : V3 — FA and 3 : V4 — FA are defined by
(1) a(z,y,2) = (Fu)(T'(u,2,y,2) = 0),
(2) 6y, ) = Fu)(S(u, z,y) = 0),

for all variables z,y,z € V4 with the additional condition that z € V4 \ VA is
different from z,v, 2.

Definition 4.2.4 ()
The mapping v : 75 x V4 — FA is inductively defined for each term ¢t € 7F and
variable x € V4 by

(1) if t is ¢ € CF, then (¢, z) is ¢ = x. Here ¢ denotes the natural number which
is an index for the desired function as in [2.4.21] and |3.5.12]

(2) if t is y € Vy, then ~(t,x) is y = z,

(3) if tisty ...ty with t,ty € T, then v(t,z) is (Fy1) Fya) (Y(t1, y1) Ay(t2, y2) A
Oé(yl:yan)-

Definition 4.2.5 (the embedding .* : F& — FA)
The mapping .* : FE — FA is inductively defined for each formula ¢ € FE of
Explicit Mathematics by
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1) if p is s =t with s,t € TF terms, then ¢* is (32)(v(s,z) Ay(t, 1)),
2) if g ist | witht € TF a term, then ¢* is (3z)(y(¢, 7)),

3) if ¢ is t € N with t € 7F a term, then ¢* is (3z)(v(¢, 7)),
)

(

(

(

(4) if pist € X with t € 7% a term and X € Vr a type variable, then ¢* is
(Fz) (v (¢, 2) A Bz, X)),

(5) if ¢ is R(¢, X) with t € TF a term and X € Vr a type variable, then ¢* is

~

(Fz)(v(t, z) A (V) (Bly, ) < By, X)),
6) if p is =) with ¢ € FF a formula, then ¢* is =(¢*),

(6)

(7) if @ is 1y V ¥y with 91,1y € FFE formulas, then ¢* is 11" V 9y",
(8) if  is by A by with )y, 10y € FE formulas, then o* is 91 A ¢y,
(9)

9) if ¢ is (3x)1p with ¢p € FF a formula and = € V; an individual variable, then
©* is (Fz)y*,
(10) if ¢ is (V) with ¢p € FF a formula and = € V; an individual variable, then
" is (V2)yr,
(11) if @ is (3X)¢ with ¢» € F* a formula and X € Vr a type variable, then ¢* is
(3X)y,

(12) if p is (VX)y with ¢ € FE a formula and X € Vr a type variable, then ¢* is
(VX)er,

where x,y € V4 \ ]}A are different variables.

Lemma 4.2.6
Let ¢ € FE be a formula of Explicit Mathematics. Then

(1) z € FVi(p) < &€ FVa(e),

(2) v € FTi(y, ) & &€ FTa(y,¢"),
(3) = (elg/Z])" < (¥") o/ Zo, - - Y/l
(4) X € FVr(p) & X € FValp"),

(5) X e FTp(Y,p) < X e FTA(Y, ")

(6) b (oY /X])" o (") Yo/ Xo,- -, Yo/ Xal,
holds for all individual variables x,y, g, ..., Tn, Yo, - - -, Yn € V withy; € FTi(z;, )
and type variables X, Y, Xo,..., X, Yo, ..., Y, € Vp with Y; € FTr(X;, ).
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Proof. Obvious. O

Lemma 4.2.7
(1) Let s,t € TE be terms, x € Vr an individual variable and y,z € Va4 be
variables such that z # & and y € FT(z,7(s,2)). Then

PRAF 7(t,y) — (v(s[t/x],2) < (s, 2)[y/2].

(2) Let ¢ € FE be a formula of Explicit Mathematics, x € V; an individual
variable and y € Va a variable such that y € FT4(z,¢*). Then

PRAE(t,y) — (plt/a]” < ¢"[y/2]).
Proof. (1) By induction on the term s.
(2) By induction on the formula ¢. O

Lemma 4.2.8
Let x,y,z € V; be individual variables. Then

(1) PRAF (z € N)*
(2) PRA ((Vz € N)p)* — (Vi)g"
(3) PRA F (R(z))*
(4) PRAF (y&€a)" < (3, )
(5) PRAF (z-y = 2)" — a(d, ], 2)
Proof. (1) (z € N)* is (Jy)(& = y), which is surely provable in PRA.

(2) ((Vz € N)p)" is (VZ)((z € N)* — ¢*), putting this together with the result
above yields the desired statement.

(3) (R(x)" is (3X)(32)[& = z A (V)(B(y,2) = Bly, X))]. Since PRA I & =
TN\ (Yy)[B(y, ) < By, 2)] we get the desired result by suitable substitutions.

(4) (z€y)" is BY)B@)(@ = u A (V0)(Bv,u) = Bo,Y)) A (Buw)(E =
B(w,Y))), so we have PRA F (z€y)" « (IY)[(Vv)(B(v,5) < B(v, ))
B(z,Y)] which immediately leads to the desired results.

(5) (z-y=2)"is (Fu)(Fvy)(Fve) [T = v1 A§ = va Aa(vy, vg,u) A2 = u]. Applying
the same reasoning as above will give the desired result. 0
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4.2.2 The Embedding Theorems

Theorem 4.2.9
Let T = Y ET + £*S-C+ J + VN + VR + UMID. For all p € FE

(1) T+T-AnFe = PRAT +1I5-Ind - o,
(2) T+ FEInko = PAFp".

Proof. We prove the statement by induction on the length of the T-proof of ¢. By
2.5.8 we do not have to care about the axioms in ¥ S-C.

Since our embedding satisfies the same basic properties as the embedding in
[Kr&06], the proofs for the logical axioms and rules will be the same ones and are
therefore omitted. We only mention that we can prove the translation of instances
of the type induction axiom schema by appropriate instances of the X9 induction
schema because the relation of set membership translates to ¥¢ formulas.

The proofs for the non-logical axioms rely on the right choice of constant, i.e.
the indices of the corresponding partial-recursive functions. We give an example
for the case that ¢ is (kx)y = =.

©* is equivalent to (3z)(Fuy)(Fua)(Fv)(Fva)[E = 2 A = up Ak = vy A2 =
vg A (v, va,uq) A aug, ug, 2)].

Let f be a function symbol such that

PRAT - f(z,y) = =
We find an index n € N of f such that
PRAT - f(z,y) = 2z « a(@, (z,7), 2).
By we can find a s € N such that
PRAT - a(m, (z,y), 2) < (a3, (7, x),u) A a(u,y, 2))
and by a second application of we get a t € N such that
PRAT F a(s, (W, z),2) < (a(t,m,u) A a(u, z,2)).
By construction we have that
PRA™ I- a(Z, 7, k).
Putting this all together in the right way and using [4.2.8| will give
PRAY |- *.

For the case that ¢ is an instance of UMID, we refer to |3.5.12 and the fact
that our embedding is basically the interpretation of the application operator as
in [2.4.21| using Kleene terms as defined in [3.5.1} U
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4.3 Results

Lemma 4.3.1
(1) Lett € T" be a term of Arithmetic with FVa(t) = {xq,...,2,}. Then

PRA F 7(tY, @) o tfo™ [0, ..., .Y J].

(2) Let p € FA be a formula of Arithmetic with FV(p) = {zo,..., %0}
PRAF (o) & ol [0, ..., 2, /xa].

Proof. By induction on terms (which requires an induction on function symbols
first) and formulas. This result is again basically the same as in [Krd06] since the
embedding .V is the same and the embedding .* shares the same necessary basic
properties. [

Theorem 4.3.2 (Proof-Theoretic Equivalence)
Let T C FE be a set of formulas with

YTET C T C YTET +¥7S-C+ J 4+ VN + V3R + UMID.
We have

(1)
PA=T+ FEly

where = stands for proof-theoretic equivalence, which means PA and T+ FE-Iy
have the same provable arithmetic sentences, i.e. for all sentences € FA
we have

PAF ¢ ifand only if T+ FE-IyF V.

(2)
PRAT < T + T-Iy < PRAT + I19-Ind

where < gives the proof-theoretic upper and lower bound for provable arith-
metic sentences, which means for all sentences ¢ € F™ we have

PRAT o  implies T + T-lyF ¢

and
T+ T-IyF @Y implies PRAY 4+ 1I59-Ind F .

Proof. Combine [.1.6, {.1.7, [£.2.9 and [{.3.1] O
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