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1 Introduction

In this master thesis we examine the theory V!, a two-sorted (first-order)
theory of bounded arithmetic which was introduced by Cook. Theories of
bounded arithmetic are weak subsystems of Peano Arithmetic, where the
induction axiom scheme is restricted to formulas with only bounded quan-
tifiers, i.e. quantifiers of the form dz < ¢t or Va < t. “Two-sorted” means
that there are two sorts of individuals, namely “numbers” and “finite sets of
numbers”. This two-sorted approach is due to Zambella ([11]) and Cook ([6])
and turned out to be useful for studying especially weak complexity classes
such as AC (but also P).

The theory V1 characterises the polynomial time computable functions
FP in the sense that the functions definable in V* (called the provably total
functions of V1), correspond precisely to the functions in FP. V1 is the
second element of a whole hierarchy VO ¢ V! C V2 C ... of theories,
where, for i > 1, V! characterises the (i — 1)-th level of the polynomial
hierarchy.

One leading motivation for relating bounded arithmetic and complexity
classes is to gain insight into the numerous open problems in theoretical
computer science, namely the question of whether the polynomial hierarchy
is proper and as a consequence whether the classes P and NP are distinct.
The PhD thesis of Buss ([2]) was a milestone in relating complexity classes
and bounded arithmetic. The theories V° ¢ V1 C V2 C ... correspond to
Buss’ theories S3 CS2 C ...

The main references for this thesis are the lecture notes of Prof. Stephen
Cook and the yet unpublished' book ([6]) ” Foundations of Proof Complexity:
Bounded Arithmetic and Propositional Translations” by Stephen Cook and
Phuong Nguyen. [11, 12, 3, 2] are good sources for advanced study of the
subject of bounded arithmetic and complexity classes.

This thesis is intended to be easily accessible to students and novice
readers of logic texts. Therefore it contains more “prose” than the advanced
logician is used to. Section 2 is rather elementary and contains an introduc-
tion into bounded arithmetic as well as a brief introduction into first-order
logic. Experienced readers might just want to skim through in order to look
at the notations. In section 3, two-sorted first-order logic, together with a
two-sorted version of the sequent calculus, is introduced. We also prove ba-
sic results such as soundness, completeness and “free-cut” elimination. In
section 4, the theory V1 is introduced and many of its properties are proved,
especially a two-sorted version of Parikh’s theorem ([8]). At the end, section
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4 then contains a lower and an upper bound theorem for V1. These theorems
imply that V1 characterises FP.

All but very few of the theorems and lemmas are proved in detail. Fa-
miliarity with basic complexity theory and some experience with first-order
predicate logic are helpful. The reader should also know about elementary
set theoretic notions such as functions and relations.

List of Abbreviations

e = stands for syntactical equivalence.
P(X) stands for the powerset of X.
Pe(X) stands for the finite power set of X, that is all finite subsets of X.

= stands for implication in the meta-language.

s.t.: such that

w.r.t.: with respect to

e w.l.o.g.: without loss of generality
RHS: right hand side

LHS: left hand side
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2 Preliminaries

2.1 First-order Predicate Logic

This section provides a brief introduction into first-order logic together with
basic definitions that are used later. For simplicity, first-order predicate logic
will be called just first-order logic.

2.1.1 Syntax

First-order logic is an extension of first-order propositional logic and allows
predications over individuals (e.g. natural numbers) using functions and rela-
tions over those individuals. In the following, we define first-order languages,
terms and formulas. A first-order language £ consists of:

1. a (possibly empty) set of n-ary function symbols, for each n € N. A
0-ary function symbol is called a constant symbol,

2. a (possibly empty) set of n-ary predicate symbols, for each n € N,
3. an infinite set of variables,

4. logical connectives V, A, -,

5. quantifiers V, 3,

6. parentheses (, ).

We use f, g, h, ... as meta-symbols to denote function symbols’, P, Q, R, . ..
for predicate symbols and x,y, z,...,a,b,c,... for variables. Further we re-
quire that each language contains at least one predicate symbol. Terms over
a language L are intended to range over a set of individuals, called the uni-
verse (cf. section 2.1.2). L-terms are inductively defined in the following
way:

1. Every variable of £ is an L-term.

2. If f is an n-ary function symbol of £ and t;,...,t, are L-terms, then
f(t1,...,t,) is an L-term.

Using terms, we can now build £-formulas inductively as follows:

1. If P is an n-ary predicate symbol in £ and t4,...,t, are L-terms, then
P(ty,...,t,) is an (atomic) L-formula.

'sometimes with sub- or superscripts



2. If A and B are L-formulas, then (AV B), (AAB), (—A) are L-formulas.
3. If A is an L-formula and z is a variable, then (Vx)A and (Jz)A are

L-formulas.
We use r, s,t,... as meta-symbols to denote terms, capital letters A, B, C, ...
for formulas and capital Greek letters I', A, @, ... to denote sets of formulas.

In addition, we use the following abbreviations: A — B stands for (—AV B)
and A < B stands for (A — BA B — A). We often omit parentheses
and follow the convention that precedence follows the order —, A, V, —. For
example, =AV B — C stands for ((nA) V B) — C. All languages in this
thesis are extensions of the first-order language of arithmetic (or a two-sorted
version thereof) which we will call £ 4.

Definition 2.1 (L4). L4 =(0,1,4, x,=,<)
In the above definition 0,1 are O-ary function symbols (constants), +, X

are binary function symbols and =, < are binary predicate symbols. We will
use t # s as an abbreviation for =(t = s) and t < s for (t < s At #s).

Definition 2.2 (Free/Bound Variables). For terms and formulas, the set of
free variables is inductively defined as follows

free(z) ={x}, free(f(ti,...,tn)) = free(ty)U---U free(t,),
free(P(ty, ..., ty)) = free(ty) U---U free(t,),

free(AN B) = free(AV B) = free(A) U free(B),

free(—A) = free(A),

free(VzA) = free(IxA) = free(A) \ {z}

The set of bound variables is defined accordingly with bound(VxA) = bound(3xA) =
bound(A) U {x}.

Obviously, a variable x can occur both free and bound in a formula A.
A formula without free occurrences of variables is called a closed formula or
a sentence. A term that does not contain variables is called a closed term.
We adopt common syntactic conventions and write A(¢/x) for the formula
obtained by replacing all free occurrences of x in A by the term ¢. In general,
we demand that ¢ is freely substitutable for x in A, which means that no (free)
variable of ¢ becomes bound in A(t/z). This is to prevent unwanted semantic
side effects’. Further we write A(x) and mean that the variable z might occur
free in A and then A(f) means A(t/x) in the same context. Note that A(x)
does not necessarily mean that = actually occurs in A. Out of context, A(t)
stands for A(t/z) for some x. This notation applies accordingly for terms

(e.g. t(x)).

iFor example, the variable z is not freely substitutable for y in Jz(y < ).
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Notation We often write Z instead of x1, ..., zy, for some k& > 0. Let A(Z)
be a formula with all free variables indicated. Then VA(Z) stands for

V.. Ve Az, ..., o)

and is called the universal closure of the formula A. If ® is a set of formulas,
V® denotes the set of universal closures of the formulas in ®.

2.1.2 Semantics

In order to assign a meaning (i.e. a truth value) to first-order formulas, func-
tion and relation symbols must obtain interpretations in a set of individuals.
The concept of an L-structure defines such interpretations. An L-structure
consists of

1. a nonempty set M of individuals (the universe),
2. for each n-ary function symbol f of £ an interpretation fM : M™ — M,

3. for each n-ary relation symbol P of £ an interpretation PM C M™. If £
contains the relation symbol =, then =™ must be the equality relation
on M.

To obtain interpretations for terms with variables (i.e. non-closed or open
terms) we introduce variable assignments. A variable assignment (or just
assignment) o for an L-structure M is a mapping from the set of variables
in £ to M and gives meaning to the free variables of a formula A. Now the
interpretation t*[o] of an L-term ¢ in an L-structure M with respect to an
assignment ¢ can be defined inductively:

1. If t is a variable x, then tM[o] is just o(z).
2. If t is of the form f(t1,...,t,) then tM[o] is fM(tMo],. .., tM0]).

If ¢ is closed, then it is of course independent of ¢ and its interpretation
is simply denoted ™. In the following o(m/x) denotes an assignment which
is identical to o with the exception that it maps x to m € M. We can now
define the truth value of a formula A' with respect to a structure M and an
assignment . We write M[o] = A if A is true in M with respect to o. We
define M|o] = A by structural induction on the built-up of A as follows:

1. If Ais P(ty,...,t,), then M[o] = A iff (tM[o],...,tM[o]) € PM.

"We will often not explicitly mention the underlying language L if it is clear from the
context or irrelevant.



2. If Ais =B, then M[o] = A iff M[o] | B does not hold (written
M(o] = A).

3. If Ais BAC, then M[o] = A ifft M[o] E B and M[o] = C.
4. If Ais BV C, then M[o] = A iff M[o] = B or MJo] |= C (or both).
5. If Ais VaB, then M[o] = A iff M[o(m/x)] = B for all m € M.

6. If A is 3zB, then M[o]| | A iff M[o(m/z)] = B for at least one
m e M.

Definition 2.3 (Validity). We say that a formula A is valid in a structure
M, formally M |= A, iff M[o] = A for all assignments o and we then call
M a model of A. We call a formula valid iff it is valid in all structures. A
set T' of formulas is valid in M, formally M |= T, iff every formula in T" is
valid in M (and we analogously call M a model of T).

Definition 2.4 (Satisfiability). We say that a formula A is satisfiable if there
exists a structure M and M = A.

Definition 2.5 (Logical Consequence). We say I' logically implies A (or A
is a logical consequence of I'), formally I' = A, iff every model of T" is also
a model of A. That is iff for al M, M =T = M E A.

As a convention, we write = A instead of ) = A and A | B instead of
{A} = B. In the case of = A, we say that A is valid. Note that the relation
[= is transitive, i.e. A= B and B |= C implies A = C. If both A = B and
B |= A we say that A and B are equivalent and we sometimes write A < B.

Remark 2.6. We follow Buss ([3]) and others and define logical consequence
in such a way that free variables are implicitly universally quantified’. The
following lemma is an obvious consequence thereof.

Lemma 2.7 (Universal Closure Property). For every formula A
Ax) & Vo A(z).

Note that the statement “A «<» B is valid” is stronger than A < B. We
will make implicit use of the following lemma later in the text.

Lemma 2.8 (Formula Replacement Lemma). Let A and A’ be formulas and
assume that A < A’ is valid. Assume further that a formula B’ is obtained
from a formula B by substituting A" for all occurrences of the subformula A
in B. Then B < B’ is valid as well.

IThis is just a convention and makes some arguments simpler. Note that our definition
differs from the one in [6].




Proof. Straightforward by structural induction on B. See for example theo-
rem 2.5.8 in [9]. O

Next we define the term of a theory. We often use bold capital letters
(T,S,...) to denote theories.

Definition 2.9 (Theory). An L-theory is a set of L-formulas closed under
logical consequence. An axiomatisation of an L-theory T is a set I' of L-
formulas, called axioms, such that T is exactly the set of L-formulas logically
implied by T'.

We call the formulas of T theorems of T. It is obvious that A € T and
T |= A are equivalent (we use the second notation). Note that by the above
definitions, theories are also closed under universal quantification. That is,
T = A& T | VzA for every formula A. Given a set I' of axioms, the
corresponding theory is precisely the set {A | ' = A}.



2.2 Bounded Arithmetic

This short section serves as a brief introduction into the topic of bounded
arithmetic. Some important notions and techniques are introduced by means
of the well-known one-sorted theory IAg. It is shown what it means for
functions and predicates to be definable and provably total in a theory and
we will see how complexity classes can be characterised by theories. Many
of the definitions involved will reappear in chapter 3 in a two-sorted context.
The underlying language is always the language £ 4 or an extension thereof
(written £ O L4). We will use infiz notation for the function and relation
symbols of £4 and follow the standard precedence rules (x binds stronger
than +). For example, (z + 1) X * = x X & + z stands for x(+(x,1),z) =
+(x(x,x),x). Our theories are intended to prove facts about the natural
numbers N.

Definition 2.10 (standard model N). The L 4-structure N has universe N
and the function and relations symbols 0,1, 4, x, =, < get their standard in-
terpretations in the natural numbers. We call N the standard model (of the
natural numbers).

2.2.1 Setting up 1A,

We begin by defining a slightly modified version BA (for “Basic Arithmetic”)
of the theory Q, called Robinson’s Arithmetic’. BA is has the following
axioms:

Bl. z+1#0

B2, z+l=y+1—-2=y
B3. z+0=2z

B4 z+4+(y+1)=(x+y)+1
B5. zx0=0

B6. zx(y+1)=(rxy +uz
B7. (z<yrny<z)—z=y
B8 z<z+y

C. 0+1=1

Note that by addition of 1s we can build terms that represent arbitrary
natural numbers, e.g. 1414141 for 4. This is cumbersome to write down.

{Our theory BA is slightly weaker than Robinson’s Q.



Therefore, we define 0 =0,1=1andn+1= (n+ 1) for n > 1 and we call
n a numeral. Lacking induction, the theory BA already contains all true
quantifier-free sentences over £ 4. In order to gain some “confidence” in the
axioms involved, we prove this theorem in full detail. In subsequent proofs,
we will leave out more details.

Theorem 2.11. Let A be a sentence over L 4 not containing any quantifiers.
Then
NEA & BAEA

Proof. Axioms B1 to B8 and C are valid in N. Therefore N = BA and
N = A. For the direction = we need to establish step by step theorems of
BA.

Claim 1: For m,n € N, if m < n, then BA =m # n.
Proof: By induction on m. We first show the case m = 0. Since free variables
are implicitly universally quantified in the context of logical consequence (see
definition 2.5), we have B1 =n — 141 # 0 = n # 0 and because = is always
interpreted as true equality, we have BA |= 0 # n. However, the case where
n = 1 needs special attention because it does not follow from B1 alone!. But
C ensures that the terms 0+ 1 and 1 are mapped to the same individuals in
models of BA.. Then it follows from B1 = 0+1 # 0 that BA =1 # 0. For
the case m > 0 note that B2 =m —1 # n—1 — m # n (contraposition).
By the induction hypothesis we have BA = m — 1 # n — 1. It follows that
BA |=m # n. i

Claim 2: Forallm,n e N BAEm+n=m+n. Vv
Proof: By induction on n. The case n = 0 follows immediately from B3. For
n > 0 we have

BaEm+n—-1+1)=(m+n—1)+1 (2.1)
| ——

=n

By induction hypothesis we obtain BA =m +n—1=m+n—1. Hence
we can make a substitution in (2.1) and obtain BA Em+n=m+n —1+
1 =m+n = m+n. But again, this only holds for n > 1. For the case
n = 1, what we claimed follows from axiom C = 0 + 1 = 1 together with
B4E=m+ (0+1) = (m+0)+ 1 (again apply the induction hypothesis).

Because 0 +1# 1
iiNote that terms that are interpreted the same way by models of BA are interchange-
able.
HiTf the reader does not feel comfortable with this step, she is invited to check that from
MEAand M= A— B=-AV B it follows that M = B.
VNote that on the right hand side '+’ denotes “real world” addition, whereas on the
left hand side it is the function symbol of our language L 4.



Claim 3: For all m,n € N, BA =m xn=mXn.
Proof: By induction on n. The case n = 0 follows immediately from B5. For
n > 0 we first threat the case where n = 1. We have B6 Fm x (0+ 1) =
(m x 0) + m. From C we conclude BA = m x 1 = (m x 0) + m and with
B4 we obtain BA |=m x 1 =0+ m. By claim 2 we have BA E0+m =m
and thus BA =m x 1 =m. If n > 1 we have

B6Emx(n=-1+1)=(mxn=1)+m (2.2)

=n

By the induction hypothesis we obtain BA = mxn = m X n — m+m and by
claim 2 we can replace the right hand side and obtain BA = m xn =m X n.
Claim 4: If a closed term t is interpreted as n in the standard model N,
then BA =t =n.
Proof: By structural induction on closed terms ¢. If ¢ is a O-ary function
symbol, i.e. ¢t =0 (¢t = 1), then BA 0 =0 (BA = 1 = 1) because
= is always the true equality relation. Case t = t; + to: Assume ¢, (o) is
interpreted as ny (n2) in N. By the induction hypothesis we have BA = t; =
ny and BA = ¢, = ny. By claim 2 we have BA |= ny +ny = ny 4+ ny and
thus BA |=t; +to = ny + ny. Case t = t; X ty: Analogously using claim 3.

From claim 4 it follows that if ¢ and s are closed terms, then N = ¢ = s
implies BA =t =3s. Given Nt # s, assume Nt =mand N | s = n.
Then by claim 4 BA =t = m and BA |= s = n. We assume m < n (without
loss of generality) and conclude from claim 1 that BA = m # n and hence
BA =t # s. Therefore N =t # s implies BA =t # s.

Next we show that for any m < n, BA = m < n. By claim 2 we have
BA = n = m+k for k = n—m. Then we can conclude from B8 =m < m+k
that BA =m < n. If not m < n, then n < m and BA = n # m by claim
1. By the above we obtain BA = n < m ! The contraposition of B7 yields
BA Em#n— —(m <nAn <m). Then it is obvious that BA = -m <n
holds.

Now we are ready to prove by structural induction on quantifier-free £ 4-
sentences A that N A= BAEF Aand N -A=BA | -A IfA
is atomic it has either the form ¢t = s or ¢ < s. Both cases follow from the
above.

Case A = A; A Ay: We we have N = A; and N = A,. By the induction
hypothesis we obtain BA = A; and BA = A, and hence BA = A A A,
(because every model of BA makes A; and Ay true). If N = —=(A4A; A Asg),
then N = (A; A Ag) (by definition). Assume (without loss of generality)

iSince n < m = n < m.
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N £ Ay, then N = —=A; and BA | —A; by induction hypothesis. Since
_|A1 ): _|(A1 A AQ) we have BA ): _\(Al A AQ) i.

Case A = A;VAy: Wehave N = A; or N = Ay, Assume w.lo.g. N E A;.
By the induction hypothesis we get BA |= A; and therefore BA | A; V A,.
If N | —(A; V Ay), then N = —=A; and N | =4, . By induction hypothesis
we obtain BA | —A; and BA | —A; and thus BA = —A; A =4, and
BA | —(A; V Ay).

The case A = —A; follows directly from the induction hypothesis. If
N E ——A4; then N = A; and BA = A; (induction hypothesis) and thus
BA = ——A; (logical consequence). O

Consider the theory {A € L4 | N = A} of all true arithmetical formulas.
By Godel’s Incompleteness Theorem, this theory has no recursive set of ax-
ioms (otherwise it were incomplete or inconsistent). Also note that it is not
even recursively enumerable.

BA is a very weak fragment of arithmetic (in the sense that it is only
a very small subset of the theory of all true formulas). In order to obtain
stronger theories we need the concept of induction, which we formulate in
terms of a set of axioms, called an aziom scheme.

Definition 2.12 (Induction axiom scheme). Let ® be a set of formulas.
®-IND is the set of formulas of the form

<A(O) AVz(A(z) — Alz + 1))) Yz A(z)

where A € ®. Note that A(x) can have free variables other than .

We extend BA by induction to obtain the famous theory of Peano Arith-
metic, denoted PA.

Definition 2.13 (PA). PA is the theory aziomatised by B1 to B8 and the
®-IND axioms, where ® is the set of all L 4-formulas.

Remark 2.14. Axiom C follows from the other axioms and induction.

Peano Arithmetic is a very strong theory. By restricting the induction
axiom scheme to so-called bounded formulas, we obtain theories of bounded
arithmetic which are subtheories of PA.

iRecall that theories are closed under logical consequence
By using De Morgan’s laws. E.g. it is easy to check that M = =(AV B) = M |=
-AN-B.

11



Definition 2.15 (Bounded Formula). Assume that the variable x does not
occur in the term t. Then Jx < tA is an abbreviation for Jz(x < t A
A), and Yx < t stands for Ve(z < t — A). Quantifiers of this form are
called bounded and a formula in which every quantifier is bounded is called a
bounded formula.

As a convention, we write 3% instead of dz;dz, ...z, and VT instead of
YV Ve, ... Vay (for some k > 0).

Definition 2.16 (A, X1). Ag is the set of all bounded formulas. ¥, is the
set of formulas of the form Jx A, where A € Ay.

Definition 2.17 (IAg). IAg is the theory specified by the same axioms as
PA with the exception of ® being the set Ay of bounded formulas.

1A, is much stronger than BA and contains already all true Y;-sentences
over L 4. The proof of the next theorem is very similar to the proof of theorem
2.11 and is omitted.

Theorem 2.18. Let A be a ¥-sentence over L 4. Then

NEA © IAgkEA

2.2.2 Introducing new Functions and Predicates

We are interested in what functions and predicates are definable in a given
theory. In particular, we try to find theories of which the definable functions
are precisely the functions of a specific complexity class, for example the
polynomial time computable functions. To this end we introduce the concept
of definability of functions and predicates. For convenience (and without
loss of generality) we talk only about functions and relations in the natural
numbers and we often use the same symbol for a function (relation) in the
real world and for the function (relation) in our language.

Definition 2.19 (Unique Existence 3!). The notation 3z A(x) stands for
Jz(A(z) AVY(Aly) — = =y)).

Definition 2.20 (Definable Predicates and Functions). Let £L D L4 be a
language and let ® be a set of L-formulas.

(a) Let R(Z) C N" be a (real world) n-ary relation and assume that the
symbol R is not in L. Further assume that N' is an expansion of the standard
model N with RN = R and the extra symbols in L\ L4 get their intended

12



interpretations. We call R ®-definable if there is a formula A(Z) € ® such
that

N E R(Z) « A(T).
We then call R(Z) <+ A(Z) the defining axiom for R.

(b) Let T be a theory over L O L 4. Let f(Z) : N* — N be a (real world)
n-ary function and assume that the function symbol f is not in L. Further
assume that N is an expansion of N with fN = f C N* x N and the extra
symbols in L\ L4 get their intended interpretations. We call f ®-definable
in T if its graph (relation) is ®-definable and T |= Vi3lyA(Z,y) (which we
call the totality condition). That is if there is a formula A(Z,y) € ® such
that

Ny = f(Z) < A, y).
We then call y = f(¥) < A(Z,y) the defining axiom for f.

Note that the definability of relations does not depend on a particular
theory but only on the underlying language and the standard model (or an
expansion thereof). Also note that when & is a set of £ 4-formulas, then a
k-ary relation over N is ®-definable iff there is a formula A(xq,...,x;) € ®
s.t. for all (ng,...,ng) € N*:

(nl,...,nk) €R if N ):A(m,,nk)

As an example we will proof that:
Lemma 2.21. The relation pow2(z) < “z is a power of 27 is Ag-definable.
Proof. The defining axiom' of pow2(z) is
pow2(z) < z#0 A Vy<z((1<yAylz)—2ly) (2.3)

where | is the divisibility relation (in infix notation) that has the A¢-defining
axiom x|y < 3z < y(z x z = y). Hence every subformula of the form t|s in
(2.3) can be replaced with 3z < s(t x z = s) in order to obtain a Ay-defining
axiom of pow2. n

Definition 2.22 (provably total function). A function that is ¥;-definable
in T is called provably total (or provably recursive) in T.

iThere might be more than one defining axiom, but we generally speak of the defining
axiom.
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It turns out ([10]) that the Ag-definable relations coincide with the rela-
tions in the linear time hierarchy. Further, the provably total functions of
1A, are precisely the functions whose graph relation is in the linear time
hierarchy. Later, we will show that the theory V! characterises the polyno-
mial time computable functions in the same way as IAg characterises the
functions in the linear time hierarchy.
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3 Two-sorted First-order Logic

In section 4 we will introduce the theory V1, a theory of so-called two-sorted
first-order logic, which is an extension of (ordinary) first-order logic that
contains two “sorts” of terms. In our case one sort is for numbers and the
other sort is for finite sets of numbers. In this section we define the syntax and
the semantics of this logic and present a two-sorted version LK? of Gentzen’s
([7]) sequent calculus.

3.1 Syntax

Two-sorted first-order logic is an extension of (one-sorted) first-order logic.
The difference is that in the two-sorted context we have variables of two
sorts. The variables of the first sort are denoted by small letters (z,vy, z,...)
and are called number variables. The variables of the second sort are denoted
by capital letters (X,Y, Z,...) and are called set variables (sometimes string
variables). Number variables are intended to range over the natural numbers
and set variables over sets of natural numbers (which can be represented by
binary strings, as we will see later). Function and predicate symbols can also
take arguments of both sorts and there are two kinds of function symbols
(number and set function symbols).

Of course, in general, the domain of number and set variables can be any
set. But since our domains of interest are natural numbers and finite sets of
natural numbers we call them number and set variables, respectively.

Definition 3.1 (Two-sorted Language). For each n,m € N, a two-sorted
(first-order) language is like a one-sorted language with the exception that
it contains in addition an infinite set of set variables, a set of (n,m)-ary
number function symbols, a set of (n, m)-ary set function symbols and a set
of (n, m)-ary predicate symbols.

The idea behind this is that functions and predicates take n arguments of
the first sort (numbers) and m arguments of the second sort (sets). Number
functions are into the natural numbers and set functions into finite sets of
natural numbers. We use f,g,h,... as meta-symbols for number function
symbols, F, G, H, ... for set function symbols and P, @, R, ... for predicate
symbols. As in the one-sorted case, we define terms and formulas. Note that
from now on, we assume that our languages are two-sorted without explicitly
mentioning it. Also, we omit to mention the underlying language L if it is
clear from the context.

Although We use capital letters for formulas (A, B,C,...), set variables
(X,Y, Z,...), set terms (7,5, ...), relations (P,Q, R, ...) and set functions
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(F,G, H,...), there should be no confusion. The meaning of the meta vari-
ables is always evident from the context.

Definition 3.2 (L-term). 1. Every number variable is a number term.
2. Every set variable is a set term.

3. If f is an (n,m)-ary number function symbol, ty,..., t, are n number
terms and Ty, ..., T,, are m set terms, then f(ty,... t,,Th,...,Tp) is
a number term.

4. If F is an (n,m)-ary set function symbol, ty, ..., t, and Ty, ..., T,, are
as above, then F(t1,...,t,,T1,...,Ty) is a set term.

Definition 3.3 (L-formula). 1. If P is an (n,m)-ary predicate symbol,
ty,...,t, are number terms and Ty, ...,T,, are set terms, then
P(ty,...,ty,T1,...,Ty) is an atomic formula.

2. If A, B are formulas, so are AV B,AN B,—A.

3. If A is a formula, x is a number variable and X is a set variable, then
Ve A,z A VXA, IXA are formulas.

We extend our language of arithmetic £ 4 to a two-sorted version £%.

Definition 3.4 (£2%). £% = (0,1,+, X, ||, =1,=2, <, €)

0,1,+, X are the (number) function symbols from £, ', < and =; are

(2,0)-ary predicate symbols (where =; is the original =). || is an (0, 1)-ary
number function symbol and its interpretation will be the least upperbound
function of a set X (roughly speaking the length of the binary representation
of X). We will write |X| instead of ||(X). The (1,1)-ary predicate symbol
€ will be interpreted as set membership and we write x € X instead of
€ (z,X). Finally, the (0,2)-ary predicate symbol =, will be interpreted as
set equality. Whenever the meaning is clear from the context we will simply
write = instead of =; or =y, respectively. Note that £% has no set terms
except set variables. In the following we will work exclusively with extensions
of £2%. We now generalise the notion of universal closure of formulas and sets
of formulas.

Definition 3.5 (Universal Closure). Let A(Z, X) be a formula with all free
variables indicated. Then VA(Z, X) stands for

Vay .. Ve,V Xi ... XoA(z, .. 2, X, ..., X,) and is called universal clo-
sure of the formula A. If ® is a set of formulas, Y® denotes the set of
universal closures of the formulas in ®.

i0 and 1 are (0,0)-ary, + and x are (2,0)-ary.
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3.2 Semantics

Semantics is a generalisation of the one-sorted case. The main difference is
that the universe of a structure consists of two sets instead of one.

Definition 3.6 (L-structure). An L-structure M consists of:
1. a pair of nonempty sets (M1, Mg) (the universe),

2. for each (n,m)-ary number function symbol f an interpretation fM :
M? x MJ* — My,

3. for each (n,m)-ary set function symbol F' an interpretation FM : M7 x
Mgn — MQ,

4. for each (n,m)-ary predicate symbol P an interpretation P C M? x
M. Further, = and =5 are the “true” equality relations on numbers
and sets, respectively.

To obtain interpretations for terms with free variables (possibly of both
sorts) we generalise the notion of a variable assignment. A variable assign-
ment ¢ is a mapping from the set of number variables to M; and from the
set of set variables to My. As in the one-sorted case, the assignment o(m/x)
is the same as o with the exception that it maps x to m € M;. The same
applies for o(M/X).

The interpretation t™[o] of a term ¢ (T') in a two-sorted structure M
with respect to an assignment o generalises as follows:

1. If t is a number variable z, then tM[o] is o(x).
2. If T is a set variable X, then T™[o] is o(X).

3. If t is of the form f(ty,...,tn, T4, ..., Ty) then tM[o] is
M o], ... o], To], ... T3 [o).

4. If T is of the form F(ty,... t,, T, ..., Ty) then TM[o] is
FM(t"o], ... t"[0], T{[o], ..., T [o).

The truth value of a (two-sorted) L-formula A with respect to a structure
M and an assignment ¢ is defined accordingly on the built up of formulas:

1. M E P(ty,....tn,Th, ... Ty)lo] iff
(o], ..., t) o], TM o], ..., T [o]) € PM.

m

2. If £ contains =, then M = (s =; t)[o] iff sM[o] = tM[o].
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w

. If £ contains =,, then M = (S =, T)[o] iff SM[o] = TM[o].

W

. M |= =A[o] iff M = Alo] does not hold (written M K A[o]).
5. M E (AN B)[o] iff M = Alo] and M = Blo].

6. M | (AV B)[o] iff M | A[o] or M = Blo].

7. M = VzAlo] iff M |= Alo(m/z)] for all m € M;.

8. M =VXAlo] iff M |= Alo(M/X)] for all M € M.

9. M = 3zA[o] iff M = Blo(m/z)] for at least one m € M.
10. M = 3XAlo] iff M |= B[o(M/X)] for at least one M € M.

Definition 3.7 (Two-sorted Standard Model Ny). The L% -structure Ny has
universe (N, Pg(N)). The symbols 0,1, +, x,=, < have the same interpreta-
tion as in N. € is interpreted as the set membership relation. || is interpreted
as the “least upper bound” function on finite subsets of N'. We call N, the
(two-sorted) standard model (of the natural numbers).

The notions of model, validity, satisfiability, logical consequence and the-
ory generalise in the obvious way to the two-sorted case. Also, all results
from section 2.1 continue to hold.

In two sorted first-order logic we have “second order” objects (sets of
natural numbers). Nevertheless, two-sorted first-order logic is equivalent to
one-sorted first-order logic because one can merge the two sorts by intro-
ducing additional unary predicate symbols FS and SS, together with some
appropriate axioms, to identify the two sorts. For details, see [6].

iThat is 1 plus the greatest element of a set S or 0 if S is empty.
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3.3 The Two-sorted Sequent Calculus LK>
3.3.1 Rules and proofs

The sequent calculus is a deduction formalism that does not derive formu-
las but so-called sequents. A sequent is an expression of the form I' H A,
where I' and A are finite (possibly empty) sequences of (two-sorted first-
order) formulas, called cedents. T is called the antecedent and A is called the
succedent. Cedents need to be given a meaning. Informally, the conjunction
of the formulas in I" implies the disjunction of the formulas in A. Formally,
for I'=Ay,..., A, and A = By,..., B, (0l denotes the empty sequence)

TFA*=(A AN ANA,) — (BLV---VB,),
CFO* = (A A---NA,) — L,

(OF A)Y* = (B, V-V B,),

DF0)* = L.

The symbol L (falsity) is not part of our languages. But since each language
contains at least one predicate symbol P, we can define L as an abbreviation
for ViVX (P(z, X)A=P(Z, )Z')) It is obvious that M|[o] £~ L for every struc-
ture M and every assignment o. The notions of validity, logical consequence
etc. generalise from formulas to sequents in the obvious way. If no confusion
arises, then we may write I' = A instead of (I' = A)*. We now describe the
axioms and rules of the sequent calculus LK®. The only (logical) aziom of
LK? is
AF A

where A is any formula. In the following I'; A (with superscripts) denote
cedents. LK? consists of the following structural rules:

" A BT" - A
I'B,AT" F A

/ "
(exchange-left) :: AVA B A

. r
(exchange-right) T A, B, A A

. r - A . : r = A
(Weakenlng—left) m (Weakenlng—rlght) m
(contraction-left) INA,A+F A tracti ight) I' = AA A
contraction-le TAF A (contraction-rig T F AA

LK? has the following propositional rules:
I - AA . LA +F A
(Heft) 7=+ e T K
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(eft) LA T BB S gt e
le T AVE F A e TR AAVE
(Mieft) 0 TR (Aright) A DS
Y TAABE A VTE T - AAAB
LK? has the following quantifier rules:
TLAD) F A o T A A
(F-left) T 3zA(z) F A (F-right) [ F A, 3zA(z)
LLAM) F A o I AAT)
(set F-left) T IXAX) F A (set J-right) I F AJXAX)
LA F A o D F AA®D)
(V-left) T Vad(z) F A (V-right) [ F A VzA(z)
IA(T) F A o T AVAM)
(set V-left) T VXAX) F A (set V-right) I - AVXA(X)

where ¢ is any number term and 7' is any set term. The free variables b and
M are called eigenvariables and must not occur in I' U A. Otherwise the
calculus were not sound.! Finally, LK? contains the cut rule:

I'FAA T,AFA
I F A

(cut)

Definition 3.8 (LK? proof). An LK? proof of a sequent S is a finite tree
where the vertices are labelled with sequents, the root is labelled with S, the
leaves are labelled with (logical) azioms of LK* and every edge of the tree
corresponds to a rule of LK* in the obvious way. An LK? proof of a formula
A is a proof of the sequent  A.

Definition 3.9 (LK*-® proof). An LK*-® proof of a sequent S an LK* proof
of S in which sequents at leaves are either (logical) axioms or (non-logical)
axioms of the form = A where A € ®.

ITo see this, consider the (valid) axiom A(b) - A(b). By the V-right rule we obtain the
sequent A(b) - VxA(z), which is not valid. Accordingly, 3z A(x) - A(b) is not valid.
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3.3.2 Soundness and Completeness

Theorem 3.10 (Derivational Soundness of LK* with Equality). Let £ be a
two-sorted first-order language (it may contain =, and =3) and let ® be a
set of L-formulas. If a sequent ' = A has an LK*-® proof, then (I' = A)* s
a logical consequence of ®.

Proof. The theorem is proved by induction on the number of sequents in a
proof. Assuming that there is an LK*-® proof of a sequent S, we need to
show that ® = S*.

Base case: If S is a logical axiom, then S* is obviously valid. If S is a
nonlogical axiom of the form + A, where A € ®, then (F A)* = A is
obviously a logical consequence of ®.

Induction step: It is easy to see that for every rule of LK?, the bottom
sequent is a logical consequence of the top sequent. Then the lemma follows
immediately from the transitivity of the logical consequence relation |=. [

Variable convention In the context of LK?, it is convenient to distin-
guish between free and bound variables. We denote free number variables
by a,b,c,..., free set variables by M, N, ...} bound number variables by
x,Y, 2, ... and bound set variables by X,Y, Z,.... In the following, sequents
satisfy the restriction that no free variables occur as bound variables and
vice versa. Note that with this restriction, any term ¢ (7) is always freely
substitutable for a (M) in A(a) (A(M)).

Notation A double line in a derivation tree means that there are implicit
applications of structural rules, as in the following example (three applica-
tions of the exchange-left rule):

AB,C F A
C.B.AF A

We will use the following well-known special case of Konig’s Lemmal' in
subsequent completeness proofs.

Lemma 3.11 (Konig’s Lemma). Every tree that contains infinitely many
vertices, each having finite degree, has at least one infinite path.

In order to prove derivational completeness of LK? we first establish the
following completeness lemma.

iSince A, B, C, ... are already reserved as meta-variables for formulas.
iThe World Wide Web is full of proofs thereof.
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Lemma 3.12 (Completeness Lemma). Let L be a countable two-sorted first-
order language not containing =, and =4 and let ® be a (possibly infinite) set
of L-sentences. If (I' = A)* is a logical consequence of ®, then there exists
a finite subset {C1,...,C,} € ® such that the sequent

r,cy,...,.Ch, FA
has a cut-free LK? proof.

Proof. We adapt the proof in [3] to the two-sorted case and assume that @
is countable. Assume ® = (I' = A)*. We assign a (distinct) binary string to
each function symbol, predicate symbol, variable and to all logical connec-
tives, quantifiers and parentheses. Hence every L-formula and every L-term
can be assigned a unique binary string. This allows us to build lists of all for-
mulas and of all set and number terms (which, by our variable convention, do
not contain bound variables). We further build these lists in such a way that
each formula and each term occurs infinitely often in the list, e.g. by enu-
merating them in the order 1.,1.,2.,1.,2.,3.,1.,2..3.,4.,.... Let Ay, A, ...,
t1,to,... and 11,75, ... denote these lists, respectively. We then enumer-
ate tuples (A;,t;,T}) in such a way that all combinations occur infinitely
often. We need this property later in the construction of the countermodel.
A possible enumeration is

( ) ( ) ( )
( ): (A ): (As )
(As, t2, 1), (As, t27T3),(A t3,T1),
( ); (As ): (A )
( ) ( ) ( )

We now define a procedure that delivers a cut-free proof Il of some sequent
r,cy,....,C, FA

with C1,...,C, € ® for some n. We prove that the procedure always termi-
nates by showing that, if it doesn’t, then ® [~ (I' = A)*. In the following,
we call a sequent active if it is a leaf of the proof tree and is not directly
derivable from an axiom of LK? using only weakening and exchange rules.
We begin with an end sequent I' - A and work upwards by subsequently
modifying the proof [1. We use the same name [1 for the initial proof and its
modifications.

Loop: Let (A;,t;,Ty) be the next tuple in the enumeration.

22



1. Step: If A; € ®, then replace every sequent II F € in 1 with the
sequent 1T, A; F Q (also the end sequent!). Continue with step 2.

2. Step: If A; is atomic, do nothing and continue the loop.

3. Step: If A; is not atomic, then do the following:

Case (3a): If A; = B, then every active sequent in [1 of the form
IT',-B,II"” I Q is replaced with the following derivation:

Ir,-B, 11" + Q,B

Ir,-B, 11" + Q
and every active sequent in 1 of the form II F @', =B, Q" is re-
placed by the derivation

I,B - Q,=B,Q

In+ Q. -B,Q

Case (8b): If A; = BV C, then every active sequent in I of the
form II', B v C,II” - Q is replaced with the derivation

w,Bvc,nn””,B +Q 1I'BvCIl',C F Q
,BVC.I" F Q
and every active sequent in I of the form IT - Q' BV C,Q" is
replaced with the derivation
o+ Q BvC Q" B,C
n+Q BvCQ
Case (3c): The case A; = B A C'is dual to the case A; = BV C.

Case (3d): If A; = (Jz)B(x), then every active sequent in I of
the form IT', (3z)B(x), 11" F Q is replaced with the derivation

B(e),Il', (3z)B(z), 1" F Q
I, (3z)B(x), 1" + Q

where ¢ is a “fresh” free number variable not yet used in M '.
And every active sequent in I of the form II - Q' (3x)B(z), Q" is
replaced with the derivation

II + &, (3x)B(z),Q", B(t;)

II +F & (dx)B(x), Q"

Note that since ® contains no free variables, ¢ does not occur in .
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Case (3¢): It A; = (3X)B(X), then every active sequent in I of
the form IT', (3X)B(X),II” F Q is replaced with the derivation
), 11

B(M),TI', 3X)B(X), 11" + O
I, (3X)B(X), 11" + Q
where M is a “fresh” free set variable not yet used in 1. And
every active sequent in [l of the form IT F Q' (IX)B(X), Q" is
replaced with the derivation

I+ Q3X)B(X), Q" B(T)

I+ Q3X)B(X), Q"
Cases (3f) and (3g): The cases A; = (Vz)B(z) and A; = (VX)B(X)
are dual to the cases 3d and 3e, respectively.

4. Step: If there are no active sequents remaining in 1, then exit. Other-
wise, continue with the next iteration.

End of the loop.

If the above procedure terminates, then [1is a proof of I', C4,...,C, = A for
some C1, ..., C, € ® (we have to use the contraction rule to eliminate double
occurrences of the C;s). To prove that it does terminate, we assume that it
does not terminate and then show that this contradicts our assumption that
¢ = (I A

So assume that the above procedure runs forever. Then, in general,
it builds an infinite tree. And this tree will give us a structure that dis-
proves ® = (I' = A)*. Let N denote this tree. In general, I is infinite.
If ® is nonempty, each vertice in [l is a generalised sequent of the form
IT, Ay, Ay, - -+ F Q having an infinite number of formulas in its antecedent
(eventually, all sequents of I contain all formulas Ay, As, ... of ® since these
are "thrown in” at step 1). Note, however, that at each step of the infi-
nite construction process, every sequent of [l is finite. In the special case
where [1 is finite, I1 has some active sequent containing only atomic formulas
(otherwise the procedure would terminate). In this case let m be the branch
going from the root of I1 up to this active sequent. If I is infinite, then it
has infinitely many vertices and each vertice has finite degree (at most 2).
Therefore I contains an infinite path 7 (starting at the root) by Konig’s
lemma 3.11. Note that 7 defines a sequence of sequents.

We use 7 to construct a structure M and an assignment o s.t. M|o] £
T F A)* and M | @, ie. ® £ (' A)*. Let the universe of M be
(M1, My) where M is the set of all L-number terms and M, is the set of all
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L-set terms. o just maps a variable a (or A) to itself. A number function
symbol f is interpreted s.t. fM(t, T) is the term f(Z, f) (analogously for set
function symbols F'). So M and o just map terms to themselves'. For any
predicate symbol P, let (z, T ) € PM hold iff the formula P(t, T ) occurs in
the antecedent of some sequent in 7.

We claim that every formula A occurring in an antecedent along  is true
in M[o] and that every formula A occurring in a succedent along 7 is false
in MJo]. We show this by structural induction on A. If A is atomic, the
claim is true by the above definition of M. Consider the case A = (Jz)B(x).
If A appears in an antecedent of 7, then, according to our procedure, also a
formula B(c) appears in some antecedent of 7. By the induction hypothesis,
M(o] | B(c) and hence M[o| |= (z)B(x). If A appears in a succedent
of m, then, for every number term ¢, B(t) eventually occurs in a succedent
(since in case (3d) we always keep a copy of (3z)B(z) ' and since every
term ¢; appears infinitely often in our enumeration!). Therefore, for all ¢,
M(o] £ B(t) by induction hypothesis. This implies that M[o] £ A. The
cases A = (IX)B(X), A = (Vz)B(z) and A = (VX)B(X) are dual and
the other cases are straight-forward. Note that A cannot occur in both an
antecedent and a succedent of m, since then these formulas would persist
upward in 7 s.t. some particular sequent S in © would have A occurring
both in its antecedent and in its succedent. But then S would not be active
and the branch 7 therefore not infinite.

Note that the end sequent of 7 is I',Cy,Cy, - -+ F A where the infinite
sequence C1,Cy, ... contains all formulas of ® (even infinitely often). From
the above claim we conclude that M[co] =T, M|o| &= A and hence M|o] -
(T = A)*. Since ® contains no free variables' we also have M = ® and are
done with the proof. O

Using the completeness lemma it is easy to show that the following deriva-
tional completeness theorem holds.

Theorem 3.13 (Derivational Completeness of LK* without Equality). Let
L be a two-sorted first-order language not containing =1 and =, and let ® be
a set of L-formulas. If (I' = A)* is a logical consequence of ®, then T' = A
has an LK*-® proof.

Proof. Let ® be a set of L-formulas such that (I' - A)* is a logical conse-
quence of . Because ® and V& are equivalent (i.e. have exactly the same

'A common technique; in German it is often called ” Terminterpretation”.
iThe cases where the 3-right and V-left rules are applied are the only ones where it is
really necessary to keep a copy of the “active” formula.
liNote that the proof does not work when ® is a set of formulas instead of sentences.
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models), (I' = A)* is also a logical consequence of the set of sentences V.
By the completeness lemma 3.12, there are sentences VC4,...,VC, € Vo
such that

r,vey,...,vC, F A

has a cut-free LK? proof. Since every VO, ..., VC, has an LK*-® proof (using
the V-rules) we can use the cut rule n times (plus the weakening rules) to
obtain an LK%-® proof of I' F A. n

It is evident that the above proofs can be easily generalised to the case
of n-sorted first-order logic (for n > 2). Note that if the underlying language
contains =, then the above completeness theorem does not hold because all
our structures interpret = as the true equality relation. For example, the
valid formula z = = does not have an LK? proof. We will soon resolve this
grievance by adding special equality axioms to LK.

3.3.3 Eliminating Free Cuts

For the proof of the witnessing theorem of V! (4.95) it is important that we
can restrict applications of the cut rule to formulas in ®. However, in order
to do this, ® needs to be closed under substitution of terms for free variables.

Definition 3.14. A set ® of formulas is called closed under substitution of
terms for free variables if it satisfies the following condition: If A(b) € ®
(A(B) € @), then also A(t) €  (A(T) € ®) wheret (T) is any number (set)

term.

Definition 3.15 (Anchored LK*.-® Proof). An application of the cut rule in
an LK*-® proof N is called anchored if its cut formula is in ®. N is called
anchored if it contains only anchored applications of the cut rule.

The term “anchored” is taken from [3] and [6]. Note that Buss’ definition
of anchored is slightly more complicated than the one of Cook we use here.

Theorem 3.16 (Anchored Completeness of LK? without Equality). Let £
be a two-sorted first-order language not containing =, and =5 and let ® be
a set of L-formulas closed under substitution of terms for free variables. If
(T = A)* is a logical consequence of ®, then T A has an anchored LK*-®

proof.

Proof. Note that if ® are sentences, then the above follows from theorem
3.13 since then V& is the same as ®. We slightly modify the proof of the
completeness lemma 3.12. Now we try to find a proof of the sequent I' = A
from the non-logical axioms ® involving only cut formulas in ®. We call a
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sequent active if it is a leaf of the proof tree and it is not directly derivable
from a logical axiom of LK? or from a non-logical axiom of ® using only
weakening and exchange rules. We begin with an end sequent I' H A and
work upwards by subsequently modifying the proof 1.

Loop: Let (A;,t;,T}) be the next tuple in the enumeration.

1. Step: If A; € @, then every active sequent II F € is replaced with the
derivation

A
0F QA4 ILA - Q
IrFQ

Then continue with step 2.

(For the other steps, proceed as in steps 2 to 4 of the completeness
lemma 3.12.)

End of the loop.

If the above procedure terminates, then I is an anchored LK*-® proof of
I' = A. To prove that it does terminate, we assume that it does not termi-
nate and then show that this contradicts our assumption that ® = (I' - A)*.

So assume that the above procedure runs forever and let 1 be the result
thereof. Then [1is an infinite tree. In general, we deal again with generalised
sequents containing infinitely many formulas. Again, 1 contains an infinite
path 7 (starting at the root) by Koénig’s Lemma (3.11) and we use 7 to
construct a structure M and an assignment o in the same way as in the
proof of the completeness lemma.

We claim again that every formula A occurring in an antecedent along 7
is true in M|o| and that every formula A occurring in a succedent along 7 is
false in M[co|. The argument is the same as in the proof of the completeness
lemma 3.12. Therefore M[o] £ (I = A)*. Note that the A;s in the applica-
tion of the cut rule above do not occur in a succedent along the infinite path
7 (otherwise it were not infinite).

It remains to show that M | ®. Since 7 is an infinite path and every
A; € @ occurs infinitely often in the loop, the first step is applied infinitely
often. Thus every A;(@ M) € ® (with all free variables indicated) occurs
in some antecedent in 7 and hence M|o] = A;(d@, M), by the above claim.
But since @ is closed under substitution of terms for free variables, we also
have Mlo] = A;(£,T), for all terms #,T. Since the universes of M consist
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precisely of all terms imd since ¢ maps terms to themselves, it follows that
M(o] E VAVX A;(Z, X) and hence M|o] = V& and M |= ®. Therefore we
have showed that ® £ (I' = A)*. O

3.3.4 The Special Treatment of the Equality Symbol(s)

If a language contains the equality symbols =; and =,, it is natural to con-
sider only structures that interpret these symbols as equality (section 3.2).
Our definition of logical consequence is subject to this restriction. However,
up to now, the calculus LK? is not. If we want to allow =; and =, in the
underlying language £, we need to formulate new axioms for LK?, so-called
equality axioms. For convenience we will often write = instead of =; or =,.
It is always clear which symbol is meant. For the proof of lemma 3.21 below,
we need the common notions of equivalence relation and equivalence class.

Definition 3.17 (Equivalence Relation). A relation R CS X S over a set S
is called an equivalence relation if

(a) (x,x) € R for all z € S (reflexivity),
(b) (z,y) € R= (y,x) € R for all z,y €S (symmetry),
(c) (x,y) € R and (y,z) € R= (x,z) € R for all z,y,z € S (transitivity).

Definition 3.18 (Equivalence Class). Let R be an equivalence relation on
some set S. Then
lalp ={x €S| (a,z) e R} CS

1s called the equivalence class of a under R.

Definition 3.19 (Equality Axioms ). Let & = ¢ stand for xy =y A -+ A
Tp, = Yn (accordingly for X =Y ). The set e, of equality azioms of L contains
the axioms below and is closed under replacement of terms for free variables.

El. z=2x

E1l”. X=X

E2. z=y - y=ux

E2'. X=Y - Y=X

E3. z=yANy=2 — v=12

E3'. X=YANY=7Z - X=7

E4. Z=gAX=Y — f(@X)=f(7Y)
E4'. T=§AX=Y — F@X)=F(FY)
E5. 7=§AX=Y AP X) — P{Y)



Definition 3.20 (Weak Structure). A weak L-structure is like a (proper)
L-structure with the exception that =1, =2 can be interpreted as any relation.

Note that every (proper) structure is a weak structure.

Lemma 3.21. For every weak model M of €., there exists a proper L-
structure M" s.t. M and M’ satisfy the same formulas.

Proof. Let M be a weak structure with universe (My, My) and M = e,. We
have to construct a proper structure M’ with M’ = A < M | A, for every
L-formula A. Let xq,...,X,, Y1, ... -»¥n € Myandlet X, .. Xm,Yl, oY €
My (we will use abbreviations X, X etc. ). Note that =M and =" are congru-
ence relations on My and Ms, respectively. That is

(i) =M and =1 are equivalence relations (axioms E1’ to E3").

(ii) For every n-ary number function symbol f of L:
(x1,y1) €=M, (n,yn) €=M, (X1, Y1) €=M (X, Vo) €=M
implies (fM(X, X), FM(y, ?)) e=M (axiom E4).

(iii) Analogously for set function symbols (axiom E4").

(iv) For every n-ary relation symbol R of L:
(x1, y1) e=M (Xn,yn) e=M (Xy,Y1) e=M ... X, Y) €=M and
(X, X) € RM 1mphes (¥,Y) € RM (axiom E5).

For x € M; let [x] be the equivalence class of x w.r.t. =™. Accordingly,
let [X] be the equivalence class of X € My w.r.t. =M. Let M} = {[x] | x € M;}
and M, = {[X] | X € My}. Let M’ be a structure with universe (M, M},) and

fM’([ ], X)) =[5 X)] (3.1)

M ([, [X]) = [FM(%,X)] (3.2)

{(;,i) (%, X) € RM} (3.3)

for all function and relation symbols f, F, R of £. Note that by the above

definition, ={"" is the relation {([xi], [y1]) | (x1,x2) € ="} (accordingly for

—=,). Hence =M (=21 is the equality relation over M} (M) and hence M’
is a proper structure. For each assignment o for M let ¢’ be an assignment
for M’ with

o'(a) = [o(a)] (3.4)

for some variable a. Next we show by structural induction on terms that for
any L-term t (T) and for every assignment o:

tM[o'] = [tM[o]] (3.5)
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If ¢ is a variable a, then by definition a™'[0"] = ¢’(a) = [o(a)] = [tM[o]]. It
t is of the form f(t1,...,t,, T4, ..., Tp), then

tM/[O-/] - fMI(t'{M/[OJ]? S 7tnM/ [0/]7 TiM/[OJ]? s 7Tnjl/ll[o-,]>

] [ [T [T o))
By (3.1) this is equal to
[fM (tf/t[a], o ,tﬁ/l[a],TlM[a], o ,T/?:A[a])] = [tM[JH.

The same holds for set terms 7. Now we are ready to show by structural
induction on formulas A that for all o

Mol EA & Mo E A
If A is of the form R(ty,...,t,,T1,...,Tn), then
Mo ER(..) & (t0),....T¥[]) € RM
E (M0)], .. [TMe]]) € RM
ED (#Mg],.. TMo]) € RM & M[o] = A,

If A is of the form BAC, BV C or =B, then we can just apply the induction
hypothesis and are done. If A is of the form Vx B, then

M'o'| EVaB < M'[d'([x]/z)] = B for all [x] € M}

By applying the induction hypothesis and (3.4) we conclude that this is
equivalent to

Mo (x/x)] | B for all x € M; & M[o] | VaB.

The cases VX B, dJxB, 3X B are similar. ]

Notation We write ®., as an abbreviation for ® Ue,.

Lemma 3.22. Let ® be a set of formulas and A be a formula. Then ® = A
iff A holds in all weak models of ®., .

Note that this is a “weak” version of logical consequence.
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Proof. First, assume ® = A. Let M be a weak model of ®.,. We have to
show that M | A. By lemma 3.21 there is a proper structure M’ s.t. M’
satisfies the same formulas as M. Hence M’ = ® and M’ = A (because
® = A) and therefore also M = A.

Now assume that A holds in all weak models of ®... Let M be a model
of & (we have to show that M |= A). Since A holds in all weak models of
., and M is a (weak) model of ., ', we have M | A. O

Er e

We can now reformulate and prove derivational completeness and an-
chored completeness with equality.

Theorem 3.23 (Derivational Soundness and Completeness of LK? with
Equality). Let ® be a set of L-formulas. ® = (I' = A)Y* iff T = A has
an LK?-®_ . proof.

Proof. The soundness direction is straightforward. Assume that I' = A has
an LK?-®_, proof. By the soundness theorem 3.10 we have &, = (I' = A)*.
For every proper structure M we have M | & & M = ®... Therefore
O = (I'F A

Now to completeness. By lemma 3.22 (I' = A)* holds in all weak models
of ®.,. If we treat = and =, as ordinary relation symbols (or replace them
with other symbols), we can use the previous completeness theorem 3.13 to
conclude that T' - A has an LK*-®,, proof. m

Theorem 3.24 (Anchored Completeness of LK? with Equality). Let ® be
a set of L-formulas closed under substitution of terms for free variables. If
® = (I'F A, then T = A has an anchored LK*-®_, proof.

Proof. By lemma 3.22 (I' - A)* holds in all weak models of ®_,. Since e is
closed under substitution of terms for free variables, we can again treat =;
and =, as ordinary relation symbols (or replace them with other symbols)
to apply the previous anchored completeness theorem 3.16. Therefore I' = A
has an anchored LK%-®, . proof. O

Anchored proofs are interesting because they share the so-called subfor-
mula property.

Definition 3.25 (Subformula). The set sub(A) of subformulas of a formula

Note that all proper structures are models of €.
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A is defined inductively by

sub(A) = {A} for atomic A
sub(A; V Ag) = sub(A;) U sub(As) U{A; V As} (analogously for N)
sub(—A) = sub(A) U {—|A}
sub(QrA(x)) = U{sub ) |t aterm} U{QzA} for all quantifiers @

we call B a subformula of A if B € sub(A).

Note that formulas of the form VxA(x) or dxA(z) have infinitely many
subformulas.

Lemma 3.26 (Subformula Property of LK*-®). Let ® be a set of formulas,
closed under substitution of terms for free variables, and let I be an anchored
LK2-® proof of a sequent '+ A. Then every formula in every sequent of Tl
is a subformula of a formula in T' = A or of a formula in ®.

Proof. The proof is by induction on the number of sequents in 1. The base
case where [1 consists of just a nonlogical axiom is obvious. Then we need
to examine all rules of LK* and check that every formula in the top sequent
is a subformula of a formula in the end sequent or of a formula in ®. This is
straight-forward for the structural, propositional and quantifier rules !. For
the cut rule, we use the fact that every cut formula is in ®. n

3.3.5 The Compactness Theorem

The well-known compactness theorem is an immediate consequence of the
completeness theorem 3.24. Note that there are several forms of the com-
pactness theorem (cf. [9], for example). Here, we only use one form that is
useful in section 4.6.3.

Theorem 3.27 (Compactness). If a formula A is a logical consequence of a
set @, then A is a logical consequence of some finite subset of ®.

Proof. Immediately from the completeness theorem 3.24 and the fact that
LK? proofs are finite objects. O

For the quantifier rules, note that the formulas A(b) and A(t) are subformulas of
VxA(z) and JxA(x) (accordingly for the “set rules”).
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4 The Theory V!

In this section we present the two-sorted theory V! which is part of the
hierarchy VO € V! C V2 C ..., where for i > 1, V! characterises the
(i — 1)-th level of the polynomial hierarchy. Thus V! characterises P in the
sense that the provably total functions of V! are exactly the polynomial time
computable functions. Before we give the definition of V!, we introduce the
notion of a bounded formula and a useful syntactical hierarchy of formulas.

Definition 4.1 (Bounded Formula). Given a number variable x and a set
variable X, let t be a number term not involving x and X. Then dz < tA
stands for Jx(z < t N A), Vo < tA stands for Ve(z <t — A), IX < tA
stands for AX(|X| < t AN A) and VX < tA stands for VX (| X| <t — A).
Quantifiers in this form are called bounded and a formula is called bounded
iof all its quantifiers are bounded.

Notation 37 < #A stands for 3z, < t;...3z, < t,A for some n > 0,
where no x; occurs in any ¢;. Accordingly for V& <t, 3X <t¢, VX <t

Definition 4.2 (X2, I17- and Yi-formulas). X§ = IIF is the set of L£%-
formulas where all quantifiers are bounded number quantifiers (with possibly
free set variables) '. B2, (resp. TIE ) is the set of all L%-formulas of the
form 3X < tA(X) (resp. VX < tA(X)), where A(X) is a ©B-formula (resp.
a TIZ-formula) and the number terms in t are over L% and do not involve any
variable in X . Y1 is the set of L%-formulas of the form EI)Z'A()Z'), where A
is a XF-formula. For a language £ O L% the classes S2(L) and 1P (L) are
defined as above with the exception that the underlying language is L instead
of L%, provided that the terms in t are still over L.

Note that for £ and IT?, no number quantifiers are in front of set quan-
tifiers. For example, the formula Vo < ¢;3X < £, A is not in X5.

When it is clear from the context (or unimportant), we do not mention
the underlying language £ explicitly. Note that X C ¥F C ¥B C ... and
Hgg QHF ng C ... and for ¢ > 0 we have Ef} gnﬁl and HngfH.

4.1 Definition of V1
Notation We write X(s) instead of s € X.

%8 roughly corresponds to one-sorted Ay.
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The theory V! is axiomatised by the following axioms and a comprehen-
sion axiom scheme (defined later).

Bl z+4+1#0

B2, z+1=y+1—2=y
B3. z+0=x

B4 z+(y+1)=(r+y) +1
B5. zx0=0

B6. zx(y+1)=(xxy)+=z
B7. (t<yrny<z)—z=y
B8 rx<ax+uy
B9. 0<z
B10. z<yvy<zx
Bll. z2<y—z<y+1
B12. z#40—-3Jy<z(y+1=ux)
Ll. X(y) —y < |X]|
L2, y+1=|X|— X(y)
SE. (|X| = Y| AVi < |X](X (i) < Y(z’))) L X=Y
B1 to B8 are the same as in IAy and B9-B12 are theorems of IAy. L1
and L2 define the relation || as the least upper bound relation and SE (set

equality) states that if two sets have the same elements, then they are equal.
It is worth noting that the other direction of the axiom SE is valid. That is

MEX=Y — (|X| = Y| AV < | X](X(3) HY(Z')))

for every L-structure M with £ O £2. The reason is that = (actually =)
is always interpreted as the true equality relation.

Definition 4.3 (P-COMP). Let ® be a set of formulas. Then ®-COMP

15 the set of all formulas of the form
X < yVz < y(X(2) < A(z)),
where A(z) € ® and X does not occur free in A(z).

Note that A above may have free number and set variables other than
z. The reason why X must not occur free in A(z) is that otherwise the
(unsatisfiable) axiom

X < Yz < y(X(2) « —X(2))
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would make our theory inconsistent. Intuitively, the comprehension axiom
states that for each (1,0)-ary, ®-definable relation R, defined by A, there
exists a set S = {z | R(z)}.

Definition 4.4 (V'). V! is the theory axiomatised by the azioms B1-B12,
L1,L2,SE and ©?-COMP.

Definition 4.5 (Unique Existence 3!). The notation ' X A(X) stands for
AX(AX)AYY(AY) - X =Y)) (similarly for number variables).

It is worth noting that in every theory T containing V1, it follows from
the extensionality axiom SE that comprehension is unique (in the sense of
definition 4.5). That is, if T proves a formula 3X < yVz < y(X(2) < A(z)),
then T also proves the formula ILX < yVz < y(X(2) < A(2)).

The theory V° has the same axioms as V! with the exception that the
comprehension axiom is restricted to LF-formulas.

Definition 4.6 (V°). V© is the theory axiomatised by the azioms B1-B12,
L1,L2,SE and $5-COMP.

Of course VO C V! ! In section 4.8 we will define a theory V1 as an
extension of V© and it is therefore useful to strengthen a few results and
prove them for VO instead of V. To begin with, we state a few theorems
of VO (and V!, of course) that we use in later proofs. They are actually
theorems of IAy.

Lemma 4.7 (Theorems of V?).

(1) VOlEz2<0—12=0
2) VOE-2<0

B) VlEaz<z+1

(4 VPEoOo<z+1

(5) VPEax<z

Proof. (1) Follows from B7 and B9.

(2) Let M(o] = V? and assume to the contrary that M[o] Ex < 0Az # 0.
Then it follows from (1) that M[o] = = 0, a contradiction. Hence M|o] =
—x < 0.

(3) By B11 we have M[o] =z <2 — x < 2 + 1. Then it follows from B8
and B3 that M[o] Fz <z + 1.

(4) We have to show M[o] = 0 < 24+ 1A0 # x+ 1. The RHS of the

fActually, VO C V1.
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conjunction is B1! and the LHS follows from B9.
(5) cf. (3) O

4.2 Induction in V!

V1 does not contain (explicitly) the induction axiom scheme. But its axioms

provide enough strength to prove the induction axioms. In the following we
will show that VO = SF-IND and V! = P IND. We restate the definition

of number induction (cf. definition 2.12).

Definition 4.8 (Number Induction Axiom Scheme). Let ® be a set of two-
sorted formulas. Then ®-IND s the set of formulas of the form

<A(O) AVz(A(z) — Alz + 1))) s VaA(z)

where A € .
We first show that VO proves the following formula.
Definition 4.9 (X-MIN).

X-MIN =0 < |X| — 3z < |X[(X(z) A Vy < 22X (y)) (4.1)

Intuitively, X-MIN states that every nonempty set X has a smallest
element x.

Lemma 4.10. V° = X -MIN.

Proof. We prove this lemma with semantical arguments. Let M be any
model of VO, (M, My) its universe and ¢ an arbitrary (but fixed) assignment.
Let A(z) be the Xf-formula Vy < 2-X(y). Then the following formula is a
logical consequence of XF-COMP

Mlo] = 3IY < X V2 < |X|(V(2) & Vy < 22X (y)). (4.2)

Intuitively, (4.2) states that for every set X there exists a set Y that consists
of the numbers smaller than every element of X. For an arbitrary set X € M,
let Y € My be the set that satisfies the existential quantifier in (4.2). We will
show that |Y] (respectively |Y|[M[o(Y/Y)]) is just the witness for (4.1), i.e.
the smallest element of X, assuming 0 < |X|. Formally, we need to show:

(1) Mlo(X/X)(Y/Y)] = X(IY]),

Note that we can assume the symmetry of = because of the requirement that =™ is
always the true equality relation.
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(12_1/\4[0(X/X)(Y/Y)] =y < [Y[=X(y)
while assuming

M[o(X/X)] =0 < |X]. (4.3)

We do a case analysis on Y. First, suppose that Y is empty, i.c.
Mo(X/X)(Y/Y)] E Vy=Y (y). (4.4)
By the contraposition of L2 we have
Mo(X/X)(Y/YV) EVy(=Y (y) =y +1#[Y]) (4.5)
From (4.4) and (4.5) we conclude that
Mo(X/X)(Y/Y) EVy(y +1#[Y]). (4.6)
From the contraposition of B12 it follows that
Me(X/X)Y/Y) E (-Fy <Yy +1=1[Y]) = [Y|=0 (4.7)
and as a logical consequence thereof
Mloe(X/X)(Y/Y) E (-3y(y +1=1|Y])) = Y| =0. (4.8)

and
Mlo(X/X)(Y/Y)] E (Vyly+1#|Y]) — [Y]=0 (4.9)

From (4.6) and (4.9) we conclude that
M(X/X)(Y/Y)] = Y] = 0. (4.10)

By lemma 4.7 (=2 < 0) and (4.10) the condition (ii) trivially holds'. By (4.3)
and (4.2) we obtain

Mo (X/X)(Y/Y)] Y (0) = vy < 0-X(y) (4.11)
and with lemma 4.7 (1)
Mo (X/X)(Y/Y)] = Y (0) < =X(0) (4.12)
Since Y is empty by (4.4) we have

Mo (X/X)(Y/Y)] = X(0) (4.13)

Recall that =M is always the true equality relation.
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which proves (i). Now suppose that Y is not empty, i.e.

Mo(X/X)(Y/Y) =Y (y) (4.14)
Then by L1
Mlo(X/X)(Y/Y) Ey <Y (4.15)
and by lemma 4.7 (2)
Mo(X/X)(Y/Y)] = [Y][#0 (4.16)
since otherwise we had M|...] = y < 0. By B12 and the above we obtain
Mo}/ X) YY) (/)] 24+ 1 = |V (4.17)
for some z € M; and by L2
Mo(X/X)(Y/Y)(z/2)] Y (2) (4.18)

By the contraposition of L1 we obtain (recall that < is an abbreviation)
Mlo(X/X)Y/Y)(z/2)] E-(z+1<|Y|Az+1#|Y]) - Y (2+1) (4.19)
and it follows from (4.17) that

Mlo(X/X)(Y/Y)(z/2)] E-Y(2+1) (4.20)
By (4.2) and (4.18) we obtain
Mo(X/X)(Y/Y)(z/2)] | Vy < 22X (y) (4.21)
and with B11 and (4.17)

Mo}/ X)(Y/Y)] =Yy < [Y]-X(y) (1.22)
which proves (ii). From (4.20) and the contraposition of (4.2) we conclude’
Mo(X/X)(z/2)] = 3y < 2 +1 X(y) (4.23)
and hence

Mlo(X/X)(z/2)(y/y)] Ey<z+1AX(y) forsomeye M (4.24)

It turns out that M|o(z/2)(y/y)] =y = z + 1 because otherwise

Mlo(z/2)y/y)l Fy <z+1 and Mlo(z/2)(y/y)] Fy < 2

by B11, which contradicts (4.21). Therefore we have proved (i):

Mio(X/X)(Y/Y)] E X(Y)) (4.25)

INote that we make use of lemma 2.8.
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Convention From now on, we will not always explicitly mention the uni-
verse (My, M) of a model M. When we write x (or another letter in the
same font), we mean an element of M; and when we write X we mean an
element of M.

Now consider the following weak form of induction.

Definition 4.11. X-IND = (X(O) Ay < 2(X(y) — X(y + 1))) X (2)

Lemma 4.12. V° = X-IND.

Proof. We give a proof by contradiction. Assume VO j& X-IND. Then
VO [£ V2 X-IND (otherwise VO = X-IND) and there exists a model M of
VO with M j£ V2 X-IND. Therefore

M(o] | =VzX-IND for some assignment o, (4.26)

and hence
M|o] E 32~ X-IND (4.27)

Thus we obtain (using De Morgan’s Laws) for some z
Mlo(z/2)] E X(0) A =X (2) AVy < 2(X(y) — X(y+1)). (4.28)
By ZF-COMP we have for some Y

Mo(z/2) (YY) E Y| <z+1A (vy <zt1(Y(y) o ﬂX(@/))) (4.29)

By Lemma 4.7 (4) (z < z + 1) and the fact that Mo(z/2) E —X(z) (by
(4.28)) we obtain

Mo(z/2)(Y/Y)] = Y (2) (4.30)
Now we need to establish 0 < |Y| in order to apply Y-MIN. By L1 we
obtain

Mo(z/2)(Y/Y)] = z < |Y] (4.31)
and by lemma 4.7 (2) (since otherwise “z < 0”)
Mo(z/2)(Y/Y)] =0 # [Y]| (4.32)

From B9 and the above we obtain
Mlo(Y/Y)] EO0<|Y]| (4.33)

By Y-MIN and the above we have for some yg € M; (the least element of
Y)

Mo (yo/yo)(Y/Y)] [ yo < [YIAY (yo) A (Vo < yoY (2)) (4.34)
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Then Mo (yo/y0)] E yo # 0 since otherwise M[o] E =X (0) by (4.29) and
lemma 4.7 (4) (0 < & + 1) which contradicts (4.28). Then by B12

Mlo(yo/yo)(%o/z0)] E xo < yo Axog+1 =19y for some xqg € M;  (4.35)
Then from the above, lemma 4.7 (3) (z < x4 1) and (4.34) we obtain
Mo (Y/Y)(xo/20)] = =Y (20) (4.36)

By (4.29) we obtain Mo (xg/zo)] E X (0). But since M[o(Y/Y)(xo/20)] E
Y(zo + 1) (recall xo + 1 = yp) we obtain again by (4.29) Mo (xo/z0)] |
=X (zo + 1) which contradicts our assumption (4.28). Therefore we have
proved V° = X-IND.

[l

Now it is easy, using the previous lemma, to show that V% = SF-IND
and V! = YBIND.

Theorem 4.13. Let T D V° and assume that T = ®-COMP, for some
set of formulas ®. Then T | ®-IND.

Proof. Let A(z) € . We need to show that
T 1= (A(0) A Vy(A(y) — Aly + 1)) ) — Alx) (4.37)
Let M be a model of 7 and let o be an arbitrary assignment. Assume
Mo] = A(0) AVy(A(y) — Ay +1)) (4.38)
By ®-COMP we have for some X
Mo(X/X)] E X[ <241 AVy<z+1(X(y) = A@y))  (4.39)
We conclude from (4.39), (4.38) and lemma 4.7 (4) (0 < z + 1) that
Mo(X/X)] = X(0) (4.40)

By the right conjunct of (4.39), the right conjunct of (4.38) and lemma 4.7
(3) (xr <z + 1) we obtain

Mlo(X/X)] EVy < 2(X(y) = X(y+ 1)) (4.41)
Taken together we obtain
M[o(X/X)] E X(0) AVy < 2(X(y) — X(y +1)) (4.42)
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Since M[o(X/X)] = X-IND (lemma 4.12) we get
Mlo(X/X)] | X(2) (4.43)
and with lemma 4.7 (3) (z < z 4 1) and (4.39) we finally obtain
M]o] = A(z) (4.44)
which completes our proof. 0

Corollary 4.14. V° | SF-IND and V! | S5 IND.

We now list a few theorems of V° ! that we will use later. We prove only
some of them. Proof sketches for the others can be found in [6].

Lemma 4.15 (More Theorems of V?).

(1) VO (z4+y)+2z=a+(y+2) (Associativity of +)
(2) VO (rxy)xz=ax(yxz) (Associativity of x)
3) VPEz+y=y+a (Commutativity of +)

(4) VlEzxy=yxa (Commutativity of x)

5) VOlEz<0—2=0

6) VOEr<y—3e(etz=y)

(7) VPEes<yoz+z2<y+z

) VlkEas<y—arxz<yxz

9) VlEzs<yez+1<y

(10) VPEz<yAy<z—az<z (Transitivity of <)
(1) VPEz<y+leo(z<yVez=y+1)

(14) VPE=0<z

(12) VPEax<yAz<v—z+z<y+tv

(13) VPEar<yAz<v—azxz<yxw

(15) V0o <y—a<y+z

(16) VOEz+1<y—z<y

(17) VP Er<yAy<z—ax<z (Transitivity of <)

Proof. (13): By theorem 4.13 we can use the YF-IND axiom scheme on the
variable y. Let M be a model of V® and ¢ an arbitrary assignment. We
first need to show that Mlo] F 2 <0Az<v — x4+ 2 <0+ v. Assume

iThey are also theorems of IAy.
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M(o] =2 <0A z < wv. By sublemma (5) we have M|[o] E x = 0. Hence it
suffices to show that M|o] = 0+ z < 0 + v, which follows from the axiom
B3, sublemma (3) and the fact that M[o] = z < v. For the induction step
we assume that

Miolpz<ynz<v—zxz+z<y+v (4.45)

We need to establish M(o] |z < y+1Az <v — 2+2z < (y+1)+v. Assume
that M|o] satisfies the premise of this implication. Then, by sublemma (11),
either M[o] =z <y or M[o] | = y+ 1. In the former case we have
Mo] Ex+ 2z <y+wv by (445). Since Mog] Ey+v < (y+1)+v (by
sublemmas (3), (1) and axiom B8) we can apply sublemma (10) to obtain
Mol Ex+2<(y+1)+wv. In the case of M[o| =2z =y + 1, we need to
show Mlo] E (y+ 1)+ 2 < (y + 1) + v. This follows from sublemmas (7)
and (3).

(14): The proof of (14) is also by induction on y and is very similar to
the proof of (13). For the base case we need sublemma (4) instead of (3) and
axiom B5 instead of B3. For the induction step we assume that

Mlol|Er<yhnz<v—axxz<yxw (4.46)

We need to establish M[o] 2 < y+1Az2 <v —axxz < (y+1)xv. Assume
that M[o] satisfies the premise of this implication. Then, by sublemma
(11), either M[o] =2 <y or M[o] = = = y + 1. In the former case we
have Mlo] = & x z < y x v by (4.46). By sublemma (4) and B6 we have
Mio] = (y+1)xv = (yxv)+y and hence M[o] Eyxv < (y+1) xv by B8.
Then we can apply sublemma (10) to obtain M[o] Fzx z < (y+1) xv. In
the case of M|o| |= © = y+1, we need to show M|o] = (y+1)xz < (y+1)xwv.
This follows from sublemmas (8) and (4).

(15): Let M |= V% and o arbitrary. Assume M[o] =z < y. We have
M(o] = x <y+ 2z by (13) and (12). I.e we have to show M(o] E = # y + z.
Assume to the contrary that Mlo| Ez =y + 2. By (9), Mlo]| Ez+ 1<y
and by (6) and (3) MJo] = Jw(z + 1+ w = y). Let w be such a w. Then
Mio(w/w)] = x =2+ 1+ w+ 2, which contradicts our assumption.

(16): Let M = V? and o arbitrary. Assume M|o] = 241 < y. Then, by
B11, MJo] & 241 < y+1Az+1 # y+1. By (7), Mlo] F = < yAz+1 # y+1
and by B2, M[o] Exz <yAz#y.

(17): Follows from (10). O

Using the above results, we can show that V? and V! prove so-called
number minimisation schemes.
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Definition 4.16 (®-MIN). For a set ® of formulas, the set ®-MIN consists
of all the formulas of the form

Aly) — o < y(A(z) A -3z < 2A(2))
for A(z) € ®.

Lemma 4.17. Let T 2 V° and assume that T = ®-COMP, for some set
of formulas ®. Then T = ®-MIN.

Proof. Let A(z) € ®. We have to show that
T | A(y) — Jz < y(A(z) A -3z < 2A(2)) (4.47)
Let M be a model of T and let ¢ be an arbitrary assignment. Assume
Mol = Aly) (4.48)

We have to show that the RHS of (4.47) holds in M|o|. By T |= ®-COMP,

we have for some X
MleX/X) E|X|<y+1AVz <y+1(X(z) < Az)) (4.49)
By T = X-MIN, we have
Mle(X/X)] E0 < |X]— Fz < |X|(X(z) AVy < 2-X(y)) (4.50)

It follows from (4.48), (4.49), lemma 4.7 (3)' and the axioms of V' that
Mo(X/X)] = 0 < |X]|. Hence the RHS of (4.50) holds in Mo (X/X)]. Let
x be this “smallest” element that satisfies the quantifier 3z < | X| in the RHS
of (4.50). Then we have

Mo(X/X)(x/z)] Ex < |X|AX(z) AVy < 2-X(y) (4.51)

We now show that x satisfies the existential quantifier in (4.47). For sim-
plicity, we argue “in” M[o(X/X)(x/z)]. Since x < |X| and | X| <y +1, it
follows from lemma 4.15 (10),(17) that x < y+1 and from (9),(7) that x < y.
Hence, by (4.51) we have X (x) and by (4.49) A(x). And again from (4.51)
and (4.49) it follows that =3z < xA(z) holds in (4.47). O

r<z+1
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4.3 Extensions of Theories

In this section we define what it means for a function or a predicate to be
definable in a theory. Note that we only talk about functions and relations in
the natural numbers and in finite sets of natural numbers. For convenience,
we use the same symbol for a relation (function) in the real world and as a
relation (function) symbol of our logical language.

In the following definitions, we assume that &' is an expansion of the
standard model Ny where the respective relation and function symbols R, f, F’
get their intended interpretations, i.e. RN2" = R, fN2' = f FNo" — I and the
extra symbols of £\ £ get their intended interpretations. For the notation
3! see definition 4.5.

Definition 4.18 (Definable Relation). Let £ D L% be a language and let
® be a set of L-formulas. Let R(Z,X) C N™ x Pg(N)" be a (real world)
(m, n)-ary two-sorted relation and assume that the symbol R is not in L. We
call R ®-definable if there is a formula A(Z, X) € ®' such that

N, E R(Z,X) < A7, X).
We then call R(Z, X) < A(Z,X) thé" defining axiom for R.

Definition 4.19 (Definable Function). Let T be a theory over some language
LD L% and & as above. Let f(&,X) : N™ x P¢(N)" — N be a (real world)
(m,n)-ary number function and let F(Z,X) : N™ x Pg(N)* — P¢(N) be a
set function, respectively. Assume that the symbols f and F are not in L.
We call f ®-definable in T if its graph (relation) is ®-definable in T and
T = VaVX3lyA(Z,y, X). That is if there is a formula A(Z,y, X) € ® s.t.

Ny =y = f(# X) & A(Z,y, X).

We then call y = f(%,X) < A(Z,y, X) the defining axiom for f.
We call F ®-definable in T if its graph (relation) is ®-definable in T and
T = VVX3IYAZ, X,Y). That is if there is a formula A(Z, X,Y) € ® s.t.
Ny EY =F(#,X) « AZ,X,Y).

We then call Y = F(%,X) < A(Z,X,Y) the defining axiom for F.

iwith all free variables indicated
"Even if there is more than one, we will assume that one specific defining axiom has
been chosen and speak of the defining axiom.
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Note that for relations, the notion of definability is independent of a
theory and depends only on the standard model (or an expansion thereof)
and the underlying language. For set functions we introduce another notion
of definability called bit-definability. A set function is called ®-bit-definable
if (roughly) its bit graph relation' is ®-definable.

Definition 4.20 (Bit-definable Function). Let ® be a set of L D L% -formulas.
A set function F(Z, X)) (where F is not in L) is called ®-bit-definable if there
is a formula A(i,Z,X) € ® and an L%-term t(Z, X) s.t.

Ny = F(Z, X)(i) =i < t(Z,X) N A@G, T, X).

We then call F(Z, )Z')(z) — i <t )Z') NA(i, T, )Z') the bit-defining axiom for
F.

The bit-defining axiom of a (total) set function F' can easily be obtained
from its defining axiom Y = F (&, X) < Ap(Z, X,Y) like this:

F(Z,X)(i) — i< |[Y|AY(i)AAp(Z, X,Y)

Definition 4.21 (Conservative Extension). Let Ty, Ty be two theories over
the languages Ly and Lo, respectively, and Ty O T1. We call Ty a conser-
vative extension of T1 if every Li-formula in Ty is also in T.

Bit-definability of set functions is a weaker concept than definability in
a theory. Not all set functions that are ®-bit-definable, for some ®, are
®-definable in e.g. V1. However, in sections 4.4 and 4.6.3 we show that
bit-definability is useful. Also in section 4.6.3 we will show that adding de-
finable predicates and functions to an existing theory results in a conservative
extension of that theory.

We want to fix a set ® so that the class of definable functions only depends
on the proving power of the underlying theory. For this purpose we define
here what we mean by a provably total function.

Definition 4.22 (Provably Total Function). A (number or set) function is
called provably total in a theory T iff it is X1-definable in T.

We now show that in extensions of V°, the provably total functions are
closed under composition. In order to do this, we need the two auxiliary
lemmas 4.23 and 4.24.

Lemma 4.23. V° EVz3X z = |X]|.

Definition 4.34
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Proof. Let M be a model of V° and let o be an arbitrary assignment. By
35-COMP we have Mo] = 3X < aVy < z(X(y) < 0 =0) and hence

Mo(X/X)] E |X]| <xAVy <z X(y), for some X. (4.52)
We have to show that M[o(X/X)] | 2 = |X]|. Assume to the contrary that
Mo(X/X)] |z # [X]. (4.53)

Then, by (4.52), we have M[o(X/X)] E |X| < 2 AVy < 2 X(y) and
as a consequence M[o(X/X)] E X(|X|). It follows from axiom L1 that
Mo(X/X)] = |X| < | X|, which is impossible because =" is the true equal-
ity relation. Therefore we have obtained a contradiction and it follows that
our assumption (4.53) was wrong. Hence M[o(X/X)] = x = | X| and we are
done. O

The following lemma is useful with regard to the formula replacement
lemma 2.8.

Lemma 4.24 (Existential Quantifier Lemma). The formula
XA, X) @ 33Y B(g,Y) < 37353X3Y (A7, X) ® B(7,Y))

where ® 1is either A or V, is valid, provided that the formulas on the RHS
and the LHS have the same free variables.

Proof. We proceed by induction on the number n of existential quantifiers in
373X and 33]337. The base case n = 0 holds trivially. For the induction step
we only show one case. The other cases are proved analogously. Consider
a formula JxC(x) ® D. It is easy to verify that this formula is provably
equivalent to dx (C(x) ® D). Then we apply the induction hypothesis to
C(z) ® D and are done. Note that we can always rename bound variables in
order to avoid name clashes. O

In the proof of the lower bound of V! (theorem 4.79), we will use the fact
that the provably total functions of V! are closed under function composition.

Lemma 4.25. Let T 2 V° be a theory over a language £ 2 L. Then the
provably total functions of T are closed under function composition.

Proof. Let Z, X stand for T1,..., Tk, X1,...,X;. Suppose that the functions
My, oo xn, Xy ooy X))y H(xy, ooy xn, Xy ooy X)), 66(2, X)), for 1 <4 <
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n, G;(Z, X), for 1 < j < m, are $l-definable in T. . We have to show that
the functions

Ay (T,y, X), A, (7, X,Y), An(Z,y, Z), Au(Z, Z,Y) (4.56)

be the RHS of the ¥i-defining axioms for the above functions (cf. definition
4.19). Then f has the following defining axiom

y = f(@,X) < 3z...32,3%2,...32,
(Agy (Z, 21, X) Ao Ay (T, 20, X) A

q , (4.57)
A, (B, X, Z1) N+ NAg,, (Z, X, Z) A

where Z = 21,...,2, and Z = Zi,...,Zm. Note that (4.57) is not a X}-
formula. However, according to lemma 4.24, it is equivalent to a X1-formula
because the existential quantifiers of the formulas (4.56) can be put in front,
and, by lemma 4.23, the n existential number quantifiers can be replaced by

—

existential set quantifiers. Let A(Z,y, X) be the RHS of the axiom (4.57).

—

We have to show that T |= VZVX3lyA(Z,y, X). By assumption, we have

T = VavX3lyA,, (Z,y, X),
T = VAVX3Y A, (7, X,Y),

for all g;, G;. As a consequence, the quantifiers 3z;,37; in (4.57) are uniquely

—

satisfied. Since the y in A,(Z,y, Z) is also unique, it follows that T |

—

ViV X3lyA(Z, y, X). The proof for F' is analogous. H
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4.4 Complexity Theory

In the one-sorted context of bounded arithmetic, elements of complexity
classes are considered subsets (i.e. relations) of N. For example, P is the
set of all relations R(xy,...,2,), n > 1, over N such that some polytime
Turing machine, given input zi,...,z, (in binary notation, separated by
blanks), decides whether R(zy,...,z,) holds. Contrary to the one-sorted
context, in the two-sorted context the relations R(xy,..., 2z, X1,..., X)
have arguments of both sorts. Now, numbers are presented in unary notation
and sets in binary notation using the following encoding. Let S C N. If we
write S(i) for i € S and 1 if S(i) holds (0 otherwise), then we can define an
encoding w(.S) as follows:

w(S) =S5(n)S(n—1)...5(1)5(0),

where n is the largest number in the set S. We further let w()) be the empty
string. For example w({2, 3,6, 7}) = 11001100. Note that the mapping w is
injective but not surjective (since all encodings w(S) begin with 1). Therefore
we just drop the first 1 and (re-)define w(S) = S(n —1)...5(0) to obtain a
bijection.

For example, two-sorted P (polynomial time) is the set of all relations
R(Z, X ) where some Turing machine, given input z1,...,z,, in unary nota-
tion (separated by blanks) and input w(X3) ... w(X,) (separated by blanks),
decides whether R(Z, X) holds or not. The two-sorted polynomial hierarchy
PH is defined accordingly. Note that a numerical relation is in two-sorted P
iff it is computed in time 2°™ on some deterministic Turing machine (be-
cause we need 2" steps to read the input). Note that this encoding of sets
naturally leads to the term of “bit-definability” since A(7) implies that the
i-th bit of the string representation of A holds. We now introduce the (small)
complexity class ACY (see also [1]).

Definition 4.26 (AC’). A relation R(Z,X) is in AC® iff some alternating
Turing machine accepts R in time O(logn) with a constant number of alter-
nations.

One way of relating logic to complexity classes are so-called representation
theorems. We show that a relation is in a complexity class iff it is definable
by a certain type of formula. The following theorem (see [6] for details)
connects AC? and the language £%.

Theorem 4.27 (S8 Representation Theorem). A relation R(Z, X) is in AC’
iff it is X8 -definable.
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For the sake of completeness, we state representation theorems for the
class P and the polynomial hierarchy PH (although we will not make use of
these theorems). Details are in [6].

Theorem 4.28 (X5 Representation Theorem). Fori > 1, a relation R(Z, X)
is in the i-th level XF of PH iff it is XP-definable, e.g. R is in NP iff it is
Y8 _definable.

Theorem 4.29 (3! Representation Theorem). A relation R(Z, X) is recur-
sively enumerable iff it is ¥} -definable.

Grédel (cf. for example [5]) proved a representation theorem for the class
P.

Definition 4.30 (X#-HORN-formula). A XZ-HORN-formula is an L% -formula
of the form

where n,m > 0 and B 1s a quantifier-free formula in conjunctive normal
form and each clause contains at most one positive occurrence of a literal
of the form Z;(t). Additionally, no terms of the form |Z;| occur in (4.58).
(4.58) may contain free number and set variables (even in the form | X|) and
clauses of B may contain any number of positive or negative literals of the

form X(t).

Theorem 4.31 (SB-HORN Representation Theorem). A relation R(Z, X)
is in P iff it is YB-HORN-definable.

4.4.1 Two-sorted Functions

So far, complexity classes are defined in terms of (two-sorted) relations. Now
we associate to each complexity class C a class of functions FC (number and
set functions). For example FP is the class of polynomial time computable
functions. We now define what it means for a function to be polynomially
bounded.

Definition 4.32 (Polynomially Bounded Function). A number function f or
a set function F is polynomially bounded if there exists a polynomial p(Z, 1)
such that f(Z,Y) < p(Z,|Y|) or |[F(Z,Y)| < p(Z,|Y|) for all ¥ € N¥, for

—

some k, and allY € Pg(N)!, for some [ .

iRecall that Pg(N) denotes the set of all finite subsets of N.

49



Recall that |X| denotes the function “one plus the largest element of X,
or 0 if X is empty”, i.e. |X]| is equal to the length of the binary encoding
w(X).

Definition 4.33 (Graph of a Function). Given a number function f(z,X),
its graph Gy(y,Z, X) is the relation {(y,#,X) | v = f(&, X)}. Analo-
gously, for a set function F(Z,X), its graph is the relation {(Z,X,Y)|Y =
F(z, X)}.

Definition 4.34 (Bit Graph of a Function). Given a set function F(i, X),
its bit graph Bp(i,Z, X) is the relation {(i,7, X) | i € F(Z, X)}.

Definition 4.35 (Function Class). Let C be a two-sorted complexity class
(of relations). Then the corresponding class FC of functions consists of all
polynomially bounded number functions whose graphs are in C, together with
all polynomially bounded set functions whose bit graphs are in C.

For example, the set functions in FAC? are those polynomially bounded
functions whose bit graphs are in AC’. In [11, 12, 10] and others, these
functions are called rudimentary. The following corollary is an immediate
consequence of definition 4.35 and the ©¥ representation theorem 4.27.

Corollary 4.36. A set function is in FAC® iff it is polynomially bounded
and its bit graph is Y5-definable. A number function is in FAC® iff it is
polynomially bounded and its graph is ¥5-definable.

The next corollary follows immediately from the above.

Corollary 4.37. A set function is in FAC® iff it is X5 -bit-definable.

Our goal is to show that the provably total functions of V1 are exactly
the functions in FP. In [4], Cobham first introduced a machine-independent
characterisation of FP and we will use this characterisation for proving the
latter fact about V. First, we define the function chop(z, X) as the func-
tion that returns all elements y € X that are strictly smaller than z. l.e.
chop(z, X) returns the initial segment of length x of the binary string w(X).
chop has the YXF-bit-defining axiom

chop(z, X)(2) < z <z A X(z) (4.59)

and is therefore in FACY by corollary 4.37.
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Notation We often write X <" instead of chop(¢, X) to make things more
readable.

Definition 4.38 (Bounded Recursion on Notation). A set function F(y, Z, )?)
is defined by bounded recursion on notation from set functions G(Z, X) and
H(y,#,X,Z) iff

F(0,7,X) = G(&, X) (4.60)
Fly+1,%X) = H(y, % X, F(y, & X)) <@ (4.61)
for some polynomial t in y, 7, |X| (i.e. t is an L2 -term).

Now we state a two-sorted version of Cobham’s theorem. For details, see
[4] and [6].

Theorem 4.39 (Cobham’s Characterisation of FP). A set function is in FP
iff it can be obtained from FACY set functions by finitely many applications
of composition and bounded recursion on notation.

We could also define the notion of bounded recursion on notation for
number functions. However, the following lemma shows that this is not
explicitly necessary.

Lemma 4.40. A number function f(f,)?) is in FP iff there exists a set
function F(Z,X) in FP s.t. f(Z,X) = |F(Z, X)]|.

Proof. Given a number function f (:E',)? ) in FP we can easily define a set
function F(Z, X) as

F@#X)={z]z< f(#,X)}

with |F(Z, X)| = f(&,X). The converse direction of the lemma is obvious.

[]
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4.5 Parikh’s Theorem

Parikh’s theorem is useful in proving the lower bound of V! (section 4.7).
For the proof of Parikh’s theorem, as well as for the proof of the witnessing
theorem 4.95, it is important that the proofs are in so-called free variable
normal form.

Definition 4.41 (Free Variable Normal Form (FVNF)). Let I be an LK*-®
proof of the sequent I' = A. We call the free variables in I' = A parameter
variables of T1. We say that 11 is in free variable normal form if 1. no free
variable is eliminated (in the sense that it occurs in the top sequent but not
in the bottom sequent) in T by any rule except the V-right and 3-left rules
where, in addition, no eigenvariable s a parameter variable, and 2. every
nonparameter free variable in N is used exactly once as an eigenvariable.

Lemma 4.42 (FVNF Lemma). Let £ be a language containing at least one
number constant symbol and one set constant symbol. Every LK*-® proof
can be transformed into an LK*-® proof (with the same end sequent) in free
variable normal form.

Proof. Note that the only rules, other than the ones mentioned above, that
can eliminate a free variable are the V-left and 3-right rules and the cut rule.
Also note that [ is a tree. In this context, when we say a free variable b
occurs “above” a sequent, we mean that b occurs somewhere between this
sequent and a leaf of the tree, i.e. an axiom. We can transform [1 into free
variable normal form by the following procedure: Select an upper-most rule
in M which eliminates a free variable (abort the procedure if there is none).
If the rule is V-right or 3-left and the eliminated eigenvariable b (M) occurs
somewhere in 1 other than above this rule, then replace b (M) by a new
variable ¥ (M') (which does not occur in 1) in every sequent above this
rule. If the rule is V-left, d-right or cut, then replace every variable that is
eliminated by the rule by the same constant symbol ¢ (C) in every sequent
above this rule. Repeat the procedure as long as necessary. O

Note that the language £ does not contain a constant symbol for sets.
Therefore, in order to put an LK?-® proof into free variable normal form
it might be necessary to extend the underlying theory by allowing the set
constant symbol @ and adding the axiom |&| = 0 to ®. The following lemma
makes clear that this results in a conservative extension (cf. definition 4.21)
of the theory.

Lemma 4.43. Let T D V° and let L be the language of T. The theory T
obtained by adding the axiom || =0 to T is a conservative extension of T.
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Proof. Let M be a model of T and ¢ an arbitrary assignment. We show
that there exists a set X with [X| = 0 in the universe of M and that this X is
unique. By XF-COMP, there exists an X s.t. M[o(X/X)] | |X]| < 0. By
lemma 4.15 (5) we have M|[o(X/X)] = |X| = 0. From lemma 4.7 (2) and
the axiom SE it follows that X is unique. We can conclude from this that
the models of T and T’ differ only in the sense that models of T/ map the
constant symbol @ to the empty set. Hence every L-formula in T’ is also in
T. O

Corollary 4.44. Let T D V. Then T |= 31X (| X| = 0) A 31X Vo X (z).

Proof. By the proof of lemma 4.43 above we have T |= 31X | X| = 0 and the
rest follows from the axiom L1 and lemma 4.7 (2)'. O

V1 (as well as V9) is a so-called polynomially bounded theory, a concept
we now define. We say that a number term t(f,)z ) is a bounding term
for a function f or F in a theory T if T |= ViVX f(Z,X) < (7, X) or
T = VivX |F(Z, X)| < #(Z,X), respectively. We call f or F polynomially
bounded in T if f (F') has an £%-bounding term in T.

Definition 4.45 (Polynomially Bounded Theory). A theory T over L is
called polynomially bounded if (1) T 2 VO, (2) it can be axiomatised by a set

of bounded formulas, (3) every function f or F of L is polynomially bounded
in T.

VO and V! are polynomially bounded theories since all their axioms are
bounded formulas and, because they are £%-theories, the functions 0, 1, +, X, ||
all have (trivial) £%-bounding terms.

Lemma 4.46 (Monotonicity of £%-terms). Let t(x1, ..., x,) be an L% -number
term. Then

VO):xlSyl/\~--/\xnSynﬁt(xl,...,xn)St(yl,...,yn)

Proof. The proof is by structural induction on the term ¢(Z). For conve-
nience, we write ¥ < ¢ for 1 <y A--- Az, < y,. Let M be a model of
VO, In the base case, t(¥) = x; for some ¢ and M = 7 < § — z; < y; holds
trivially. The cases t(Z) = 0 and (&) = 1 follow from lemma 4.7 (5). If ¢(Z)
has the form ¢;(Z) 4 t5(Z), then, by induction hypothesis,

(4.62)

i <0
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We have to show that for an arbitrary o, Mo| | & < § — t1(Z) + t2(7) <
t1(9) + to(y). Assume Mlo| E & < . Then, by (4.62), M[o] E t,(Z) <
t1(y) and M{o] E t2(Z) < to(%) and it follows from lemma 4.15 (13) that
M{o| = 61(Z) + t2(2) < t1(Y) +t2(y). The case t(Z) = t1(Z) X t2(Z) is proved
analogously using lemma 4.15 (14). The last case is t(Z) = |X| (note that
set variables are the only £% set terms). Then the lemma follows trivially
from lemma 4.7 (5). O

Note that £%-number terms represent polynomials. The next lemma
shows that in a theory with only polynomially bounded functions, all terms
are polynomially bounded. We need this lemma for the proof of Parikh’s
theorem.

Lemma 4.47. Let T 2 V° be a theory and L D L% be the language of T.
If all functions of L are polynomially bounded in T, then for each L-number
term s(Z,X) and L-set term S(Z, X), there is an L2 -number term t(Z, X)
s.t.

and all terms involved contain only the variables ¥ and X.

Proof. The proof is by structural induction on s and S. If s is a variable
z, then T = 2 < 2 by lemma 4.7 (5). If S is a variable X, then also
T = | X| <|X| (note that | X[ is an £%-number term). If s is of the form

f(tl(xlel) (xnaXn)aTl(y_iaﬁ>77Tm(y:n7}/:n))

then, by the induction hypothesis, we have for all ¢« = 1,...,n and j =
1,....m

T = t;(z;

5 X)) r some L4-number term #;(7;, X;),
T = |T;(4;,Y))

(@, - (4.63)

< T(&, X;) for
| < 75(y;,Y;) for some £%-number term 75 (i},

Since f is polynomially bounded in T, it has an L%-bounding term (Z, X )
in T. Hence we have!

T f (08 X0, T Vi) < (0@, X0, o TG Vi) (4.64)

"We use ty,...,T,, as an abbreviation for ¢1,...,t,,T1,...,Tm.
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Since t(Z, X ) is an £%-number term, the only set terms in t(f,)? ) are set
variables. Furthermore, a set variable X; of X can only occur in a subterm
| X;|. Therefore ¢(Z, X) can be rewritten as t(, |X|) and (4.64) as

4 (4.65)
By the sublemma below and (4.63) we have

It then follows from transitivity (lemma 4.15 (10)) that

T f(t(35, X1), - Ty Yo)) < H(E(37, X0), - T (s Yon)) (467)

which is what we want since the RHS of (4.67) is an £%-number term.
The case where S is of the form F(tl(fl, X1)s s Ton(Yms Ym)) is proved
in the same way replacing f(...) with |F(...)].

Sublemma. Given an L*-number term t(Z) and L-number terms § =
S1yeneySny ¥ = T1,...,1 with T = s; < t; for all i = 1,...,n. Then
T = t(s1,...,8,) <t(ry,...,m).

Proof. Follows immediately from the monotonicity of £%-terms (lemma
4.46). O

Now we are ready to prove the following special case of Parikh’s theorem
from which the general form (theorem 4.49) will follow.

Lemma 4.48 (Parikh’s Theorem, Special Case). Let T be a polynomially
bounded theory and A(y, %, X) be a bounded formula with all free variables
indicated. Assume

T = JyA(y, &, X). (4.68)
Then there exists an L%-term (T, X) with no variables other than , X s.t.
T | 3y < (7, X)A(y, 7, X).

Proof. Let ® be the set of all axioms of T, closed under substitution of terms
for free variables. Note that ® C T and ® is also an axiomatisation of T.
From the anchored completeness theorem 3.24, we conclude that the sequent
F Ay, d, M) i has an anchored LK2-® proof M. I features the subformula

Here, the bound variables have been replaced by free variables according to our variable
convention on page 21.

iiNote that JyA(y,a, M) is a logical consequence of (4.68) and theories are closed under
logical consequence.
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property (lemma 3.26) and by lemma 4.41 we can assume that [1 is in free
variable normal form by adding the axiom |&| = 0 to @ if the language of T
does not contain a set constant symbol. Since T is polynomially bounded, all
axioms in ® are bounded formulas. Hence, by the subformula property, every
formula in every sequent in I1 is either bounded or is equal (syntactically)
to JyA(y, d, M) Additionally, JyA(y, d, M) cannot occur in an antecedent.
The reason is the following: If some antecedent contained this formula, then
it would have been eliminated somewhere along Il by either the cut or the —-
right rule. The former case is not possible since cuts are restricted to bounded
formulas (i.e. ®) and in the latter case, a formula =3y A(y, @ M) would occur
in 1 which contradicts the subformula property. We will now convert I1 to
an LK2-® proof M of 3y < t/(@, M)A(y, @, M) for some number term #'(@, M)
with no variables other than @ M. Then T = 3y < ¢(a@, M)A(y, 7, X)
follows from the completeness theorem. It then follows from lemma 4.47
and transitivity (lemma 4.15 (10)) that there exits an £%-term #(@, M) s.t.
T = 3y < (@, M)A(y, 7, X). However, the case where the extra constant
symbol & was added needs special care. In this case t(@, M, |@|) may contain
|2| . But since then ® contains |@| = 0, we can conclude that ® | Jy <
t(@, M,0)A(y, #, X) and hence T = 3y < #(@, M,0)A(y, %, X) since T U
{|@| = 0} is a conservative extension of T (lemma 4.43).

The procedure that converts [ is defined inductively on the depth of a
sequent S in . It replaces every sequent S in [1 by a suitable sequent g,
sometimes adding a short derivation. We give an exact definition of the
procedure and make clear that the following claim holds:

For every sequent S of 1N: If S does not contain IyA(y, a, M), then S = S.
Otherwise S is the same as S with the exception that all occurrences of
Ay, d, M) are replaced by one single occurrence of Iy < tA(y,d, M), for
some number term t that does only contain variables which occur free in S.

Note that the cases where S does not contain JyA(y, @, M) are trivial (just
let S = S). For convenience, we treat all cedents as multisets and ignore the
order of the formulas. It will be clear that this is not a restriction since we
only ignore finitely many applications of the exchange rules of LK.

Base case: If S is an axiom, then it does not contain JyA(y, @, M) (since
all non-logical axioms are bounded).

Case I: S is obtained by the inference

A
' A, 3yA(y,a, M)

(weakening-right)

iNote that @ cannot occur in JyA(y, &, X) because T does not contain .
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where S is the bottom sequent. Let S; denote the top sequent of this infer-
ence. If A does not contain JyA(y, d, M), then simply let S =T+ A, Jy <
0A(y, d, M ). If A contains JyA(y, d, M ), then apply the induction hypothesis
and let § = §1.

Case II: S is obtained using the 3-right rule on the formula A(s,a, M)
for some number term s. Hence S is the bottom sequent in the inference

—

I' = A A(s,a, M)
I - A, 3yAly,a, M)
We distinguish two cases: Either A contains JyA(y, d, M ) or not. If A does

—

not contain JyA(y, d, M), then it follows from lemma 4.7 (5) that there is an
LK2-® proof of - s < 5. We can replace S with the derivation

I+ A3y < sA(y.a M)

where § is the bottom sequent. Note that if s contains free variables, then
they still occur in the original sequent S since [ is in free variable normal
form and therefore no free variable is eliminated by the 3-right rule.

If A contains one or more occurrences of IyA(y, d, M ), then, by the in-
duction hypothesis, the (modified) sequent I' = A, A(s, a, M ) has the form

I+ A3y <tA(y,a, M), A(s,a@, M) (4.69)
As in the above case, we can derive a sequent
I+ A3y < tA(y,d, M), 3y < sA(y, @, M) (4.70)

From the axiom B8 and lemma 4.15 (3) it follows that T = s < s+t and
T =t < s+t. Then, by transitivity of < (lemma 4.15 (10)), we have



Using the weakening rule on (4.70), (4.71) and (4.72) allows us to apply the
cut rule twice to obtain the sequent S

A3y < (s+t)Ay,d@, M) (4.73)

Again, the variables of s occur in the original sequent (4.69). The same holds
for ¢ (by induction hypothesis).

If S is obtained using the 3-right rule on a formula B(s’), different from
A(s,a, M ), then S is the bottom sequent of the inference

- A <rB(s)
' = A3y <rB(y)
In this case no problems arise. We can just apply the induction hypothesis
to the top sequent and then apply the J-right rule.
Case II': S is obtained using the set 3-right rule on a formula B(S).
Then S is the bottom sequent of the inference

I' 5 AS<rB(S)

L= A3Y <rB(Y)
This case poses no problems and we can just apply the induction hypothesis
to the top sequent and then apply the set 3-right rule (as above).

Case III: S is obtained by the 3-left rule. In this case, the 3 quantifier
introduced is bounded because JyA(y, d, M ) is the only unbounded formula
in I and it never occurs in an antecedent (cf. discussion above). Thus S is
the bottom sequent of an inference

b<rAB(@®), - A
dr <rB(x),[' - A

(F-left)

If A does not contain JyA(y, a, M), then nothing needs to be done, i.e. let
S = S. The case where A contains JyA(y, d, M), however, requires special
care. By the induction hypothesis, the top sequent was converted to

b<rAB®b),T F A 3Jy<sbA(y,a M) (4.74)

But here, the eigenvariable b possibly occurs in the introduced term s(b).
Therefore the restriction of the 3-left rule might be violated. In order to
apply the 3-left rule to (4.74) we need to replace s(b) by a term that does
not contain b and whose variables occur free in S. Here we use the fact that
the functions of T are polynomially bounded. By lemma 4.47, there are £3-
terms 1’ and s'(b) (with the same variables as r and s(b), respectively) s.t.
TEr<rand T | s(b) < s'(b). Note that all variables except b in s(b)
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occur free in S by induction hypothesis and that r (and thus ") does not
contain b because of the eigenvariable restriction. We now show that s'(r’)
is the term we are looking for. We first establish

TEbLr—s) <. (4.75)

Let M be a model of T and ¢ an arbitrary assignment. Assume M|[o] |=
b < r. Then Mo] E b < ' (lemma 4.15 (10)). Lemma 4.46 implies

Mol & §'(b) < §'(r') and it follows again from lemma 4.15 (10) that M[o] =
s(b) < §'(r"). Therefore (4.75) holds. It is easy to check (using again lemma
4.15 (10)) that the following holds

TEb<rAdy<sb)A(y,a M) — Iy <s0)Aly,a, M)

and therefore (by the completeness theorem) the following sequent has an

LK?-® proof
b<r3y<sDA(y,a M)+ Ty <s()Aly,da, M). (4.76)
With structural rules and A-left we obtain
b<rAB®b),T, 3y <sb)Ay,a, M) - A,y < s0)A(y,a, M). (4.77)

Now we can apply the cut rule’ with cut formula 3y < s(b)A(y,d, M) on
(4.74) and (4.77) and obtain the sequent

b<rAB®b),T F A Jy<s()Aly,a, M) (4.78)

Since s'(r’) does not contain b we can now apply the 3-left rule to obtain the
sequent S .
3o <rB(x),T F A3y < () Ay, d, M)

Case IIT': S is obtained by the set J-left rule. In this case, the 3
quantifier introduced is again bounded and S is the bottom sequent of an
inference

M<rANBM),I' - A
X <rB(X),I' H A
We proceed exactly as in case III with the eigenvariable b replaced by M.
Case IV: S is obtained by the V-right rule. In this case, the V quantifier

introduced is bounded (see case III). Thus S is the bottom sequent of an
inference

!Note that this application of the cut rule needs not be anchored.
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T F Ab<r— Bb)
I' - A Ve <rB(x)

If A does not contain JyA(y,a, M), then let S = S. The case where A
contains JyA(y, d, M ) requires again special care because the eigenvariable
restriction might be violated. In this case, by the induction hypothesis, the
top sequent was converted to

(V-right)

I - A3y < s(b)A(y,a, M),b<r — B(b) (4.79)

In order to apply the V-right rule to (4.79) we need to replace s(b) by a term
that does not contain b and whose variables occur free in S. We proceed as
in case IIT to obtain an LK*.-® proof of the sequent (cf. (4.76))

—

b<r3y<s®A(y,a M) F Jy<s()Aly,a, M). (4.80)

Using the —-right rule together with weakenings and an application of the
V-right rule (recall that =b < rV B(b) = b < r — B(b)) we obtain

I3y < s(b)A(y,a, M) + A,y < s'(")A(y, @ M),b<r— B(b) (4.81)

Now we can apply the cut rule with cut formula 3y < s(b)A(y,@, M) on
(4.81) and (4.79) and obtain the sequent

I - A3y <s'()A(y,a M),b<r— B(b) (4.82)

Since s'(r") does not contain b we can now apply the V-right rule to obtain
the sequent S

I+ A3y <s()A(y,a M),Va < rB(x).

Case IV': S is obtained by the set V-right rule. In this case, S is the
bottom sequent of an inference

'+ AM<r— B(M)
I' - A VX < rB(X)

We proceed exactly as in case IV with the eigenvariable b replaced by M.

Case V: S is obtained by a rule with two premises, i.e. A-right, V-left
or cut. Note that in all cases, the formula 3yA(y, @, M) can only occur in
the context A (cf. discussion above). Here, the following problem arises:
The contexts (i.e. A) of the two premises might have been converted to
A Jy < t1 Ay, a, M) and A’ Jy < t,A(y, d, M) with ¢; # t,. In this case
we can proceed as in case II to convert the two premises such that A has the
form A, 3y < (t; + t2) Ay, @, M).

Case VI: S is obtained by the inference

(V-right)
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' A, 3yA(y,a, M), 3yAly, @, M)
'+ A, JyA(y,a, M)
Let S; denote the top sequent of this inference. In this case we apply the
induction hypothesis and set S = S;.
Case VII: In all remaining cases (especially the V-left rules) we can apply

the induction hypothesis to the top sequent and then apply the corresponding
rule again. [

(contraction-right)

Theorem 4.49 (Parikh’s Theorem). Let T be a polynomially bounded the-
ory and A(Z, 7, X,Y) be a bounded formula with all free variables indicated.
Assume

T = 373Y A7, 7, X, Y). (4.83)
7 X

Then there exists an L4-number term t(Z, X ) with no variables other than
Z, X s.t. L . o
T <t@X)IY <t(Z,X) AZ,y,X,Y). (4.84)

Proof of Parikh’s Theorem from Lemma 4.48. Let M be a model of T and
o an arbitrary assignment. By the assumption (4.83) we have

Mlo] £ Y A(Z, 7, X,Y). (4.85)

From axiom B8 and lemma 4.15 it follows that for all ¢ = 1,...,n and for
allj=1,...,m

Mol by <yi4 -+ yn + Y1+ + Vol

4.86
MIo] = 1Y S 1+ + g+ [Val - + Vi (4.86)

and thereforel

M(o] £ 3237 < 23Y < 2A(Z, 7, X,Y). (4.87)

Since 3y < AY < zA(Z, 37,)?,37) is a bounded formula we can now apply
lemma 4.48 and obtain

Mlo] | 3z < (7, X)3F < 23Y < 2A(Z, 7, X,Y). (4.88)

for some £%-number term ¢(Z, X ) with all variables indicated. By transitivity
(lemma 4.15 (10)) we obtain

M(o] E Iy < (2, X)IY < (7, X)A(Z, 7, X,Y). (4.89)

Therefore T |= 37 < (7, X)3Y < (z, X)A(Z, 7, X,Y) and we are done. [

iby mapping “z” to (y1 + -+ + yn + [Ya| + - + |Yin|)M[0]
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4.6 Properties of V1

In this section we present some definitions and results that are needed to
prove the lower and the upper bound of V1 in the following sections.

4.6.1 Set Arrays and Sequence Numbers

For the prove of the next lemma we need the notion of maximum nesting
depth.

Definition 4.50 (Maximum Nesting Depth ). Let F be a set of function

symbols. The maximum nesting depth {7t of a term t with respect to F is
defined as follows

Ij]:x - 07 qu - 07

| max(8rty,....81,) if f¢&F
ﬁff(tl,...,Tn)—{ max(ljitl,,,.,ljiTn)—l-l if felF,

| max(8rty,....81,) fEEF
ﬁfF(tl""7Tn)_{ max(ﬂ;b--wﬂiTn)“‘l fFerF.

The maximum nesting depth §A of a formula A with respect to F is defined
as follows

Jj]:P(tl, ce ,Tn) = max(jjftl, ceey ﬂ]:Tn),
Jj]:(A & B) == max(ﬁfA, ﬂ]:B),
]jy:HIA = ﬁy:ElXA = ]jy:V(L’A = ]jy:VXA = ]j]:A

The next lemma shows that we can add a XF(L£%)-bit-defining axiom
to a polynomially bounded theory, and then, for every X8 (£)-formula over
the resulting language L, the resulting theory contains a provably equivalent
B (L4)-formula. It will later follow from lemma 4.72 that the resulting
theory is even a conservative extension.

Remark 4.51. Note that theorem 4.76 in section 4.6.3 only guarantees that
the equivalent formula is P,

Lemma 4.52 (XF-Transformation Lemma). Let T be a polynomially bounded
theory and let L be its language. Assume that L has the same predicate sym-
bols as L*. Further, assume that for every number function f in L, T con-
tains a $F(L?)-defining axiom for f, and for every set function F in L, T
contains a BF(L4)-bit-defining axiom for F. Then for every $F(L)-formula
A" there is a SF(L)-formula A s.t.

TEA" < A (4.90)
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Proof. The proof is by induction on the maximum nesting depth §.\ 53A+ of
AT w.r.t to function symbols in £\ £%. If fo\c2, AT =0, then A is already
a X8 (L%)-formula and there is nothing to prove.

For the induction step it is enough to consider atomic formulas. By
assumption, we have to consider the predicate symbols of £4: €,<,=. We
show the case of €. The other cases are similar. We first assume that A*
has the form F(f,T)(s). By assumption, T contains a bit-defining axiom

F(Z,X)(i) =i < r(@ X) A Ap(i, 7, X)

for F, where r(Z, X) is an L?-term and Ap(i, X,X) is a Y8 (L%)-formula.
Hence . .
TEA" «s<r(t,T)AAp(s,t,T) (4.91)

Note that in the RHS of (4.91) the terms T can only occur in the form |T].
Hence, when we consider only the function symbols not in £, every atomic
subformula of the RHS is of the form B(s') where B(F) is an atomic £3-
formula. Let n be the arity of s'. Hence, for all i = 1,...,n, the term sl
is either of the form f(£,T) or |G(t,T)| for f,G € £\ £%. In both cases it
follows either from the defining axiom of f or from lemma 4.53 below and
from the fact that T is polynomlally bounded (cf. definition 4.45) that there
exists a $B(LY)-formula Cy(z, 7, X) and an £%-term (&, X) s.t.

TEz=s < z<rET)AC(z6T)

Therefore

— -

T = B(s) < 3z <r{(£1) ... 32, <, (ET)B(z1, ... za)A [\ Cilzi6.T)

(4.92)
Note that the maximum nesting depth of the RHS of (4.92) is strictly smaller
than of A™. Therefore we can apply the induction hypothesis to obtain a
(provably) equivalent ¥F(L£?)-formula for every atomic subformula of the
RHS of (4.91). It is easy to check that this gives us a ©§(£?)-formula that
is provably equivalent to A™.

Now assume that A' has the form X(s). When we consider only the
function symbols not in £%, then, as above, we can write A™ as A*(Q ) where
every term s, is either of the form f(f,T) or |G(f,T)|, for f,G € £\ £%. By
the same argument as above we have

TEz=s < z2<rtT)AC(z6T)

for some L8 (L2 )-formula Ci(z,Z, X) and an £4-term r;(Z, X). Then T
proves the corresponding formula of the form (4.92) and we can apply the
induction hypothesis. O
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Lemma 4.53 (Auxiliary Lemma for Lemma 4.52). Assume that a theory
T O VO contains the X8 (L?)-bit-defining aziom

F(#, X)(i) — i < t(z,X) NA(, 7, X) (4.93)
for a set function F. Then there exists a SF(L%)-formula B(z, T, %) s.t.
Tk = |F@ X)| o B(s,7,X)

Proof. Tt follows from the axioms of V? and corollary 4.44 (which shows that
the empty set is unique) that

Tk 2= |F(@@ X) <—>E|x<z<(x—|—1:z/\F(f,)Z')(:c)) vZ:o)

By replacing F/(Z, X )(z) with the RHS of (4.93) we obtain what we want. [

Note that it follows from lemma 4.52 that if we extend V! by ¥5-
defining axioms and YF-bit-defining axioms, then the resulting theory V(L)
also proves L2 (L£)-COMP and X2(L)-IND, where L is the resulting lan-
guage. This is due to the fact that by lemma 4.52, all XF(£)-subformulas of
YP(L£)-COMP and ©P(£)-IND have provably equivalent %5 (L% )-formulas
in V}(L).

It will be useful to be able to encode multiple numbers into one number.
In order to do this we need a pairing function. Since this function needs not
be bijective (only injective) we can use a function that is simpler than the
well-known pairing function of Cantor.

Definition 4.54 (Pairing Function). For number terms s,t we define
(s5,t) =gef (s+t) X (s+t+1)+2xt

Of course we can encode arbitrary n-tuples by defining (s1,. .., S5) =des
({($1,...,8n-1), Sn). The pairing function is injective (in V? and also in IAy),
but the proof thereof is cumbersome and we omit it.

Lemma 4.55. VO proves that the pairing function is injective, i.e.!

VO = (z1,p1) = (22, 12) © (21 =22 Ayt = o)

Corollary 4.56.

VOE (1, z0) = (W1, ) & (1= A Az, =1,)

Note that the direction « trivially holds because of the requirement that = is inter-
preted as the equality relation.
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Proof. By induction on n. By lemma 4.55 we have

VO ): <<J}1, s ,Slin,1>,l'n> = <<Z/1, s 7yn*1>7yn> =
((231, cee ,I’n_1> = <y17 . 7yn—1> NTyp = yn)

By the induction hypothesis we have

VO ): <<JZ1, s 7:En—1>7x7’b> = <<y17' . 7yn—1>7yn> —
(1= A ATyt = Y1 ATy, = Yn)

and are done. O

Lemma 4.57 (Strict Monotonicity of (z,y)).

VO (<A Aay <) = (@1, @) < (U1, Un)

Proof. Tt follows from the monotonicity of £%-terms (lemma 4.46) that

VO):(:cl§y1/\~~~/\:cngyn)—><:c1,...,xn>§<y1,...,yn>

Then the lemma follows from corollary 4.56 (contraposition of direction —).
[

We now show that V© contains the comprehension axioms (definition 4.3)
also for more than one variable, a result we will use later.

Definition 4.58 (O>-MULTICOMP). Let ¢ be a set of formulas. Then
O-MULTICOMP s the set of all formulas of the form

X < (y1,.. . yn)V21 <y1...Vz, < yn(X(<z1,...,zn>) — A(zl,...,zn))

where n > 2, A(z1,...,2,) € ® and X does not occur free in Az, ..., z,).

Lemma 4.59 (Multiple Comprehension). Let T 2 V© be a theory, L its lan-
guage and assume T = L8 (L)-COMP. ThenT | XF(L£)-MULTICOMP.

Proof. We show the case n = 2 and it will be clear that the same proof works
for all n > 2. L.e. we have to show

T | 3X < (y1,y2)Vz1 < y1Vz0 < 42 (X ({21, 22)) — A(z1, 22)). (4.94)
By X5-COMP we have

T E 3X < (y1,42)Vz < (y1,2)

(X(2) = Bui < 230y < 2(2 = (o1, 00) A A1, 2))) (4.95)
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Let M be a model of T and let o be an arbitrary assignment. By (4.95) we
have for some X

Mo(X/X)] = 1X] < (y1,92) AVz < (y1,92)

<X(z) o Juy < 23y < 2(z = (v, v2) A A(Ul,w))) (4.96)
We want to show that
Mo(X/X)] Va1 < y1¥2 < 12(X (21, 22)) © Az, 22)) (4.97)
i.e. for arbitrary 3,2,
Mo(X/X)(z1/21)(z2/ )] F
a<y— (2 <m— (X(21,2) = A1, 2))) (4.98)

-~

(*)

So assume Mo (X/X)(z1/21)(z2/22) = 21 < y1 A 22 < y2. We have to show
that () holds in this MJo(...)]. By lemma 4.57, M[o(...)] E (z1,22) <
(y1,y2) and therefore by (4.96)

Mio(...)] E X({(z1,22)) <

du; < <2’1722>3U2 < <Z1,ZQ><<Z]_72'2> = <'U1,U2> A A(Ul,vg))> (4.99)

Because =" is the true equality relation it follows that (*) holds in M[o (. ..)].
Therefore (4.97) holds and (4.94) as well. O

Since the above pairing function (definition 4.54) encodes a finite set of
numbers (actually a finite sequence of numbers) as one number, a set X
can be viewed as an “array” of sets of natural numbers. And therefore the
encoding w(X) encodes an array of binary strings (cf. section 4.4). Now we
can use the above concepts to define a function row(i, X) that returns row
i of the “array” X. Intuitively, row(i, X') contains a number z iff the pair
(1, 2) is in the set X.

Definition 4.60. The function row(i, X) has the XF-bit-defining aziom
row (i, X)(z) < z < | X| A X((i,2))

We often write X[i] instead of row(i, X). T(row) is the extension of T
obtained by adding the above axiom to T.

Corollary 4.61. row is in FAC.
Proof. By corollary 4.36. O

66



Notation Let T be a theory and let F be a list of functions that are defin-
able in T or bit-definable. Then T(F) denotes the theory that is obtained by
adding to T the defining axioms or the bit-defining axioms for the function
symbols in F.

The following lemma shows that in VO(row), for any n sets X1, ..., X, there
exists a set Y (an “array”) that encodes X, ..., X,.
Lemma 4.62.

VO(row) | IV < (i, [Xi] + -+ |Xo) (X0 = V[0 A -+ A X, = Vn— 1))
Proof. By lemma 4.52 and lemma 4.59,
VO(row) = ¥ (row)-MULTICOMP
and hence
VO(row) IV < (n, | Xq| + -+ |X,]) Vo < nVy < | Xq| + - + | X,
(Y(tz.) = (2 =0AXim) VoV (2 == 1A X, (1))

Then the lemma follows from definition 4.60, the fact that V© proves the
formula r < y — 2 <y + 2z (lemma 4.15) and the axiom SE. O

With the help of the row function, multiple existential set quantifiers can
be collapsed into a single one, as the next lemma shows.

Definition 4.63 (single YP-formula). A XP-formula of the form 3X <
tA(X), where A(X) € XF, is called a single P -formula.

Lemma 4.64. Let T D VO(row) be a polynomially bounded theory over a
language L. Then for every X2 (L)-formula A there is a single 8 (L)-formula
Ast. TEA«A.

Proof. By assumption, A has the form
X, <ty...3X, <t,B(Xy,..., X,)
where B(X1,...,X,) € F(L). Consider the single X7 (L)-formula

A'=3Z<(n,ti+--+t,)
(|1Z]0]] < ts A+ A|Z[n=1]| <t, AB(Z[0],...,Z[n—1]))

We have to show that T = A < A’. The direction A’ — A is logically valid
and the direction A — A’ follows from lemma 4.62 and the monotonicity of
L?-terms (lemma 4.46). O
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We use a similar idea to let a set X encode a sequence xy,...,z, of
numbers! and we define the function seq to extract an x;. Intuitively, seq(i, X)
returns the smallest number of X[i], or | X| if X[i] is empty.

Definition 4.65. The function seq(i, X) has the defining axiom
y =seq(i, X) < (y < [X|AX((Gy) AVz <y=X({i,2)))V
(2 < IX|=X({i,2)) Ay = |X])
We often write XU instead of seq(i, X).

Since seq has a ¥-defining axiom, it follows from lemma 4.36 that seq €
FAC®. Later, it follows from lemma 4.78 that the function seq is ©-definable
in V9.

4.6.2 The Replacement Scheme

In section 4.8 we need the fact that any formula of the form

where A(x, X) is X5, is provably equivalent in V° to a ¥P-formula. In-
formally, the idea is to use the function row introduced in section 4.6.1 to
encode the finitely many values of X for every x < ¢; by a set array Z.
To characterise formulas of the form (4.100) we introduce the new formula
classes .X2 and .17 (the e stands for “extended”).

Definition 4.66 (.27 and II7). Let £ O L*. Then
S (L) = Iy (£) = =g (£).

Fori >0, X2 (L) is JIP(L), closed under V, A,V < t,3x < t and IX < t.
61_1151(5) is XP(L), closed under V, A,V < t, 3z <t and VX < t.

Definition 4.67 (Replacement Scheme). Let ® be a set of L-formulas. The
replacement scheme ®-REPL is the set of all LU{row }-formulas of the form

Vo <bAX < c Az, X) — 3Z < (b,c)Ve < b(|Z[z]| < ¢ A A(z, Z[z]))
(4.101)
where A(x, X) € ®.

We first show that the right to left direction of (4.101) is a valid formula.

Note that it is not sufficient to “sort” X since X is not a multiset.
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Lemma 4.68. Let By, be the LHS and Bgr be the RHS of (4.101). Then the
formula Br — By, is valid.

Proof. Note that the above statement is stronger than Br = By (cf. defi-
nition 2.5 of logical consequence). We have to show that for every structure
M and for every assignment o, if M[o] = Bg, then M|o] = B. So assume
M{o] = Bg. Then there is a Z s.t. for all x we have

M[o(Z/Z)(x/z)] |z <b— |Z[z]| < cA Az, Z[z])

Let Z' denote the element M!?1#ll[g]. Then it is obvious that Z’ satisfies the
existential set quantifier in By. O

We want to show that V! and the theory V1 that we will introduce in
section 4.8 prove LS8-REPL.

Lemma 4.69. Let T O V° be a polynomially bounded theory over a language
L. Assume that T = B2 ,(L)-IND, for some i > 0. Then T(row) |
25,(£)-REPL.

Proof sketch. We first prove that T proves IIZ(£)-REPL and we first show
the case where i = 0. Let A(z, X) be a II¥ (£)-formula, i.e. a XF(L)-formula.
Let M |= T(row) and let o be an arbitrary assignment. Assume that the
LHS of the replacement scheme (4.101) holds in M|o], i.e.

Mo] E Ve <b3X < c¢ Az, X). (4.102)

Then we have to show that
M(o] =37 < (b,c)Va < b(|Z[z]| < e A Az, Z[z])) (4.103)
(4.103) is a XP(L)-formula. Therefore we can apply 32(£)-IND. We show
Mol Ez<b—3Z < (z,c)Ve < z(|Z[z]] < cA Az, Z[z]))  (4.104)

Let B(z) be the formula in (4.104). M[o] = B(0) follows from (4.102) (for
“r =0"). Then M[o] = B(z + 1) follows from the induction hypothesis
Mlo] | B(z), (4.102) and ©3-COMP.

For i > 0, let A(x, X) be a II?(L£)-formula. Then (4.103) is not a X7, , (£)-
formula. But, according to lemma 4.23, it is equivalent to

37 < (b)Y < b(|ZIYV[]| < e A A(Y] Z[Y])) (4.105)

which is equivalent to a $2,(£)-formula and hence we can proceed by in-
duction as in the case of i = 0. Hence T(row) | IIZ(L)-REPL. It then
follows that T(row) also proves X5 (£)-REPL. For details, see [6]. O
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Now we can prove the lemma that allows us to eliminate formulas of
the form (4.100). Recall (definition 4.63) that a single P-formula is a X5-
formula with one single (bounded) existential set quantifier.

Lemma 4.70. Let T be a polynomially bounded theory over a language L
with T(row) = S8 (L)-REPL. Then for every ;SP(L)-formula A there is a
single Y8 (L)-formula A" s.t. TE A« A'.

Proof. We prove the lemma by structural induction (cf. definition 4.66) on
the X8 (L)-formula A. The base case is trivial because then A is a XF(L)-
formula and obviously T | A «+» 3X < tA, for some X not occurring in A.
For the induction step, the only interesting case is A = Va < tB(z), where
B(z) is a X8 (L)-formula. By the induction hypothesis, B(x) is equivalent
in T to a single 7 (£)-formula 3X < ¢/ B'(z, X ), where B'(z, X) € 5 (L),
hence

TE A« Ve <t3X <¢B'(x,X). (4.106)

From T(row) E XF(£)-REPL and lemma 4.68 it follows that the RHS of
(4.106) is equivalent in T(row) to a single ¥2(L£ U {row})-formula A’. And
by the ZF-Transformation lemma 4.52, there exists a provably equivalent
(in T(row)) formula A” without occurrences of the row function (i.e. we
eliminate row in every atomic subformula of A’). It follows that T (row) =
A « A" and since T(row) is a conservative extension of T by lemma 4.72
below’!, we also have T = A « A”.

Then the other cases are easily proved with the help of lemma 4.64 which
allows us to collapse several bounded set quantifiers into a single one. O

Corollary 4.71. For every .XP-formula A, there is a single X2 -formula A’
st. VIE A« A.

4.6.3 Conservative Extensions and Transformations

The following lemma shows that adding definable predicates and functions
to an existing theory results in a conservative extension of that theory.

Lemma 4.72 (Extension by Definition). Assume that Ty results from To
by adding to Ty the defining axioms of ®-definable predicates and functions,
for some ®. Then T is a conservative extension of T.

Proof. Let A be a formula in the language of T; and assume that Ty | A.
Let M be a model of T;. We extend M by interpreting the “new” predicate

Note that row € FAC® by corollary 4.61. It will follow from lemma 4.78 that all FAC®
functions are Y -definable in V.
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and function symbols such that the corresponding defining axioms hold in
M. This interpretation is uniquely determined by the defining axioms and
the totality condition (in the case of functions). Let M’ be the obtained
model. Then M’ is a model of Ty, hence M’ = A. Since M is identical to
M’ with the exception of the new symbols, we also have M |= A. Because
M is an arbitrary model of Ty, we have T; = A. O

It is important to note, however, that extending a theory T by adding
a bit-definable set function together with its bit-defining axiom does not in
general lead to a conservative extension of T. However, the following lemma
holds. Recall definition 4.32 about polynomially bounded functions.

Definition 4.73 (ZF-Closure). Let ® be a set of formulas over L 2 L.
Then LB (®) is the closure of ® under the operations —,V, A and bounded
number quantification. That is, if A, B € Y5(®) and t is an L%-term not
containing x, then the following formulas are also in X8 (®): = A, (AVB), (AA
B),Vx < tA,3x < tA.

Note that 3F(3F) = £F but BF(2P) # L8, We will use the next lemma
when we prove in lemma 4.78 that the FAC? functions are ¥F-definable in
VO (i.e. the lower bound of V?).

Lemma 4.74. Let T 2 V© be a theory over L, and ® a set of LF(L)-
formulas. Suppose T = ®-COMP. Then any polynomially bounded number
function whose graph is ®-definable is X5 (®)-definable in T. And any poly-
nomially bounded set function that is ®-bit-definable' is BF(®)-definable in
T.

Proof. Let I be a polynomially bounded set function that is ®-bit-definable.
Then there are an £%-term ¢(Z, X) and a formula A € ® s.t. F has the
following bit-defining axiom

F(Z,X)(i) — i < t(&, X) N A(, 7, X)
The graph of F' can be XF(®)-defined from its bit graph as

Y =F(,X) & [Y]<t(@X) A Vi<t(@X)(Y() ~ A@,7, X))
(4.107)

Let G stand for the RHS of (4.107). Since T | ®-COMP we can use

—

comprehension for the formula A(i, #, X') to obtain

T = 3y < (7, X)Vi < 17, X) (Y (i) = A(i, 7, X))

ii.e. the graph relation of F is ®-definable.
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which is equal to' T | JYGp. Because comprehension is unique by the
axiom SE (see page 34) it follows that T = 3!Y'Gr. Since theories are closed
under universal quantification we obtain T |= VZVX3Y Gp. Therefore F is
YB(®)-definable in T (because G € L (®P)).

Next, let f be a polynomially bounded number function whose graph
is ®-definable. Then the graph of f has a defining axiom which we can
strengthen because f is bounded by a polynomial. Let the £%-term ¢(Z, X )
be this bounding polynomial. The defining axiom of f’s graph is then

y:f(fa)?> = y<t(fa)?)/\A(yafa)?)

for a formula A € ®. We need to show that T proves the uniqueness of y.
Since T |= ®-MIN (theorem 4.17) we have

T A(y, 7, X) — (Elz < y(A(z,f,)?) A—T32 < zA(z’,f,)?)))

Therefore, there is a least element y s.t. A(y,f,)z ) holds and the axioms
B1-B12 quarantee that this y is unique. Therefore we can define f in T by
the following defining axiom

y=f(ZX) & Yz <y-Azz,X) Ay <t X) — Ay, 7, X)
and it follows from the above discussion that
T = VavXalyWz < y—A(z, 7, X) Ay < t(Z, X) — Ay, T, X)
O

The next corollary follows from lemma 4.74, lemma 4.72 and the fact that
56 (36 (£)) =S¢ (£).

Corollary 4.75. Let T be a theory over a language L and assume T =
YB(L)-COMP. The theory resulting from T by adding to T the L5 (L)-
defining azioms or the X¥(L)-bit-defining axioms for a collection of number
or set functions is a conservative extension of T.

In contrast to lemma 4.52, we now state a transformation theorem for
Y1-definable functions.

irecall definition 4.1 of 3X <t
'We use the trivial fact that if f is bounded by some polynomial p, then the function

value of f is sharply bounded (i.e. <) by some polynomial, namely p + 1. See definition
4.32.
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Theorem 4.76 (XP-Transformation). Let T be a polynomially bounded the-
ory and £ D L% U{row} its language. Assume that T = SF(L)-REPL. Let
T’ be an extension of T, obtained by adding to T a X1(L)-definable function
(in T ) and its defining axiom. Let L' be the resulting language of T'. Then

(a) T' is a conservative extension of T.

(b) T is polynomially bounded.

(¢c) For every SE(L')-formula AT, there is a L2 (L)-formula A s.t. T' =
At — A.

(d) For every SP(L')-formula AT, there is a LB(L)-formula A s.t. T |
AT — Al

(e) T = 2B(L')-REPL.

Proof. (a) is an immediate consequence of theorem 4.72.
(b): Tt follows from Parikh’s theorem that the Y{-definable functions of
T are polynomially bounded. Hence T’ is polynomially bounded as well.
(c): We show the case where the ¥{(L£)-definable function is a set func-
tion. Let F'(Z, X ) be this function. It follows from Parikh’s theorem that F is
$B(L)-definable in T (cf. (b)). Thus there is a 5 (L)-formula Ap(Z, X,Y)
s.t.

N, EY = F(#X) « Ap(#, X,Y), (4.108)
T Y =F(#X) o Ap(z,X,Y), (4.109)
T = VAvX3Y < t(#, X) Ap(Z, X,Y) (4.110)

for some L£%-term ¢(7, X)i. We show that there is a L5 (L)-formula A’ s.t.
T’ = AT «» A’. Then by lemma 4.70 there is a single X2(£)-formula A s.t.
T = A — A and hence TV = AT — A. We first show that it is sufficient to
consider the case where A is an atomic formula.

claim: Assume that for every atomic subformula B* of AT there is a
SP(L)-formula B s.t. T/ = BT «» B. Then there is a X2(L)-formula A
st. T AT « A

The claim is easily proved by structural induction on A*. The base case
is trivial and the induction step follows immediately from the definition 4.66
of NB i

Now we show (¢) by induction on the maximum nesting depth fzA™* of
F in AT (cf. definition 4.50 on p. 62). In the base case F' does not occur

it follows also from Parikh’s theorem that 3!Y can be bounded in (4.110).
iiNote that the case AT = VX < tA’ does not occur since AT € ;XF(L).
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in A* and there is nothing to prove. Assume that F(5,S) occurs in A*. We
can write AT as AT(F(5,5)). From (4.109) and (4.110) it follows that

=,

T | AT (F(3,5)) « 3Y < t(5,9)(Ar(5,5,Y) A AT(Y)) (4.111)

where Ap(5,5,Y) € ©B(L') and AT € 2B(L'). Tt follows from lemma 4.24
that the RHS of (4.111) is equivalent in T to a ©8(L’)-formula. Note that
in the RHS of (4.111) we have reduced the maximum nesting depth of F.
Therefore we can apply the induction hypothesis to all atomic subformulas
and are done.

For number functions the proof is analogously.

(d) Follows from (¢) because a $5(L')-formula has the form 3X <
tB(X), where B(X) is S8(L'). Then we ‘can apply (¢) to B(X) and obtain
an equivalent ©8(£)-formula IY < sC(Y). It is immediate that T’ proves
the X8 (L)-formula

X <tB(X) < 3X < 13Y < sC(Y).
(e): Follows from the proof of lemma 4.69 (case i = 0) and (d). O

Corollary 4.77. Let T be a polynomially bounded theory and L 2 L% U
{row} its language. Assume that Ty = S8 (L)-REPL. Let To C T, C Ty C
. be a sequence of extensions of Ty where L; is the language of T; and T;yq
15 obtained from T; by adding to T; the defining axiom of a function that is
Y1(L;)-definable in T;. Let
T =T

i>0
and let L be the resulting language of T. Then T is polynomially bounded
and a conservative extension of Ty, T | LE(L)-REPL and each function
in L is X1(Lo)-definable in To. Furthermore, for every Y8(L)-formula AT
there is a P (Lo)-formula A s.t. T AT « A.

Proof. We first show by induction on 7 that

(a) T; is polynomially bounded,
(b) T; is a conservative extension of T,
(c) T |- SP(£,) REPL,

)

(d) for every ZP(L;)-formula AT there is a YP(Ly)-formula A st. T; &=
At - A
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The base case ¢ = 0 holds by assumption. The induction step follows im-
mediately from theorem 4.76. By theorem 4.76 it is also clear that T is
polynomially bounded, T | YP(L£)-REPL and that T proves the equiva-
lence of every ¥F(L)-formula with some X2 (Ly)-formula. It is a consequence
of the compactness theorem 3.27 that T is a conservative extension of Ty. [

Note that by lemma 4.69, V! = S8-REPL. We will make use of corollary
4.77 when we prove the witnessing theorem in section 4.9 by setting To = V!
and T; = V(row).

75



4.7 The Lower Bound of V!

In this section we show that each polytime function is provably total, i.e.
Y1-definable, in V1. This result can be proved using Turing machine compu-
tations encoded as formulas. However, we will use Cobham’s characterisation
of FP instead (theorem 4.39). We will also use Parikh’s theorem 4.49.

The following lemma will serve as the base case in the inductive proof of
theorem 4.79. It characterises the lower bound of V°,

Lemma 4.78. Every function in FAC? is ©5-definable in V°.

Proof. By corollaries 4.36 and 4.37, a number function is in FACY iff it is
polynomially bounded and its graph is $-definable, and a set function is in
FAC? iff it is X 5-bit-definable instead. Because the Y§-closure (cf. definition
4.73) of X8 is &, it follows from lemma 4.74 that every FAC function is
YB-definable in V°. O

Theorem 4.79 (Lower Bound of V). A (number or set) function in FP is
Y1-definable in V1.

Proof. We show that the set functions in FP are Yi-definable in V1. Tt
then follows from lemma 4.40 that the number functions in FP are also -
definable in V1.

The proof is by induction on the number of applications of composition
and bounded recursion on notation needed to define a function F' from func-
tions in FAC®. The base case follows from lemma 4.78. By lemma 4.25, the
provably total functions of V! are closed under composition. Therefore it
is sufficient for the induction step to show the case of bounded recursion on
notation. Suppose that G(Z, X) and H(y,Z, X, Z) are Sl-definable in V1,
and F(y, ¥, X ) is defined from G and H by bounded recursion on notation,
ie.

F(0,7,X) = G(Z, X) (4.112)
Fly+1,#X) = H(y, 7 X, F(y, 2 X)) @Y (4.113)

for some polynomial t(y, #, X)I. Our goal is to find a ¥!-defining axiom for
the function F'. Note that the RHS of (4.113) is a function composition.
Therefore we can define the function H< as

H<(y,# X, Z) = chop(t(y, &, X), H(y, %, X, Z)) (4.114)

Note that this polynomial corresponds to an [,il—number term.
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The function chop (cf. page 50) is in FP by lemma 4.78 and it follows from
Cobham’s theorem 4.39 that H< is in FP. Therefore we replace (4.113) by

Fy+1,% X) = H*(y,%, X, F(y, % X)) (4.115)

It follows from lemma 4.25 that H< is also 3i-definable in V. Every function
value F'(y, T, X ) is finitely generated by y recursive steps. Therefore we try
to encode the values F(0, Z, )Z), o Fy, @, )Z) as a set array (cf. definition
4.60). A first guess for the defining axiom of F' is

Y = F(y,7,X) < aw (W[O} = G(Z, X)A
Ve <y(Wlz+1] = H<(z,f,)z,W[z])) A (4.116)
Y = wh)

We should replace the equations involving G and H< in (4.116) with the
defining axioms of G and H<, respectively. By the induction hypothesis, G
and H< have Yi-defining axioms. Therefore (cf. definition 4.19), G has a
defining axiom of the form

Y =G, X) — Az, X,Y,U) (4.117)
where Ag(7, XY, ﬁ) € 2P, and H< has a defining axiom of the form
Y =H(y,%,X,7) < WV Au<(y,7,X,2,Y,V) (4.118)
where Ay<(y,7, X, Z,Y,V) € S8, Further we have
V! E3lYIU Aq(7, X, Y, U), (4.119)
V! EYVIV A< (y, 7, X,2,Y, V). (4.120)
and by Parikh’s theorem

—

VI E3Y < (27, X) 30 < (2, X)Ag(Z, X, Y, U), (4.121)
VY < to(y, 7, X,2) IV < to(y, 7, X, 2)Ap<(y, 7, X, Z,Y,V) (4.122)

for some L£%-terms t1(...) and t5(...). We can even simplify (4.122) using
the fact that each function value of H< is, according to (4.114), bounded by
the £%-number term t(y, 7, X)":

VY <t(y, 7 X) 3V <to(y, 7, X, 2)Ap<(y, 7, X, Z,Y,V)  (4.123)

iTt is easy to check that V!(chop) F X<t < t.
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Now we can introduce the defining axioms for G and H*< in (4.116) and
obtain

(4.124)

The problem with (4.124) is that it is not a 3{-formula because of the quan-
tifiers 3V which occur after Vz < y. Let k be the number of existential
quantifiers in 3V and let V[z] stand for Vi[z], ..., Vi[z]. Then it is easy to
verify (using lemma 4.62) that the following formula is equivalent to (4.124)
in the (extended) standard model Ny’ (cf. definition 4.19).

—

Y =F(y,#,X) < IWaU < (7, X)
+t

—

g(y,f,X,t(y,f,)Z)) + ...

(4.125)

In the above formula, ¢, (y, z X, t(y, T, )Z')) + e+t (y, z X, t(y, T, )?)) de-
notes a k— 1 times addition. It remains to show the existence and uniqueness
in V! of Y in the RHS of (4.125). We prove this in the extension V! (row)
of V1, obtained by adding the XF-bit-defining axiom of the function row to
V1. le. we show

Vi(row) = NYIWIT < t,(7, X)IV < < . >
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It then follows from lemma 4.52 that the 3§ (L% U{row})-formulas Y = W{y],
Ag(...) and Ag<(...) can be replaced by equivalent (in V*(row)) X8 (L£%)-
formulas and since V! (row) is a conservative extension of V! it follows that F
is also ¥}-definable in V. The fact that V!(row) is a conservative extension
of V! follows from corollary 4.61 (row € FAC’), lemma 4.78 and lemma 4.72.
We modify the RHS of (4.125) to obtain a ¥8-formula.

W < (y+ 1L4(FX) + 1y, 7, X) )

+ta(y, 7, X, t(y. 7, X)) (4.127)

Vz < y(AH<(z,:f, X, Wz, W[z + 1], ‘7[2])>)

Note that we dropped the last conjunct of (4.125) for the moment. Let B(y)
denote the formula (4.127). We want to show that V!(row) proves B(y).
Since B(y) is a YP-formula we can apply the number induction axiom (cf.
theorem 4.13) on y. Let M be a model of V!(row) and let o be an arbitrary
assignment. We first have to show that M|o] = B(0). It suffices to show!

Mo] | IW < (1,47, X) + (0,7, X))30 < t,(, X)A(Z, X, W[0], U)
(4.128)
Let W be the set that satisfies the quantifier 3'Y in (4.121). By lemma 4.62
there exists a Wy s.t.

Mo (Wo/Wg)(Wo/Wo)] = [Wol < (1, [W5|) A W5 = Wy[0] (4.129)
and hence, by the monotonicity of £%-terms (lemma 4.46) and transitivity,
Mo (Wo/W5)(Wo/Wo)] = [Wo| < (1,02(Z, X)) AW = Wa[0].

Then it is obvious that this Wy also satisfies (4.128).
For the induction step we need to show that M[o] = Vy(B(y) — B(y +
1)). And since o is arbitrary it is enough to show M[o] = B(y) — B(y+1).

icf. lemma 4.7 (2).
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Assume M[o] = B(y), hence we have

(4.130)
for some W. By (4.123), we further have
Mo (W/W)W' /W] | W] <ty + 1,7, X)
W <ty(y+ 1,7, X, Wy)) (4.131)
Ap<(y+ LE X, Wy, W' V)
for some W’'. It follows from (4.121) that
Mo (W/W)(W /W] |y =0 — Wy < (7, X)
and it follows from (4.123) that
Mlo(W/W)W' /W] |y # 0 — Wy] < t(y, & X).

In any case, by the monotonicity of £4-terms (lemma 4.46) and transitivity,
we have

Mo (W/W)W/W)] £ Wil < (5 X) + 1.7, 5).  (4.132)
and thus we can adjust (4.131) and obtain
Mo (W/W) (W /W] = W] <ty + 1,7, X)
3‘7 S t2<y + 1afvivt1(f7
AH<<y+1af7X7W[y]7 /a

X) + t(y,f,)z))
V)
(4.133)

Informally, we now have a set (array) W that encodes the function values
F(i,%,X), for all i <y, and a set W’ that contains the value F(y + 1,7, X).
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Our objective is to concatenate them to obtain a set W” that satisfies the
quantifier 3W in B(y + 1). Note that we cannot apply lemma 4.62 because
there is not necessarily a numeral n such that M[o] = y+1 = n. The reason
is that V! has models other than the standard model Ny . The concatenation
is done by multiple comprehension (lemma 4.59):

Mo (W/W)(W'/W)] =
3W”<<y+1+1t1(f)?)+t(y+ f)?>

( )
(W/ (<Zl,22>) — (21 < Yy + 1A W(<Zl,22>)) V (21 =Yy + 1A W/ )
4.134)

Hence V!(row) = B(y). It follows that the “existence part” of (4.126) holds
since, informally, Wy satisfies the quantifier Y.
Now to uniqueness. Recall definition 4.5 of 3!. It is enough to show

Vi(row) =

(4.135)

Note that PA has non-standard models (cf. for example [9]) and since every model
of (two-sorted) PA is also a model of V1, V1 also has non-standard models.
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Let C(i) denote the RHS of (4.135). Since C(i) is a YP-formula we can
again apply the number induction axiom. Let M E V!(row) and let o
be an arbitrary assignment. Mo] = C(0) follows immediately from the
uniqueness of Y in (4.119). For the induction step, assume M|o] = C(7).
We show M[o] = C(i+1). If M[o] =i+ 1 <y, then Mlo] = C(i + 1)
holds trivially. So assume M]o] =i+ 1 < y. Then, by lemma 4.15 (16)
I Mlo] E i <y. Then Mlo] E Wi[i + 1] = Wa[i + 1] follows from the
induction hypothesis (cf. (4.135)) and the uniqueness of Y in (4.120). O

r4+1<y—z<y
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4.8 An Alternative Axiomatisation of V!

We show that V! can be axiomatised by ©§-COMP and XF-IND instead
of B-COMP. The idea is then to replace the axiom scheme YP-IND with
anew LK? induction rule. The reason is that the formulas of Y2-COMP are
in general not equivalent to X-formulas and, in the proof of the witnessing
theorem for V!, we want to avoid that non-!-formulas occur in LK? proofs.

Definition 4.80 (\f/'vl) V1 s the theory axiomatised by the axioms B1-B12,
L1,L2,SE, ¥8-COMP and £5-IND.

Note that V1 is also an extension of V2. Our objective is to prove that
V1 = V1 (theorem 4.85 below). To this end, we will need to prove that V1
contains the X2-COMP axioms. This proof is based on the fact that formu-
las of the form Vo < t;3X < t,A(x, X), where A(x, X) is ©F, are provably
equivalent in V© to a ¥P-formula. This was proved in section 4.6.2. For the
proof of theorem 4.85 below we need a number function numones(y, X) that
returns the number of elements of a set X that are strictly smaller than y.
numones has the following ¥5-defining axiom

numones(y, X) =z < z < yA

37 <1+ {y,y) (Z[Ol =0AZM = 2A

4.136
Vu < y((X(u) — gl — gl 1)/\ ( )

(=X (u) — 2l = ZM))>

The proofs of the next three lemmas are left as an exercise.

Lemma 4.81. numones is YB-definable in V1, e (4.136) is a defining

axiom of numones in V1.

Lemma 4.82.
\F‘(numones) = dr < y(X(x) A=Y (z) ANVu < y(u # 1 — (X(u) < Y(u))))
— numones(y, X ) = numones(y,Y) + 1

Intuitively, the following axiom scheme ®-MAX states that for every
formula A(z) € @, if A(0), then there exists a maximum number x < y that
satisfies A(z).
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Definition 4.83 (P-MAX). ®-MAX is the set of formulas of the form
A(0) — dz < y(A(x) A-Fz<y(z<zA A(z))), (4.137)
for all A(z) € ®

Lemma 4.84. V1 EXP-MAX.

Theorem 4.85. V1 = V1

Proof. The direction Vi C V1 follows from theorem 4.13.
For the other direction, it is sufficient to show that V1 proves the 22-COMP
axiom scheme:

X <Yz < y(X(2) < A(2)) (4.138)

where A(z) € X8, Unfortunately, (4.138) is not a P-formula and is not (in
general) equivalent to one'. Therefore we cannot apply L5-IND directly on
(4.138). Consider the formula

Vz <y(Y(2) = A(2)) (4.139)

(4.139) is equivalent to a YP-formula in VI by lemma 4.70 i. Let B(y,Y)
denote this XP-formula. Now consider the formula

Clw,y) =3Y < y(B(y, Y) A w = numones(y, Y)) (4.140)

Now we need the ¥-MAX scheme. By lemma 4.81, numones is 3{-definable
in V1. It then follows from corollary 4.77 that V1 (numones) is a conservative
extension of V1 and that every Y2 (numones)-formula is provably equivalent
in Vl(numones) to some YP(L£?)-formula. Since ' = YBMAX (lemma
4.84), it follows that V1 (numones) = 27 (numones)-MAX.

Now we apply X (numones)-MAX to C(w,y). Let M = \/ﬁ(numones)
and let o be arbitrary. Then we have

Mol E C(0,y) — Fz < y(C(az,y) A-3z <ylz < zA C’(z,y))> (4.141)
We first show that M = C(0,y), i.e

Mio] =3JY < y(B(y, Y) A 0 = numones(y, Y)) (4.142)

'With regard to lemma 4.70, the problem is the negation of =X (z) in the direction «.
iNote that =Y (z) V 3X < fA(2) « 3X < (=Y (2) V A(2)) is valid.
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Lemma 4.44 shows that there is a unique empty set and it is clear that the
empty set satisfies the quantifier 3Y" in (4.142). Hence we have M = C(0,y)
and by (4.141)

Mio] E Jz < y(C’(x,y) ATz <ylz < zA C’(z,y))) (4.143)
i.e. there exists a “maximum” wg s.t.
Mio(wolwo)] |= wy < y A (Cluwn,y) A =3z < yluy < 2 A C(z,y))) (4.144)
Hence Mo (wo/wo)] | C(wo,y), ie.
Mo (wo/wo)(Y/Y) EY <y (B(y,Y) Awy = numones(y,Y))  (4.145)
for some Y. It follows from lemma 4.82 that Y satisfies the quantifier 3X in

(4.138).
0
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4.9 The Upper Bound of V!

Now we show that V1 is not too strong, i.e. that all provably total functions
in V1 are in FP. This will follow from the so-called witnessing theorem for
V1. For its proof we use the theory V! for which we showed the identity to
V1 in section 4.8.

4.9.1 The System LK2-V1

Instead of using the axioms of V1 as non-logical axioms in the system LK?
we replace the XB-IND axiom scheme by a new inference rule.

We assume that in LK?, terms do not contain bound variables z, v, z, . . .
and X,Y, Z, ..., bound variables do not occur free in formulas and free vari-
ables do not occur bound (cf. variable convention on page 21).

Definition 4.86 (®-Ind rule). The ®-Ind rule consists of inferences of the
form

T,A(b) - A(b+1),A

(®-Ind) T,A(0) F A(),A

where @ is a set of formulas and the eigenvariable b does not occur in the
bottom sequent.

Definition 4.87 (LK2-V1). The rules of the sequent system LK*-V1 consist
of the rules of LK? (section 3.3.1) and the LP-Ind rule. The non-logical
azioms of LK*-V1 consist of the sets B1-B12, L1,L2, SE, Y£-COMP and
ez, all closed under substitution of terms for free variables'.

By an LK%.-W + ®-Ind proof we mean an LK?-W proof where additionally
the ®-Ind rule is admitted.

Theorem 4.88 (Soundness of LK*:W + ®-Ind). Let ®, ¥ be sets of formulas.
If a sequent ' = A has an LK*-WU + ®-Ind proof, then (I = A)* is a theorem
of the theory axiomatised by ¥ U ®-IND.

Proof. From our definition of a theory (definition 2.9) it follows that it suffices
to check that ¥ U ®-IND |= (I' = A)*. This is proved by induction on the
number of sequents in a proof. The derivational soundness theorem 3.10
provides already all the cases except, of course, the case of the ®-Ind rule.
Thus it remains to show that if the top sequent of this rule is a logical

'Substitution of terms for free variables is necessary in order to prove anchored com-
pleteness.
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consequence of ¥ U ®-IND, then so is the bottom sequent'. Let M be a
model of ¥ U ®-IND and assume that M satisfies the top sequent, i.e.

M NNAD) = Ab+1) v/ (4.146)

Note that

A= (Ab) = A+ 1) v/ (4.147)

T

is provably equivalent’ to the formula in (4.146). And because the eigenvari-
able b does not occur in I' U A, we have

M N\ = Wb(A®b) — A+ 1)) v\/ (4.148)
r A
We have to show that M satisfies the bottom sequent, i.e.
Mol = \ AA©0) — Al v/ (4.149)
r A

for an arbitrary assignment . So assume

Mio] = /\ A A©0) (4.150)

By (4.148), we have M(o] = Vb(A(b) — A(b+1)) vV V. If M[o] =V, then

(4.149) is obviously satisfied. If M[o] = Vb(A(b) — A(b+ 1)), then, by
M | ©-IND, we have M|o]| |= VzA(z) and hence M|o]| = A(t) and (4.149)
follows. o

Corollary 4.89 (Soundness of LKZ—\A/'/l). If a sequent I' = A has an LK2-V1

proof, then (I' = A)* is a theorem of V1.
We generalise definition 3.15 of an anchored proof.

Definition 4.90 (Anchored LK*-W 4 ®-Ind Proof). An LK*-¥ + ®-Ind proof
is called anchored provided that every cut formula is either in VU or is one of
the formulas A(0), A(t) in an instance of the ®-Ind rule.

Note that in this case, the bottom sequent is not a logical consequence of the top
sequent, as it is the case with all other rules.
"i.e. the corresponding formula of the form A < B is valid.
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Theorem 4.91 (Anchored Completeness of LK*-W_, + ®-Ind). Let ®, ¥ be
sets of L-formulas and let ®', W' be their closures under substitution of terms
for free variables, respectively. If (T' = A)* is a logical consequence of W, U

®-IND, then I' = A has an anchored LK2-\I/’€£ + ®'-Ind proof.

Proof. As in the proof of lemma 4.91, we slightly modify the proof of the
completeness lemma 3.12. Here, a sequent is called active if it is a leaf of
the proof tree and is not directly derivable from a logical axiom of LK? or
from a non-logical axiom of ¥., using only weakening and exchange rules.
Recall that in our enumeration of (A;,t;,T}), the terms ¢; and T} do not
contain bound variables (variable convention on page 21). We begin with an
end sequent I' - A and work upwards by subsequently modifying the proof I1.

Loop: Let (A;,t;,T}) be the next tuple in the enumeration.

1. Step: If A; € ., then every active sequent IT - Q is replaced with
the derivation

- A
mF QA LA FQ
TS

(weakening)

(cut)

2. Step: If A; € " and A; contains at least one free occurrence of some
free variable ¢, then let b be a fresh free number variable not yet used
in MM, and let A;(b) be the result of substituting b for ¢ in A;(c). Then

every active sequent II - €2 is replaced with the derivation

L A(0) F Ab+1),0 At), I F Q
I, 4,(0) - Ai(t;), 0 A:(t), 1L, A;(0) F
I F Q,A4;0) I, A,(0) - Q
mF 0

where the top-left inference is by the ®-Ind rule and the other inferences
are by the weakening, exchange and the cut rule (note that the cut
formulas are in ®).

(For the other steps, proceed as in steps 2 to 4 of the completeness
lemma 3.12.)

End of the loop.
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If the above procedure terminates, then [l is an anchored LK2—\IJ; L TP
Ind proof of I' H A. Again, we have to show that if it does not terminate,
then ¥_, U ®-IND }£ (T = A)*.

So assume that the above procedure runs forever and let 1 denote the
resulting infinite tree. Now we modify 1 by “fading out” all the intermediate
rule applications introduced at step 2. lL.e. we replace each subtree of I1 of
the form

I, A;(b) + Ai(b+1),Q Ai(t;), 11 - Q
I, A;,(0) F Ay(t)),Q Ai(t)),101, A;(0) - Q
I+ Q,A;0) I, A;,(0) - Q
I+ Q

with
II + Q,A;(0) IT, A;(b) + Ai(b+1),Q Ai(t), 11 = Q
ImEQ

Note that the resulting tree (we still call it 1) is no longer an LK2—‘I/;£ +d'-
Ind proof. But that’s not a problem since 1 only serves the purpose of
constructing a structure.

M still has an infinite path 7 (by Konig’s Lemma 3.11) and we use 7 to
define a structure M and an assignment o s.t. M = V.. U ®-IND and
Mlo] £ (T'F A)Y*. Let 0 and M be as in the completeness lemma 3.12.
Hence, for any predicate symbol P, (f, f) € PM holds iff the formula P(t, f)
occurs in the antecedent of some sequent in 7. We claim again that every
formula A occurring in an antecedent along 7 is true in M|o| and that every
formula A occurring in a succedent along 7 is false in M[o]. The argument
is again the same as in the proof of the completeness lemma 3.12. Therefore
Mlo| (T F A*.

It remains to show that M = ¥, U ®-IND. Every formula 4; € W,
occurs in an antecedent of m (cf. step 1). Therefore, by the above claim,
we have M[o]| = A; and hence M[o] = V. . But since V., is closed under
substitution of terms for free variables, we have M = W, and hence M =
U

ect
To show that M = ®-IND we consider an arbitrary formula A; € &'
We assume that &’ is nonempty, otherwise what we claim is trivially true.
With respect to step 2 (recall that we have modified M and hence 7!), we
distinguish three cases, whereas the third case excludes the first and the
second.
If 7 contains a sequent of the form IT - 2, A;(0), then, by the above claim,
M{o| = Ai(0). If 7 contains a sequent of the form II, A;(b) F A;(b + 1), 9,
then M[o] E A;(b) and M[o] £~ A;(b+ 1) and hence Mo] £ A;(b) —
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A;(b+1). As a consequence, M|[o] = Vz(A;(z) — A;(z + 1)). In both cases
we have M|o| = A-IND.

If 7 does neither contain II - €2, A;(0) nor II, A;(b) F A;(b+ 1),€, then,
for every number term ¢;, 7 contains A;(¢;),II - Q (note that every tuple
(A;,t;,Tk) occurs infinitely often in our enumeration). It follows that, for
every t;, the formula A,(¢;) occurs in an antecedent of 7. Therefore, by the
above claim, M{o] = A;(t;) for every number term ¢;. Since the “number”
universe of M consists precisely of all number terms and o maps terms to
themselves we have M|[o] = VxA;(x) and hence M|o| = A;-IND.

Since the choice of A; € & was arbitrary, it follows that M|o| = ®'-IND
and (since ®-IND is closed under substitution of terms for free variables)
M = &"-IND. Therefore M |= &-IND and we are done. O

The following corollary is immediate from the above and theorem 4.85.

Corollary 4.92. Every theorem of V' has an anchored LK2-V1 proof.

The advantage of LKQ—\IJ’g . + ®'-Ind proofs is that they contain only cut

formulas of ® U ¥, and not of ®'-IND. Therefore, for LKZ—\A/:l, the cut
formulas are in $¥. We now restate the subformula property (lemma 3.26)
for the case of LK*-W¥ + ®-Ind proofs.

Lemma 4.93 (Subformula Property of LK*.-WU 4 ®-Ind). Let ¥ and ® be sets
of formulas, closed under substitution of terms for free variables, and let Tl
be an anchored LK*-U + ®-Ind proof of a sequent T' - A. Then every formula

in every sequent of I is a subformula of a formula in I'+= A or of a formula
m VU o,

Proof. The proof is the same as for lemma 3.26. The only new case is the
®-Ind rule, where the formulas A(b), A(b+ 1), A(0), A(t) are all in . O

Obviously, the subformula property holds also for LK%V, as a special
case of LK*-W + ®-Ind. Recall (page 67) that T(F) is the theory T together
with the defining axioms or bit-defining axioms for functions F, that are
definable in T or bit-definable. Note that by theorem 4.79, all functions
in FP are definable in V!. The witnessing theorem 4.95 follows from the
following special case.

Lemma 4.94 (Witnessing Lemma). Let A(Z, X,Y) be a LB-formula and
assume that V¥ |= 3Y A(Z, X,Y). Then there exists a set function F € FP
such that

VI(F) E A7, X, F(Z,X)).
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Proof. We assume that V! contains a Sl -formula IV A(Z, X,Y). By the
above anchored completeness theorem (corollary 4.92) there is an anchored

LK2-V1 proof T of the sequent + IYA(Z, X,Y). We assume that I is in
free variable normal form (cf. page 52) by adding the axiom |&| = 0 to

V1 (and \ffvl, respectively). Additionally, free variables can be eliminated

by the ©P-Ind rule. Recall that in LK®-V1, the only nonlogical axioms are
YB-COMP and the axioms B1 to SE on page 35, i.e. they are either ¥5- or
YB-formulas. From the subformula property (lemma 3.26), we can conclude
that all formulas in M are either ¥i- or XF-formulas. Note that ©% C ¥i
and that the ¥1-formulas have at most one existential set quantifier in front.
Therefore, every sequent in 1 is of the form

where m,n > 0 and all 4; and B; as well as I', A are $F-formulas. As in the
proof of Parikh’s theorem 4.49 we treat the sequents as multisets and ignore
applications of the exchange rules. We proceed by induction on the depth in
the prooftree I of a sequent S of the form (4.151) and show that there exists
a finite set of polytime functions F = {..., Fy,..., F,,...} s.t.

V(F) )z(Al(Nl),...,Am(Nm),F -
(4.152)

—

A, By(F\(@ M, N)), ..., B (Fu(@ M, N)))*

where @, M are exactly the free variables of the sequent (4.151) and N are
new distinct free variables replacing the bound variables Xi,..., X,, (note
that @ and M may be different for different sequents.). In the following, we
write S for the corresponding sequent of the form (4.152).

From this we can conclude that for the end sequent - IV A(Z, X.Y) of
M there is a set F of polytime set functions and an F € F s.t. VI(F) |
A(d,M,F(cT, M)) By theorem 4.79 (lower bound of V1), all functions in
F are Yi-definable in V! and it follows from corollary 4.77 that V1(F) is
a conservative extension of V1(F). Therefore V}(F) = A(a, M, F(a, M)).
Because V1(F) is also a conservative extension of V(F)\ {|@| = 0} (lemma
4.43) and since we will never use the constant @ for the defining axioms of
F, we have VL(F)\ {|@| = 0} = A(@, M, F(@, M)) and are done.

In the following inductive proof we know that no free variable (and hence
no parameter of previously introduced witnessing functions) is eliminated by
any rule except 3-left, set I-left, V-right' and XP-Ind. This follows from the

Note that the set V-rules do not occur because all formulas in I are 31 or ©F.
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fact that I is in free variable normal form. We will treat these four cases
accordingly.

Base case: S is an axiom of LKV, If S contains only ¥F-formulas, then
what we claim is trivially satisfied. Otherwise, if S is a logical axiom, then it
has the form 3Y B(@, M,Y) - 3Y B(@, M, Y') with all free variables indicated.
We need to find a polytime witnessing function F s.t.

VY(F) & B(@,M,N) — B(@, M, F(a,M,N)). (4.153)

The ©5-bit-defining axiom F(&@, M, N)(z) < N(z) defines such a witnessing
function. If S is the ©¥-COMP axiom, then it has the form

F3X < V2 < b(X(2) < B(2,b,d,M)) (4.154)

with all free variables indicated, and we have to find a polytime witnessing
function F s.t.

VY(F) |= |F(b,d@, M)| < bAVz < b(F(b,d@ M)(z) < B(2,b,d M)) (4.155)
The XF-bit-defining axiom
F(b,@, M)(z) < z < bA B(z,b,d M) (4.156)

defines such a function F.

Case II: S is obtained by an application of the X2-Ind rule. This is the
most interesting and most difficult case. Hence S is the bottom sequent of
an inference

,3X < r(b)B(b, X) F 3X <r(b+1)B(b+1,X),Q

(4.157)
I1,3X < r(0)B(0, X) F 3X < r(t)B(t, X),Q

(¥5-Ind)

where the eigenvariable b does not occur in the bottom sequent S and B(z, X)
is a XF-formula. Note that if the induction formula is in 3, then we can
just apply the induction hypothesis and are done.

In the following, for a set Il in a sequent S, let IT denote the conversion
of IT in S according to (4.152). By induction hypothesis there is a collection
F of polytime functions including a function F s.t.

VI(F) = 12[7|N| <7r()ANB(b,N)F (4.158)
[F (@b, M, N)| <r(b+1) AB(b+1,F(@ b, M, N)),Q

Note that b (the eigenvariable) and N do not occur in IT and can only occur
in €2 as arguments to witnessing functions. We need to find a new witnessing
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function F for the formula 3X < r(¢)B(t, X) in S. Since F is in FP, the fol-
lowing function F’, defined by bounded recursion on notation, is also in FP by
Cobham’s theorem 4.39 (below, we do not write the irrelevant parameters):

F'(0,X)=X

Flly+1,X) = Chop(r(y +1), F(y, F/(y,X))> (4.159)

where 7 is the polynomial represented by the £%-term r in (4.157).

Let Fy(b, Ny), ..., Eyn(b,N,,) (we omit the irrelevant parameters @, M) be
the witnessing functions of ) in (4.158). For each i = 1,...,m, we define
the function composition F}(b, N;,) = F;(b, F'(b, N;)). Note that all F] are
in FP according to Cobham’s theorem 4.39. If we replace N with F’(b, N) in
(4.158) we obtain

I1, | F'(b, N)| < r(b) A B(b, F'(b, N)) F-

. 4.160

|[E(b, F'(b,N))| <r(b+1)AB(b+1,F(b, F'(b,N))), ( )
where, additionally, € is  with F/(b, N;) replacing F}(b, N;), for all i (recall
that all N; are distinct). Let ' = FU{F', F|,..., F. }. (4.160) is also a the-
orem of V1(F)" because N (and every N;) is implicitly universally quantified
in (4.158). Now consider the sequent

I, |F'(b, N)| < 7(b) A B(b, F'(b,N)) F

/ , . (4.161)
IF'(b+1,N)| <r(b+1)AB(b+1,F'(b+1,N)),Q

where F'(b, F'(b, N)) was replaced by F'(b+ 1, N). It follows from the def-
inition (4.159) of F’ that (4.161) is also a theorem of V!(F’). Fortunately,
the sequent (4.161) has the form

I,C(b,N) - C(b+1,N),Q (4.162)
where
C(b,N) = |F'(b,N)| < r(b) AB(b, F'(b,N))

and C'(b, N) is a LF(F')-formula. Unfortunately, b occurs as a parameter
(and nowhere else) to the witnessing functions F/ (in ). But b must not
occur in the desired sequent S i. Therefore we try to remove b from () and
introduce the number function h(X) with the following defining axiom

MX)=y—y<tA (—|C(y+1,X) \/y:t) AVz <yC(x,X) (4.163)

iNote that the fact that b occurs in €V prohibits us from applying the LB (F)-IND rule
on (4.162)

93



where the term ¢ comes from (4.157). Intuitively, h(X) is the smallest y < ¢
such that =C(y+1, X), or t if there exists no y < ¢ that satisfies -C(y+1, X).
It will soon be clear what we need this function for. For each i = 1,...,m

we define
F/(X) = F/(h(X), X)

F!" is in FP according to Cobham’s theorem 4.39. Let " be like (' with
the exception that each occurrence of F} (b, V;) is replaced with F!"(N;). We
define

F"(X)=F'(t,X) (4.164)

It follows again from theorem 4.39 that F” is in FP. Now we define the
sequent S (recall (4.152)) as
S =IL|N| < r(0)AB(0,N)

|F"(N)| < r(t) AB(t, F"(N)), Q" (4.165)

Let 7" = F'U{h,F/,...,F/ F"}. We finally have to show that Sis a
theorem of V1(F”). It follows from the definition of F’ (F'(0, N) = N) that
(4.165) is equivalent in VI(F”) to

IL, |[F'(0, N)| < r(0) A B(0, F'(0,N)) I

|F"(N)| < r(t) AB(t, F"(N)), Q" (4.166)

Then it follows from the definition (4.164) of F"” that (4.166) is equivalent in
V(F") to

IL, |F"(0, N)| < r(0) A B(0, F'(0, N)) -

[F'(t, N)| < r(t) AB(t, F'(t, N)), Q"

which is identical to

I1,C(0,N) + C(t, N),Q". (4.168)

Hence it suffices to show that V!(F”) proves (4.168). Since b is implicitly
universally quantified in (4.162), it follows that!

VHF") | I,C(A(N),N) = C(h(N) +1,N),Q". (4.169)
Now, by the definition of the function h, we have

VY(F") = C(0,N) - C(h(N),N), and (4.170)
VYF") E C(MN)+1,N) FC(t,N). (4.171)

i1f in doubt about €, check the definition of Q.
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The reason is the following (we argue' “in” the theory VI(F”)): By the last
conjunct of (4.163), C(h(N), N) holds. Therefore V(F") proves (4.170).
Now consider the middle conjunct of (4.163). If the first disjunct holds, then
—~C(h(N) +1,N). If the second disjunct holds, then h(N) =t and C(t, N)
holds by the last conjunct. In any case, V!(F”) proves (4.171).

Now we can use the rules of LK* (since they are sound w.r.t. to the axioms
of VI(F")). First we apply the cut rule (after the obvious applications of
the weakening rules) to (4.169) and (4.170) and obtain the sequent

I1,C(0,N) - C(R(N) +1,N), Q" (4.172)
Then we do the same with (4.172) and (4.171) and obtain (4.168). Hence
VY(F") ES.
Case III: S is obtained by an inference of the form

I+ Q B(T)
I F Q 3XB(X)

Let S; denote the top sequent. Note that since V! is an £%-theory, T can
either be a free variable or the constant symbol @ (introduced when putting
M in free variable normal form). If T"is a free variable M, then M must occur
in IT or © (because M is in FVNF). We need to find a witnessing function ¥
s.t. M and the witnessing term F(a, M, ]\7, M) are always mapped to equal
elements in the universe. The XF-bit-defining axiom

(set F-right)

F(@,M,N,M)(z) < z < |M| A M(z) (4.173)

defines such a function F. Then the induction hypothesis V'(F) k= S
implies V1(FUF) = S. Note that F' € FP by corollary 4.37. If T is @, then
let F be the function defined by the XF-bit-defining axiom

F(@,M,N)(z) < z<0 (4.174)

It follows from lemma 4.7 (2)"" and the contrapositions of the axioms L2 and
B12 that VI(F U F) = |F(@,M,N)| = 0, and then from axiom SE that
V! £ F(@,M,N) = @ (note that we added |@| = 0 to V!). Then the
induction hypothesis V1(F) = S; implies VI(F U F) = S.

Case IV: S is obtained by an inference of the form

I, B(M) + Q
I,3XB(X) F Q

(set 3-left)

Note that we implicitly use the number axioms of V! and some its theorems (lemma
4.15).
vl eE -2 <0
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where the eigenvariable M does not occur in S. Let S; denote the top sequent.
Note that S contains a new free variable N for the quantifier variable X. For
S we can use the same witnessing functions as for S; with F;(a, V, M, ]\7)
replacing Fj(d, M, M,N ) for each witnessing function F; of S;. Then we can
apply the induction hypothesis and are done.

Case V: S is obtained by an inference of the form

ILb<tAB(b) F Q

II,3r <tB(z) F Q
where the eigenvariable b does not occur in S. We cannot use the same
witnessing functions as for the top sequent because the argument b is elim-
inated. Therefore, the argument b of the witnessing functions of the top
sequent needs to be replaced by something. We define the function g(a, M )
as the minimum b < ¢ that satisfies B(b). ¢ has the following ¥¥-defining
axiom

(F-left)

y = g(@, M) <y <tAB(y) ANV < y=B(z) (4.175)

Since ¢ is obviously polynomially bounded (by t), it follows from corol-
lary 4.36 that g is in FP (even in FAC®). For each witnessing function
Fy(a,b, M,N ) of the top sequent we can now define a witnessing function
F!(a, M,N ) for S by function composition as follows

F/(@,M,N) = Fy(@,g(@, M), M,N)

By Cobham’s theorem 4.39, F/ is in FP.

Case V’: The case where S is obtained by the V-right rule is proved
analogously.

Case VI: S is obtained by an inference of the form

MFQA TF QB
MTF QAAB

Let S; and S, denote the two top sequents, respectively. The problem with
this rule is that the witnessing functions of S; and S, are not necessarily
the same and it is not immediately clear which functions we have to chose.
We illustrate this by the example where {2 consists of the single formula
JXC(X). Then, by the induction hypothesis, we have

(A-right)

VYFR)E ANT—AVC(R(..)), (4.176)
Vi(F) | AL — BV C(Fy...)) (4.177)
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for some witnessing functions F; € F; and Iy € F5. We need a new witness-
ing function F' s.t.

VYA URU{FY E A= (AAB)VC(F(...))

Note that we cannot simply take F' = F} because we do not know which
disjunct in the RHS of (4.176) is true. Informally, if C'(Fy(...)) is true, then
we can take Iy, otherwise we take Fy'. Hence F' can be defined as

F.)() o (C(Fl(. L)) AF( ..)(z)) v (ﬁC(Fl(. L)) AF( ..)(z))
(4.178)
In general, © has the form (cf. (4.151))

Q= Q,3VC1(Y)),...,3Y,Cu(Ys),

for n > 0, where all C;, all formulas in 2’ as well as A and B are EOB-formulas.
For i =1,...,n, let F'(...) and F2(...) be the witnessing functions in S;
and §2, respectively. Then we define the new witnessing functions F; as in
(4.178), with F}! replacing F; and F? replacing Fj.

Case VI’: The case where S is obtained by the V-left rule is proved
analogously.

Case VII: S is obtained by an inference of the form

I+ QAA
Inmr QA
If Ais a ¥P-formula, then we can just apply the induction hypothesis and

are done. If A has the form 3X B(X), then, by induction hypothesis, there
are witnessing functions F; € F and F;, € F s.t.

(contraction-right)

VYF) | N1 — B(Fi(@,M)) v B(Fy(a M) v\/Q (4.179)
We need a new witnessing function F' s.t.
VHFU{F}) = NI = B(F(@, M) v\/

As in case VI, we cannot simply take F' = I} or F' = F, because we do not
know which of the disjuncts in the RHS of (4.179) is true. An appropriate
function F is defined by (replace ... with @, M)

F(.)(2) < (B(Fl(. L)) AR ..)(z)> v <—|B(F1(. L)) A B ..)(z)>

Note that it doesn’t matter if C(F»(...)) is false, because then A A B is true.
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Case VII’: If S is obtained from the contraction-left rule and the formula
A is of the form X B(X), then we just replace every witnessing function
Fi(..., Ny, Ny) with F;(..., N, N), where N is the new fresh variable intro-
duced for X in S and Ny, N; are the (distinct) free variables for X in the top
sequent.

Case VIII: S is obtained by an inference of the form

InmrE QA ILAF Q
IIEQ
Let S; and S, denote the two top sequents, respectively. Assume first that
the cut formula A is a XF-formula. Then we proceed similarly as in case VL.
Let F}',..., F! be the winteesing functions for §2 in S; and FE ....F%in §2,
respectively. Then we define new witnessing function Fi,..., F, for S by

(Cut)

Fi(..)(2) < ((ﬁA AFMC () V (AANFX .. )(z))) (4.180)

If Ais not a XF-formula, then A has the form 3XB(X) and B(X) is a
SB-formula. Let G(@, M) be the witnessing function for B(X) in S; and let
N be the fresh introduced for X in S,. Let FL(@ M),..., FXa M) be the
witnessing functions for €2 in SAlAa,nd let F2(@, M,N),...,F2(a@ M,N) be the
witnessing functions for € in S,. The new witnessing functions Fi,..., F),

for  in S are defined by
F(@ M) (2) = (=B (G(@ M) A F!(@M)(2)) v
(B(G(a, 3)) A FX(@, 31, G (@ M) (2))

Case IX: The case where S is obtained by a weakening rule is easy. In
the case of weakening-left, nothing needs to be done. For weakening-right
we can introduce an arbitrary witnessing function in FP for the case that the
introduced formula has the form 3X B(X).

Case X: There is nothing to do for the exchange, —-introduction, 3-right,
V-left, V-right and A-left rules (see also the remark about the subformula
property at the beginning of the proof). Note that 3-right and V-left do not
eliminate free variables. O

The following general witnessing theorem follows from the above special
case.

Theorem 4.95 (Witnessing Theorem). Let A(Z, 7, X,Y) be a SB-formula
and suppose that
V' E3AY AT, 7, X,Y).

98



Then there exist functions fi,..., fm, Fi, ..., F, € FP such that

V1<f17"'7fm7F17"-7Fn) ):
AT H@X), .  fnl@ X), X, FUE X)), .., Fu(E, X))

Proof from Lemma 4.94. Assume V! = Hy_'EIVA(f, g,)?,?). Then we also
have B o
Vi(row) = IAY A(Z, 5, X,Y). (4.181)

Let m and n be the “arities” of i and }7, respectively. We claim that

Viow) E3Z(|Z[0]| = A A ZIm=1]| = ym A
Ziml|=Yi A ANZm+n—1=Y,)

The proof of this claim is analogous to the proof of lemma 4.62. Then it
follows from (4.181) and (4.182) that

V(row) = EIZ:A(E', 12[0)],....]|Z[m—1

B(z,X,7)

(4.182)

J/

,X,Z[m],...,Zm+n—1)

(4.183)
where B(Z, X, Z) is a ©8(L4 U {row})-formula. By lemma 4.52, there is a
Y8 (L3)-formula B'(7, X, Z) s.t.

Vi(row) = B(#,X,Z) — B'(Z,X, Z) (4.184)

Since V! (row) is a conservative extension of V! (by corollary 4.77), it follows
from (4.184) and (4.183) that

V! 3ZB(#, X, 7) (4.185)

Now we can apply the witnessing lemma 4.94. L.e. there exists a set function
F € FP s.t.

VYF) E B'(7,X,F(7 X)) (4.186)
Therefore, by (4.184),
Vi(row, F) = B(Z,X,F(Z, X)) (4.187)
and by (4.183)
Vi(row, F) |= A(fi |F (2, X)[0]],.... |F(& X)[m - 1], (4188)



Now let

Let F denote {fi,..., fm, F1,..., F,,}. Then we have
VYHF U {row, F}) E A(Z, f1, s fs X, F1y oo F)

where f; stands for f;(7, X') (analogously for Fj). VI(F U {row, F'}) is a
conservative extension of V1(F) by corollary 4.77. Therefore

VIF) B A fros fon X Py F)

and we are done. O

The following corollary follows immediately from the above witnessing
theorem.

Corollary 4.96. Every number or set function that is ¥1-definable in V1 is
in FP.

And together with the lower bound of V! (theorem 4.79) we obtain our
main result.

Corollary 4.97 (V! characterises FP). The Xi-definable functions of V!
are exactly the polynomial time computable functions FP.

And we can strengthen the above using Parikh’s theorem 4.49.

Corollary 4.98. The YX8-definable functions of V! are exactly the polyno-
mial time computable functions FP.
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