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1 Introduction

General Programme. A new research project has been launched: Among the known results in second
order number theory, which hold in general second order theories (including second order set theory and
higher order number and set theories, which can be seen as the second order extensions of one-lower
order theories) and which does not (i.e., specific to second order number theory). While the author’s
previous work [17] in this project was motivated by relative predicativity, i.e., predicativity given infinite
entities (e.g., the sets of reals or of functions, the universe of sets) other than traditional w, the project
is also motivated by at least three other trends of research.

(1) The present author is working on a long-term project, reverse set theory, which investigates impacts
of infinity axiom and analogues (e.g., large cardinal axioms) over the structure of proof-theoretic
strengths of set-theoretic axioms (see [15]). In order to see an impact of the existence of an inaccessible
cardinal, it is convenient to investigate, via interpretations into second order set theory, the relations
among several extensions of von Neumann-Bernays-Godel set theory NBG (as, to see that of infinity
or w, the investigation on interpretations into second order number theory were used in [14]). For the
existence of a number of regular or inaccessible cardinals, higher order number or set theory plays
the role.

(2) Another is from aziomatic truth theory, a field in which the notion of truth is investigated with
techniques from mathematical logic. While the truth axiomatized over number theory has been of
central interest, some truth-theorists now consider the notion over set theory. As interpretations into
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or from second order number theory have played central roles, those into or from second order set
theory play the same roles in the new theory, as in [5]. The notions of truth over the theories of reals
and of functions also seem worthy to investigate.

(3) The last but not least is from proof theory for operational set theory, a framework introduced in order
to extract the core from different styles of mathematics. Jager [6] identified the proof-theoretic (or,
consistency) strengths of some extensions of the basic operational set theory, using second order set
theory as measure, and he and Krahenbiihl [7] enhanced it by obtaining a result whose analogue was
known in second order number theory.

Although second order set theory will be treated as if it is the dominant example in the following
expositions (and even in the title), and although Trends (2) and (3) above motivates only the investi-
gations on second order set theory!, it must be emphasized that the extension of our result to higher
order theories is not the icing on the cake but is significant on its own right. For, our investigation of
higher order number theories is to higher order recursion theory what second order number theory is to
ordinary recursion theory (as pointed out in [17, §7]).

Results from Preceding Researches. On the one hand, the preceding researches show that many results
known in second order number theory survive also in second order set theory: By partial cut elimina-
tion and partial truth predicate we can show that IT} 41 comprehension axiom i} 1+1-CA implies the
consistency of IT}-CA with a suitable base theory; Krihenbiihl [9] shows that several applications of
proof-theoretic techniques survive, among which is the conservation in the presence of full foundation,
between X}-class-collection X}-Coll and (A}-CA).g,, i.e., A} transfinite recursion up to Ep, the set-
theoretic analogue of &g (see [7]).

On the other hand, the previous work [17] of the present author shows that the straightforward
analogues do not always hold: The consistency of A}-TR, A} transfinite recursion for all well-founded
relations, is implied by A}-FP (which should be called A} hat inductive definition) which asserts the
existence of a fixed point of any positive A} operator, and also by I1{ reduction principle I7{-Red
in second order set theory (and Con(Aj*2-TR) is by AjT>-FP and by II;""?>-Red in higher order
theories) whereas in second order number theory all these three are equivalent (see [18, Chapter V]).
Moreover, Fujimoto [5] pointed out that the schemata that we have to consider in second order set
theory include set-separation and set-collection (see Example 10 and Remark 12), not only foundation,
whereas, in second order number theory, the analogues of set-separation and of set-collection are implied
by induction.

Additionally, the previous work [17] of the author discovers a new kind of axiom schema, dependent
transfinite recursion Aj-TR™ or dependent iteration of elementary comprehension. It is shown there that
AL-TR™ for n > 2 is strictly stronger than the usual transfinite recursion in second order set theory (and
in the higher order theories) whereas they are equivalent in second order number theory. As mentioned
in the work, this new kind of iteration can apply not only to elementary comprehension but also to other
constructions, e.g., fixed-point recursion. It is also worth mentioning that this avoids the general limit
of extensions of transfinite recursion scheme, which Flumini and the present author [4] gave in a quite
general second order framework.

1 Trend (2), nonetheless, could motivate our programme in higher order number theory, especially in the third order for
the same reason as relative predicativity. Namely, the truth axiomatized over full second order number theory should be
an interesting subject. Feferman, one of the founders of axiomatic truth theory, states:

one might argue for an intermediate position between that of conceptual structuralism, which rejects the continuum
as a definite totality, and the set-theoretical account which not only accepts that but also much, much more.
Namely, one may grant as a working apparently robust idea the concept of S(N) [the power set of the set w of
natural numbers], but nothing higher in the cumulative hierarchy. This would justify the assumption of Dedekind
or Cantor completeness of the real line with respect to all sets definable by quantification over the continuum, thus
going far beyond predicative mathematics into the domain of descriptive set theory. In logical terms, that would
justify working in a system of strength full 2nd order number theory, or “analysis” as it is justly called. [3, p.22]

This view of his motivates well also the research on the “predicativity, given the totality of P(w) (i.e., real numbers)”, one
of the main themes of the present author’s previous work [17].

Moreover, even Trend (3) motivates our programme in third order number theory: Feferman, who is also the founder of
operational set theory, questioned in [2, Section 4] the strength of OST+(Uni), (or OST(E) in the terminology of [6]). At
this point it seems the most plausible that this system and variants (e.g., OST"(E) defined with restricted foundation) can
be characterized by extensions of Bernays Godel expansions of full second order number theory.



Our Results. In this article, we show that the following hold both in second order number theory where
BT? = ACA,, and in second order set theory where BT? = NBG (as well as in the aforementioned
higher order theories where BT? = AlT2-CA, from [17, Definition 5]), although in the former these
results are less significant or weaker than previously known results (e.g., it is well known that I1?-LFP
is equivalent to A}-LFP, and that 1} (WF) is essentially I131, etc.).

1. A}-LFP, the existence of a least fixed point of a positive A} operator, and a strengthened variant
A-SLFP are both equivalent, over BT? + IT9-LFP, to A}-FP (Corollary 9 (i)).

2. II}(WF)-Red, reduction scheme for those formulae that are II{ in well-foundedness WF, is both
logically and proof-theoretically strictly stronger than A}-LFP (Corollaries 8 (2) and 12 (1)), and,
moreover, than Aj-LFTR, the transfinite iteration of least fixed-point construction, (Corollary 13);
and even than A}-LFTR", the dependent transfinite iteration (see Definitions 16 and 17).

3. BT? 4 A}-FP cannot prove Al(WF)-CA nor X} (WF)-Coll, a second order collection for X} in WF
(Corollary 12 (2)), while BT? + A}-FP, BT? + A}-FP 4 Al-CA and BT? + A}-FP + ¥}-Coll are
all I1}-equivalent (Remark 9).

4. A}-Ref, the existence of a first order model reflecting a Aj-formula, or even weaker I19-Ref, implies
both IIP-LFP (Proposition 4) and the A}-ness of WF (Lemma 3).

A contrast appears in A}-Ref, which does not hold in second order number theory (because WF is
IT}-complete) and which does in second order set theory (as well as in the higher order theories).

First order analogues. As in number theory, the research should involve not only second order systems,
but also “first order analogues”, e.g., ID, and ID,, since they provide finer analysis. We can straight-
forwardly define the set-theoretic (or real- and function-theoretic) analogues of them by starting with
ZFC (or full higher order number theory with global well-ordering) instead of PA, and more generally,
F-ID,[T] and .F—I{ba[T] starting with theory T, for classes F of formulae. In Section 8 by examining
proofs of our main results, we will see:

5. Reflection principle (in T') allows us to interpret I19-ID,[T] in T}

6. ID; is interpretable in IT0-ID; [fbl] where F = L1, the starting language, is omitted;

7. ID,, and BT2+A(1)—LFP plus the axiom schemata extended to £? are L!'-equivalent.

In particular, over ZFC (as well as full higher order theories) where reflection principle holds, ID,,

and ID, are mutually interpretable. This contrasts the well known result over PA that ID; is proof-
theoretically strictly stronger than ID,, (and more general 1D, for reasonable ).

Comparison between second order number and set theories. Combining with the results from the author’s
previous work [17], we can summarize the contrasts between second order number theory and second
order set theory (as well as higher order number and set theories with global well ordering), as in Figure
1, where one-head arrows denote logical implications and where two-head ones denote both logical and
consistency-wise strict implications.

A} -LFTR«——I1}-TR A}-LFTR
1 P 1 1 1
A}-LFP~———JI{-CA A}-LFP mi-ca
AV-FTR 1 A}-FTR
A}-FP+~————[T}-Red A}-FP IT}-Red
A}-TR A}-TR

Fig. 1 Comparison between extensions of ACAg (left) and of NBG (right)

We will see another contrast between second order number and set theories, the way in which Nemoto
hierarchy of least fixed point principles collapses: Nemoto [13, §2.5] defined syntactical analogues of Wadge
classes, by imitating the description of Wadge hierarchy given in [11, §1], and considered a hierarchy of
determinacy statements for such classes. We can consider Nemoto hierarchy also for least fixed point
principles, the segment below A} of which collapses into two equivalent classes, one consisting of those
provable in the base theory and the other of those implying full A} least fixed point principle. The border
between the two is shown in Figure 2.
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Fig. 2 Nemoto hierarchy of least fixed point principles in second order number/set theory

Outline. Despite the importance of the other higher order number and set theories mentioned above, for
readability we at first concentrate on second order set theory and on the comparison with the already
well investigated second order number theory, and in Section 9 we will make several comments on the
generalizations of our results to the other higher order cases.

2 Preliminaries

As mentioned before, despite the importance of the other higher order number and set theories, at first
we concentrate on second order set theory or on the difference between the already well investigated
second order number theory and the new second order set theory. Therefore we present here several
notations and definitions for second order set theory (while those for second order number theory are
well known), and we will generalize them in Section 9.

Definition 1 (The language £%) The language L} is the one-sorted first-order language that has no
function symbols and only one predicate symbol € of arity 2, besides equality =.

The language £% is the two-sorted first-order language with equality = only for the first sort, with
no function symbols and with one predicate symbol €, where the arguments of € are either two sets
(objects of the first sort) or a pair of a set and a class (an object of the second).

L3, denotes the well known language of second order number theory with exponentiation exp.

The first and second sorts are refereed to as first order and second order, respectively. By convention,
lower- and upper- cases letters denote first and second, respectively, order objects.

Note that the equality = for the second order is not included in £2S as a primitive symbol. Nevertheless
we let X =Y abbreviate (Vz)(z € X <y €Y), and X C Y similarly.

Definition 2 (A} and II}) A first order quantifier is called bounded if it occurs in the way Jz(z € a A
o(z,a)) or Ve(x € a — ¢(x,a)), denoted by (3x € a)p(x,a) or (Vo € a)p(z,a) respectively.

An L%-formula ¢ is AJ (or called bounded) if it contains no unbounded first order nor second order
quantifiers. An £%-formula is IT} if it is of the form (Vx)p(z) for some AJ-formula ¢(x).

An L£%-formula ¢ is A} (or called elementary) if it contains no second order quantifiers. An £%-formula
is 1} if it is of the form (VX)p(X) for some Aj-formula ¢(X).

More generally, we can define X0, IT%, X1 and II! by numbers of first or second order quantifiers as
usual. These are straightforward analogues of those in second order number theory.

For a formula ¢(z), and ¥({z|¢(z)}) denotes the result of replacing all the subformulae ¢ € X of
Y(X) by ¢(t) simultaneously. ¥({z | p(x)}) is sometimes denoted also by ¥ (¢) when it is clear from the
context by which variable we abstract the substituted formula ¢. Sometimes second order X is regarded
as the abstract {z |z € X}.

Definition 3 (A}(F), X1(F) and II}:(F)) For a class F of formulae, Aj(F) (X} (F) and IIL(F)) is
the class consisting of all formulae of the form ¢ ({x |1 (z, 00, ..,0m)}, ..., {x | Yr(z, 00, .., 0,)}) for some
formulae 11, ..., 1) from F, some formulae 6y, .., 0, from AY and p(Xy, ..., Xx) from A} (2! and 11},
respectively).

{z,y} denotes the unique set z, whose existence is guaranteed by the axiom below, such that
Vw)(w € z <> w = zVw = y); and (z,y) denotes {{z,z}, {z,y}}. (X), denotes {y|(z,y) € X}.
“W well orders X” stands for WE[W] A (Va,y € X)((z,y) € WV a=yV (y,z) € W), where



Definition 4 WE[W] = (VX)((V2)(Vy)({z,y) e W sy € X) sz € X) — (Vz)(z € X)).
Now we introduce von Neumann-Bernays-Gddel class theory NBG, which is our base theory.

Definition 5 NBGC is the £% theory generated (over the classical two-sorted first order logic with
equality for the first sort) by (the universal closures of) the following axioms:

Extensionality (Vz)(z €z < z€y) — x=1y;

Emptyset, Pair, Union, Powerset, Infinity (as usual in ZFC);

Sep Fy)(Vz)(z ey« (z€xnze X));

Repl (vy € 2)(3!2)((y,2) € X) — (Jw)(Vy € )(Iz € w)({y, 2) € X);

A-CA (3X)(Vy)(y € X > ¢(y,x,Y)) for any Al-formula ¢(z) in which X is not free;
Found (Vz)(Vy€z)(ye X) - z€ X) — (Va)(x € X);

Choice (3W)(W well orders V = {x |z = x}).

NBG includes Found but not Choice (i.e., NBGC minus Choice); and the superscript “—” means
the removal of Found, like NBG™ and NBGC™.

In literature von Neumann - Bernays - Godel class theory contains Found, while there seems to be
no agreement on whether it contains Choice. For our purpose in what follows, such differences are not
so important and we consider all the four variants.

Fact 1 NBG ™, NBG, NBGC™ and NBGC are conservative extension of Z¥F~, ZF, ZF~ + AC or
ZFC, respectively, where ZF~ denotes ZF minus foundation axiom.

This fact is the analogue of the conservation between ACA and PA, according to the correspondence
between the two sorts of £ and those of L.

We are interested in similarities and dissimilarities to second order number theory, and the analogy
to second order number theory will help the readers to understand our results. Therefore we will treat
the both uniformly as far as possible. We denote, by BT?, both ACAy and NBG (as well as the
aforementioned variants) when we describe results for both, and by BT', both PA and ZF (as well
as the corresponding variants). £2 denotes the language of BT? (i.e., L3, or L2 accordingly), and £!
denotes that of BT, In the following discussion, BT? can also be BGZ = NBG — Repl, Bernays Godel
expansion of Zermelo set theory Z (which will be used in the proof of Proposition 21). In later section 9
we will consider a generalization of BTZ.

Next we prepare additional axiom schemata, which are to be added to our base theory BT?. Note
that, by virtue of the abbreviations, these are literally the same as in second order number theory (and
easily generalized to other second order frameworks with the notion of pair).

Definition 6 For a class F of formulae, define the following schemata.

F-Coll (v2)(@Y)p(z,Y) — (32)(v2) )l (2),);
F-T1 WF[R] — TI[)(R) where TI[g|(R) = (Va)((¥y € (R).)p(y) — plx)) — (Yo)p(o);
F-CA (3X)(Vz)(p(z) < z € X);

F-TR WEW] — GH)(Yu)(H)u = {z] ¢(u, 2, {{v,3) [0 € (W) A (0,9) € HD})
A(F)-CA (v2)(p(z) & —u(x) — BX)(Va)(plz) © o€ X);

F-Red (Va)(p(z) v (z)) = (32)(V2)(x € Z = ¢(2)) A (2 ¢ Z = ¢(2)));

F-FP (3IF)(Vz)(p(z, F) <> x € F);

F-LFP (3F)((Vz)(e(z,F) - z € F)AVY)(Vz)(p(z,Y) 22 €Y) - FCY)),

for F-formulae @, in which neither Z nor H occurs freely and in which F occurs only positively.

Remark 1 Although we officially defined only A(F)-CA, we can define A(F)-Coll, A(F)-TR, A(F)-Red,
A(F)-FP and A(F)-LFP etc., similarly. Thus we treat A(F) as if it were a class of formulae, following
the standard convention in which A} abbreviates A(IT}).

Here we introduce F-reduction schema, instead of (—F)-separation schema defined as in [18], which
is equivalent over classical logic. For, the term separation has the different meaning in the context of set
theory (as in Definition 5). This is only a matter of name.

Lemma 1 BT? + IT}-CA + II}-Coll proves X} ,-Red and hence A} ,-CA.



Proof Let ¢ and 1 be II!, and assume (Va)((3Y)e(z,Y) V (IY)Y(2,Y)). Then (Vz)(3Y)(p(z,Y) V
Y(z,Y)), and II}-Coll yields Z with (Vx)(Jy)(p(z, (2)y) V¥ (z,(Z),)). Thus, X = {z | 3y)p(z,(2),)}
satisfies (Vz)(z € X — (3Y)p(z,Y)) and (Vz)(x ¢ X — 3Y)¢(z,Y)).

To describe some of the schemata above, it is convenient to introduce the following notion.

Definition 7 (operator form) An operator from Ay . AX,Y .{z|p(z,y,X,Y)} of arity (j,%,1) is an
L2-formula o(z,y,X,Y) (which may have parameters other than z,y,X,Y) in which X occur only
positively, with two kinds of abstractions, one applied to variables X,Y and y, and the other to z, where
ly| = 74,1X| = k,[Y| = 1. For a class F of formulae, A\y.A\X,Y .{z]|p(z,y,X,Y)} is called an F operator
if o(z,y,X,Y) is in F. We follow the convention for A-notation, e.g., identification up to a-equivalence
and S-equivalence. A (I"), X% ('), ITE (I') denotes A ({p}), ¢ ({®}), I ({¢}) respectively,

Using this, the following reformulation is possible, where (H)"* = {(y,u) € H |y € (W), }:

F-TR WF(W) — (3H)Hier[I'|(H,W) for any F operator I" of arity (1,0,1) without free H,
where Hier[['|(H, W) = (Vz)((H), = ['(z, (H)W?));

F-FP (IF)(F =I'(F)) for an F-free F operator I of arity (0, 1,0);

F-LFP 3F)(F =I(F)ANVZ(Z=TI(Z)— F C Z)) for an F-free F operator I" of arity (0,1,0).

F-TR can be seen as iteration, along any well founded relation, of F comprehension axiom. Similarly
fixed point and least fixed point axioms can also be iterated (cf. [19, §4]):

Definition 8 Let us define

F-FTR WF(W) — (3H)FHier[I'|(H,W) for a H-free F operator I" of arity (1,1, 1),
where FHier[['|(H, W) = (Vz)((H), = ['(z, (H), (H)V®));

F-LFTR WF(W)—(3H)LFHier[['|(H, W) for a H-free F operator I of arity (1,1,1),
where LFHier[I')(H,W) = FHier[['|(H,W) A YV, 2)(Z = (2, Z,(H)"*) — (H), C Z).

For a specific order type « (e.g., w,e¢ in number theory, and 2 = Ord, Ey in set theory from [7, §3]),
F-T1,, F-TR,, F-FTR, and F-LFTR,, denote F-TI, /-TR, F-FTR and F-LFTR, respectively,
but “WF(W) —” removed and W substituted by the standard well-ordering for a.

Remark 2 Notice that the notion of order type does not always make sense in the formal theories, because
we do not know if the principle called comparison of well-orderings is available (and even we do not have
the well-foundedness of them in the theories).

Here we take an attitude similar to that in second order arithmetic: Even though we do not have
comparability nor well-foundedness in the target theories we are talking about the order types or ordinals
(like €9) on the meta-level (which can be formalized in e.g., ZF) and we refer, as “the standard well-
ordering”, to specific binary relations representing them in the standard model of second order number
theory. Similarly, here we are talking about the order types or ordinals (like Ep) on the meta-level (which
can be formalized in e.g., ZF plus the existence of a strongly inaccessible cardinal), and we refer, as “the
standard well-ordering”, to specific binary relations representing them in the ‘standard model’ of second
order set theory in this context, that is, (Vi, Vi.41) for a strongly inaccessible cardinal «.

This is inessential and just a matter of taste. Actually we can avoid this problem by considering «
as a (class-size) binary relation in the following practice.

In any case, since we can easily generalize the method employed in [7, §3] to define canonically, from
the code of o, a binary relation coding w®, we can freely use the notation w® (as indeed we will in Section
6) as well as 2 - «, etc., without any danger of confusion.

3 Reduction of fixed point principles

Our central theme is the investigation of A}-FP, A}-LFP and their variants. Here as a preparation for
later sections, we show the finite axiomatizability of these schemata (over BT?).

For this, in Subsection 3.1 we point out that some fragments of the schemata, namely A(X9V I19)-FP
and A(XY v II9)-LFP, are strong enough to imply the whole schemata. In the following two subsections,
we answer to the naturally arising question: Whether these reductions to A(XY V II?) are optimal or
not.



3.1 Reduction to A(XY v I1Y)

Lemma 2 Over BT?, (a) both (29VII))-FP and (X9 AIID)-FP imply Ay-FP; (b) both (X9 II9)-LFP
and (X9 A II))-LFP imply A}-LFP.

The basic idea is as follows. Assume an operator I' is decomposed as I' = I o I'y. Consider a
“paralleling” operator I": X — ({0} x IH((X)1))U ({1} x I'1((X)o)). Then a fixed point F of I” satisfies
(F)o=Iu((F)1) and (F)1 = In((F)o), and thus (F); = IN(I5((F)1)) = I'((F)1), namely (F); is a fixed
point of the original operator I". Conversely if G is a fixed point of I" then ({0} xIH(G))U({1} xG) is a fixed
point of I". We can generalize this argument for n many factors, for a natural number n. E.g., if ' = [0
I'y oIy then the “paralleling” operator is X — ({0} xIo((X)2))U({1} xI1((X)0))U({2} xI2((X)1)). Now,
any elementary operator AX .{z|Vz,3z,_1...¢¥(zp, ..., 2z, X)} can be decomposed as I" = I'yoI'zo...ol, by
a A§ operator I'y, : X — {{zn, ..., 20, 2) | V(Xny ..oy 2, X)}, & XY operator I : X — {z|Jz((z,2) € X)} and
a I19 operator Iy : X ~ {z|Vz((z,z) € X)}. Thus what we have to check is, basically, the “paralleling”
operator according to this decomposition is of the required complexity.

Proof Let AX.{z| (2, X)} be a A} operator of arity (0,1,0). We may assume that, for a A) formula 1,

0(z,X) = VoopioTtant1 - Voo (Tant2, Tant1, - s Lo, 2, X).
Define ¢ as follows, which is equivalently X9 Vv IT{ since A is closed under the quantifiers of the form
@) (@,9) = 2 Ao
o(u, Z) = (3o, .., Tant2, 2)(w = (0, (zg, ..., (Tant2,2)...)) A Y(Tant2, ..., T0, 2, (Z)2n+3))
VL ()G = (24 Ly) A faiy) € (2)20)
)(

v \/ (Fz2i41) Fy) (u = (20 + 2,y) A (22141, Y) € (2)2i41)-

Since “\/[(Qz;)(Jy)(u = (k y) A ...)]” can be replaced by “A[(Qz;)(Vy)(u = (k,y) — ...)]”, over the A
region {u|(3k < 2n+ 3)(3y)(u = (k,y))}, ¢(u, Z) is equivalently X9 A IT{ as well.
Now we have Z with (Vu)(u € Z < ¢(u,Z)). By (meta—)mductlon on k <2n+3:

(ks (Ths ooy (T2nt2,2)-) € Z 3 (Qu—17k—1) - - (V20)Y(T2n425 T2nt1, -+ 5 0, 25 (£)2n+3)-
In particular, (2n + 3,z) € Z iff ¢(2,(Z)2n+3). Thus (Z)2,+3 is a fixed point of AX.{z|¢(z, X)}.
The ‘least-ness’ of (Z)2y,13 follows from that of Z as follows. If I is a fixed point of AX.{z|p(2, X)},
then F' defined below is a fixed point of AX.{u|@(u, X)}:

({2n + 3} X F U Uk<2n+5 <l€, <£L'k, ceey <£C2n+27 Z>> | (Qk—lxk—l) e (VIQ)d)((Z'Qn_i_Q, e, X0, R, F)}

If Z is a least fixed point of AX.{u|p(u, X)}, then Z C F and so (Z)2n13 C (F)anys = F.
Remark 3 (1) The proof above actually shows slightly stronger statements: Over BT?, (i) A(£9VII?)-FP
implies AJ-FP and (ii) A(XY Vv IIY)-LFP implies A}-LFP (cf. Remark 1).

(2) We have the same results for A}-FTR, A}-LFTR, A}-FTR,, and A}-LFTR,,.

(3 ) Although we did not define ofﬁ(:lally the ﬁI‘bt order systems, the proof actually shows that (X9 v
ny)- ID; and (X9 Vv IY)-ID; are equivalent to the full systems ID; and ID; respectively.

This allows us to axiomatize, over BT?, the schemata AL-FP, A-LFP and variants with single
sentences, provided that we have a universal formula.

Definition 9 Assume that there is a universal 77 (e, x, X,Y) among the I1?-formulae whose free vari-
ables are among z, X,Y and in which X occurs only positively. Define:

T(ea ZY, Xv Y) = (360, 61)(6 = (607 61> A T10(607 <Zv y>7 X? Y) A _'T10(617 <Z, y>7 {.’E | € ¢ X}7 Y)’
T = A\WAX {u|(3e,z,9)(u= ({e,y),2) AT (e, 2y, (X)), Y))}-
Then obviously 7" is a universal X9 A IT?-formula positive in X, i.e., it is XY A ITY and X occurs only

positively and, for any (X9 A IT?)-formula ¢(x,y, X,Y) with at most z,y, X,Y free in which X occurs
only positively, our base theory BT? proves (Va,y, X,Y)(p(z,y, X,Y) < ("¢, z,y, X,Y)).
Corollary 1 If there is such universal formula 1Y, A}-FP and AL-LFP are aziomatizable by single

I3 - and II}-sentences, respectively, over BT?. Similarly AL-FTR and AY-LFTR are aziomatizable,
over BT?, by single sentences and so are AL-FTR,, and A}-LFTR,,.



3.2 Reduction of IT{ inductive definition to reflection

Now it is natural to ask: Is the reduction of A}-(L)FP to the A(XY A IT?)-fragment optimal?

The answer to LFP, in number theory, is no: The smaller fragment IT7-LFP is equivalent to A}-LFP.
More precisely, since the accessible part of a binary relation W is a least fixed point of the IT{ operator
AX Az (W), C X}, II9-LFP allows us to check elementarily the well-foundedness of relations in a given
family; and since well-foundedness is IT{-complete in number theory, IIY-LFP implies, over ACA,,
IT1-CA, which implies A}-LFP (actually I7{-LFP with the help of II{-CA I X1-Coll).

How about in set theory? Is II?-LFP equivalent to A}-LFP also over NBG? Since well-foundedness
is no longer I1i-complete, the same argument does not work. Actually NBG proves I1Y-LFP, while, as
shown in [17, Proposition 26, Corollary 33], A}-LFP has stronger consistency than NBG.

In order to clarify the similarities and the dissimilarities, we extract the source of this difference
between number theory and set theory. It is reflection principle. Though there are several variants
depending on various notions of “model” and of “reflect”, our version is as follows.

Definition 10 (reflection principle) Let ¢® denote the result of replacing (Qz) in ¢ by (Qz € a), and
Trans(a) = (Vx € a)(Vy € x)(y € a). For a class F of formulae, F reflection principle is:

F-Ref (Vy)(Ja)ly €a A Trans(a) A (p(y) = ¢*(y)) A (VX)(Ez)(Vu)(uex <> uca Aue X)]
for any F formula ¢(x) whose first order free variables are all among x.

Remark 4 For uniformity with number theory, we define z € y in number theory as “z-th digit of binary
expansion of y is 17, which is AJ(exp). Then ¢® is AJ(exp) as in set theory. However, even II9-Ref is
inconsistent, since there is no finite set reflecting (Va)(3y)(y = z + 1).

In both number and set theories, the clause (VX)(3z)(Vu)(u € z <> u € a A u € X) is redundant.
However, to clarify that this fact is essential in the following discussion (and for the extension in the
later section), we explicitly include this clause in the definition of the schema.

Lemma 3 For a II? operator I' arity (0,1,0), the following hold in BT? 4 IT9-Ref:

(1) (i) (Vx)(I'(z®) Ca® — F Cx°), with 2° = {z|z ¢ x}, implies (ii) VX)(I'(X)C X — FCX).
(2) Both (i) “F is a least fized point of I'” and (i) WF(W) are equivalently I13.

Proof (1) Let I' = AX.{z | ¢(2, X)} be of II?. Assume —(ii), say yo € F'\ X but (Vy)(o(y, X) = y € X).
(Vy € a)(¢"(y, X) = y € X) (%)

for some transitive a 3 yo containing all the set parameters in ¢. By the redundant clause in I19-Ref, with
A}-CA, we can take = a \ X. For y € q, if p(y, z¢), by downward persistence of 119, ¢®(y, z¢) which
implies y € z€ by (%) with anNa® =a N X. For y ¢ a, obviously y € 2. We have seen (Vy)(¢(y, z¢) —
y € z¢). If (i) holds, F' C z°, contradicting yo € a N (F'\ X).

(2)(i) is by (1), since “I'(z€) C 2" is II3. (ii) WF(W) is equivalent to “{x| T} is a least fixed point of
a positive IT{ operator AX.{z| (W), C X}".

It might be worthwhile to emphasize that (2) can be proved without Choice in set theory, since
A}-Ref is provable in NBG without choice, by the same proof as in ZF (see, e.g., [10, IV.7.4 Theorem]).
In the absence of the axiom of foundation, on the other hand, Choice can substitute, i.e., A}-Ref is
provable in NBGC™ by Skolemization argument. Thus the proof of (2) based on A}-Ref clarifies the
common feature shared by NBG and NBGC™.

Proposition 4 BT? + [19-Ref - I[1)-LFP. Moreover, BT? + I19-Ref + A}-TR I II)-LFTR.

Proof Let I" be I1{ of arity (0,1,0). Define F' = {z| (Vz)((I'(z¢) C 2°) — 2z € 2°)}. Then (i) in Lemma
3 (1) holds, and hence so does (ii). Thus it remains to show that I'(F) = F.

For x with I'(z®) C z€, since F C z¢, I'(F) C I'(z®) C z¢, and, by arbitrariness of z, I'(F) C F and
so I'(I'(F)) C I'(F). Applying Lemma 3 (1)(ii) to X = I'(F), we have F C I'(F).

Remark 5 (1) Lemma 3 (2) leads us to define an elementary formula Wf:
WE(-) = (V2)TI[{z |z ¢ 2}](-) = (V2)[(Va)((Vy < 2)(y & 2) = = ¢ 2) = (Va)(z ¢ 2)],

where < denotes {(z,y) | (y,z) € >}, and the proof above shows that Wf(~) — TI[X](>).
(2) Proposition 4 means that IT?-ID,, is interpretable in BT' = ZF(C) with £' preserved.



3.3 Reduction of X9 inductive definition

We saw that A(XY v II?)-LFP implies the whole A}-LFP (and A(XY v II?)-FP implies the whole
A}-FP) in Remark 3 (1), and hence so does F-LFP (or F-FP, respectively) for any class F between
A(XY v 1Y) and A}. Proposition 4 asserts, on the other hand, F-LFP (and hence F-FP) for any class
F below I1? is provable in the base theory BT?, if BT? + II9-Ref. Is there any other “reasonable”
class of formulae? (Strictly speaking, A(X? V IT?) is not a class of formulae, as remarked in Remark 1.)
Obviously XY is among such classes. Is it the only one?

As is well known, the hierarchy consisting of X9’s and I10’s (with parameters) corresponds to Borel
hierarchy in w™ x (2¢)™. Among those hierarchies treated in descriptive set theory which are finer than
Borel hierarchy is Wadge hierarchy, which is defined as follows. A subset A of a Polish space (e.g.,
w™ X (2¥)™ equipped with the product topology of the discrete spaces 2 and w) is said to be Wadge
reducible to another subset B, if there is a continuous function f such that f~[B] = A. Wadge hierarchy
consists of those classes of subsets which are closed under Wadge reducibility (such classes are called
topological classes).

Louveau [11, §1] gave a complete description of Wadge hierarchy up to some point (but on w®),
and Nemoto [13, §2.5] defined several determinacy schemata which formalize the determinacy for such
topological classes, by rewording Louveau’s description into terms of formula (where the difference of the
base spaces are not so important). The hierarchy consisting of such classes of formulae should be called
Nemoto hierarchy.

Since complement (corresponding to —), binary and countable unions (to V and first order 3, resp.)
and binary and countable intersections (to A and first order V, resp.) are preserved under continuous
preimages, i.e., Wadge reducibility, any class of formulae, if defined by forms of formulae, must correspond
to a topological class. Thus, if we agree that the “reasonable” classes of formulae must be defined by
forms of formulae, Nemoto hierarchy, the corresponding to Wadge hierarchy, is the finest “reasonable”
hierarchy of classes of formulae.

Since X9 is known to be the only Wadge (and so Nemoto) class not above A(XY Vv I1{) nor below
IIY, we can say yes to the question above at least in number theory. And if we further require that
“reasonable” formula-classes be defined uniformly both for number and set theories, we can answer yes
in general.

Thus in order to have a complete description of Nemoto hierarchy of least fixed principles, it remains
to determine Y9-LFP. It is known that X?-LFP is provable in ACA, which is enough to claim that
the general reduction (i.e., the uniform proof for both number and set theories) to Y is impossible.
Actually, by more or less the same proof as in number theory we can prove the following.

Lemma 5 NBG™ + II9-Ref - Y)-LFP. Moreover, NBG™~ + I19-Ref + A}-TR + Y{-LFTR.
Proof Let I' = AX.{z| (2, X)} be XV of arity (0,1,0). Define F = {z | (Ha, f) € G)(3é<a)(z € f(£))},

where G = {(a,f) ’04 € Ord A “f is a function on o” A (V€ < «) (f({) cr (Un<£f(77))) }

For X with I'(X) C X and (o, f) € G, the induction on £ < a shows f(§) C X and hence F C X. Thus,
if this F' is a fixed point, then it is the least. It remains to show I'(F) C F.

Take z € I'(F). IT19-Ref provides us a transitive set a with z € a and ¢%(z, F), i.e., ¢*(z, F Na) such
that (Vx € a)[z € F <> (o, f) € GNa)(F < a)(z € f(£))]. Thus

Vz e FNna)(FHe, f) e GNa)(F < a)(xz € f(&)) (%)
Define § = sup{a| (3f)({a, f) € GNa)}, and

9 =1 <B)E<n A fe(@na)y)}foré<B; g(B)=Fna; g(B+1)={z}.

Then g(8) = Fna C I'(Ug.5 9(£)), by (). By upward persistence of X9 0%z, FNa) implies z € I'(FNa),
ie, g(B+1)={z} cI'(Fna)=1TI(g9(B)). Thus (8+2,g) € G witnesses z € F.

The only Nemoto class which changes its side is I17: The border between those Nemoto classes F
with F-LFP < A}-LFP and those F with NBG F F-LFP is drawn in Figure 2 at page 4.

For F-FP, since X{-FP is equivalent to I[I?-FP (actually (—F)-FP and F-FP are equivalent), the
border is immediately below A(X? Vv II?) both in number theory and in set theory.



4 Stage Comparison

The description of a least fixed point in the standard proof of A}-LFP in IT]-CA is “top-down”. It is
known that alternative “bottom-up” description is more convenient in some occasions, i.e., the union
of H,’s where H, = F(U5<a Hy), or, H, is the result of a-time application of I" to (). However, in

BT? = NBG the von Neumann ordinals are not always enough to reach fixed points of operators on
classes. Thus to formulate this description, we need a (class-size) well-order long enough to reach the fixed
point, and define H by recursion along it. Since such well-orders might not be unique, the natural question
is: What is the canonical? An answer is stage comparison: Intuitively, this compares the first stages « at
which the given two elements are included in H,,. More precisely, letting ||z||r = min({« |2 € H,}U{o0}),
we define x < y by ||z||r < ||y||r- However, since we do not have single well-order coding a’s above,
such a definition would be circular. We need to extract, without mentioning a’s, properties of stage
comparison which guarantee the canonicity.

4.1 Formalizing stage comparison strict preorder

The properties, that we extract, of stage comparison < of I" are (i) < is well-founded (WF(>)); (ii) if
y & I'(<z) 3 x for some z then z < y; and (iii) (<z) = U, _, '(<y), where (<Xz) = {z]| 2z < z}. We now
formalize the notion with these properties except (i):

Definition 11 (SCSP) For an operator I' of arity (0,1,0), a A}(I')-formula SCSP[I'](A) (stand-
ing for Stage Comparison Strict Preorder) is the conjunction of (a) (Vr € A)(3u,v)(r = (u,v)); (b)
Fw)(v ¢ I'((A)w) NueI'((A)y)) > ue(A), and (c) ue (A)y ¢+ Fw)(we (A)y AueI'((A)w))-

We will see that SCSP[I"](A) A WF(A) determines A uniquely, if exists.

Lemma 6 For an operator I' of arity (0,1,0), if SCSP[I'](A) A WF(A), then {z|(3v)(xeI'((A),))}
exists as a second order object (i.e., (IX)(X = {z|(Fv)(x € I'((A)y))})) and is a least fired point of I .

Proof Let I'(X) C X. We prove (A), C X by induction on u along A. (Note that AJ transfinite
induction is enough, regardless of the complexity of I".) By the last clause (c) of SCSP[I'](A), (4), =
Uve(ay, I'((A)v) € I'(X) € X by induction hypothesis.
If (Va)(Jv)(z € T'((A)y)), then {x | (Fv)(x € T'((A)y))} = {z |z = x} is a least fixed point.
Otherwise (Vv)(y ¢ I'((A),)) for some y. For any w,v, if u € I'((4),), v witnesses v € (A4),. Thus
{z|(Fv)(z € I'((A)y))} C (A)y, which implies I'((A),) C (A),. By what we have shown at the first with
X = (A)y, we have (Vv)((A)v C (A)y). Therefore (4)y = U,eay, I'((A)0) C{z|(Fv)(z € I'((4)y))} C

Yy

I'((A)y) C (A)y. (A)y is a least fixed point and is {z | (Jv)(x € I'((A),))}.
Thus we can define a seemingly stronger variant of least fixed point principle.

Definition 12 (F-SLFP, F-SLFTR) The strong least fixed point principle and strong least fized point
transfinite recursion for a class F of formulae are
F-SLFP (30)(SCSP[I')(O) A WF(O)) for any F operator I" of arity (0,1, 0);
F-SLFTR WF(W) — (3H)SLFHier[I'|(H, W) for any F operator I" of arity (1,1,1),
where SLFHier[I'|(H, W) = (Vx)(SCSP\X.T(z, X, (H)"*)]((H)z) AWF((H),));
F-SLFTR,, is defined accordingly.

If a class F of operators are closed under compositions with AY operators, since by composing an
operator with X = {z|(z €w 2 #0Axz—1€ X))V (z ¢ wAz € X)} and with the converse, we can
restrict ourselves to consider only those I with 0 ¢ I'(X) without loss of generality, and then the least
fixed point is (A4)g, defined by a uniform formula from the given stage comparison strict preorder.

y<z

Corollary 2 For any class F of formulae,

(i) BT? + F-SLFP |- F-LFP,

and if F is closed under compositions with A} operators,
(ii) BT? + F-SLFTR F F-LFTR and
(iii) BT? + F-SLFTR,, - F-LFTR,,.

Remark 6 If we define a first order correspondence of strong least fixed point principle, say ID., the
proof shows that ID, can be interpreted into ID;Ir in such a way that £! is preserved.
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4.2 Uniqueness of stage comparison

Lemma 7 For an operator I' of arity (0,1,0), SCSP[I'](A) A WF(A) implies:

(i) (Vu,v,w)(u € (A)y Av € (A)y — u € (A)y) (transitivity of A),
(i1) (VYu,v)[(Fw)(v & I'(A)w) ANu € I'((A)w)) < u € (A),] (the converse of (b)).

Proof (i) Let u € (A)y, Av € (A),. Suppose for contradiction u ¢ (A),,. Then by v € (A),, and (c¢) in
SCSP[I'](A) we have v' € (A),, with v € I'((A),). Then, again by (c), u ¢ I'((4),s) which witnesses
v € (A),, contradicting u € (A), and WF(A).

(ii) Let u € (A),. Then by the clause (c¢) of SCSP[I'|(A) we have w € (A), with u € I'((A)y). If
v € I'((A)w), then, by (c) again, v € (A4),, contradicting WF(A).

Definition 13 For an operator I" of arity (0, 1,0), define A}(I")-formulae

ItApp[[|(H, W) = (Vu)((H)y = I'((H)ww)) where (H)w., = {z|(Fv € (W),)(x € (H),)};
0:[)(y, x, H,W) = ItApp[I'|(H,W) A (u)(z € (H)u ANy ¢ (H)u);
02" (y, z, H,W) = TtApp[I'|(H, W) — (Yu)(y € (H)u — = € (H)wu)-

Notice the difference between (H )y, and (H)"* (introduced below Definition 7).

Lemma 8 For an operator I' of arity (0,1,0), if WF(R) A WF(S) then:
(1) App[I'|(G, R) ATtApp[I'|(H, S) —= (Vr,5)((G)r C(H)ss V (H)s C(G)r),
(“) (Vm,y)(@l[F](y,x,G,R) — 02[F](yv'r7Ha S))

Proof (i) We prove ((G), C (H)gs V (H)s C(G)r) A((G)r C(H)s V (H)s C(G)pgr) by induction on 7, s.
If there is s’ € (S)s with (G), C (H)y, then (G), C (H)gs. Otherwise for any s’ € (S)s, by induction
hypothesis for (r,s"), we have (H)s C (G)gy. Thus (H)gs C (G)gr and (H)s = I'((H)ss) C I'((G)gry) =
(G),.. Similarly we have (G), C(H)s V (H)s C(G) gy

(ii) Let 64[)(y,z, G, R), say z € (G), 3 y, and assume ItApp[I'|(H,S) and y € (H)s. y witnesses
(H)s ¢ (G),, and hence (G), C (H)gs. Since z € (G),, we have x € (H)gs.

Corollary 3 (Vz,y)[(3G, R)(WF(R) A 61[I'](y, z, G, R)) — (VH, S)(WF(S) — 62[I'](y, z, H, 5))].
Lemma 9 SCSP[I'](O) implies WApp['|(H,O) if H = {{u,x) |z € I'((O),)}.

Proof By (O)y = UvE(O)u Ir'((0)y) = UvE(O)u (H)y = (H)ou, we have (H), = I'((0)u) = I'((H)ou)-

So far the argument requires only BT? even if the operator I" is of higher complexity. In the next
theorem, however, we need some principle for the complexity of I'. Since the use of such principles is in
transfinite induction for G, H in Lemma 8 and in the minimal element principle in the following proof,
AY(I)-CA below can actually be weakened to Aj(I")-T1L.

Theorem 4 For an operator I' of arity (0,1,0),
BT? + A}(I")-CA + WF(A) A WF(B) A SCSP[I'|(A) A SCSP[I'|(B) — A = B.

Proof Assume the antecedents and define G = {{(u,z) |z € I'((A))} and H = {(u,z) |z € I'((B),)} by
AY(I)-CA. Then ItApp[I')(G, A) and ItApp[I'|(H, B) by the last lemma.

Let u € (A),. By Lemma 7 (ii), (3w)(v ¢ I'((A)w) = (G)w > ). Thus 61[I'](v,u,G, A). By Lemma
8 (ii), O2[I'|(v,u, H, B) and so (Vw)(v € (H)y = I'(B)w) = u € (H)Buw).

If v € I'((B),) for some w, we can take a B-minimal such w. Then v € (H)py, say u € (H)y =
I'((B)y) with w’" € (B),,. By the choice of w, we have v ¢ I'((B), ), and thus, by (b) of the definition of
SCSP[I'](B) we have u € (B),. Otherwise v is outside of the least fixed point {z | (Fw)(z € I'((B)w))} =
{z|(Fw)(z € I'((A)w))} which contains u, and so u € (B), by (b) of the definition of SCSP[I'|(B).
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4.3 Stage comparison as fixed point

Informally, we have the following equivalence for x,y with ||z||r, ||y||r < oo:
z=<ry < =(lylr <llzllr) & =y e r'Ir@) < y ¢ ri{zlz <rz}).

Therefore, one may think that the stage comparison can be obtained as a fixed point of IV, where I''(R) =
{{y,z) | ~(y € I'({z]| (x,z) € R}))}. However, this I is negative. Nevertheless, replacing “z < z” in the
right-hand side by using this equivalence itself, we have

z=<ry < ygl{zlz=<rz}) o yéI'{zlze ¢ T{Z'|2" <r z})}).

Thus we can expect that <p can be obtained as a fixed-point of the positive operator (I")2.

Actually, the famous proof of Stage Comparison Theorem (e.g., [12, 2A.2], where “fixed point” means
“least fixed point” in our terminology) tells us that the stage comparison < of I is the least fixed point
of (I'")2. However F-FP does not give us a least fixed point, but only a fixed point. Thus we have to
check how close to the stage comparison we can reach only with a (not necessarily least) fixed point.

Definition 14 (derivation of operator) For an operator I" of arity (0,1,0), the derived operator is
I'" oI, where I" = AR{u| (3z,y)(u = (z,y) Az & T'(R)y))}.

Lemma 10 For an operator I' of arity (0,1,0), if I''(F) = G, I'"(G) = F, WE(W) and ItApp[['|(H, W)
hold, then (Vw)((R)w C F'AG C (S)w), where

(R)w ={(y,2) |2 € (H)w Ny & (H)w} and (S)w = {{y,2) |y € (H)w =z € (H)ww}-

Proof We prove (a) (R),, C F and (b) G C (5),, simultaneously by induction on w along W.
For (b), let (y,z) € G =T"(F), i.e., y ¢ I'((F)z). To show the contraposition, assume x ¢ (H)pw-
The induction hypothesis (a) implies |, ¢y, (1)u C ¥ and hence

(H)Ww = U we(W)a U{ u|u G )w Nz ¢ (H)u} - Uue(w)w((R)u)x - (F)af

Then y ¢ T((F)2) > T((H)wa) = (H)u.
For (a), let (y,z) € (R)w. By (b) and by z € (H)w, (G)z C ((S)w)z = (H)ww and so y ¢ (H)y =
I'((H)ww) D I'((G)3), which implies (y,z) € I'"(G) = F.

Theorem 5 For an operator I' of arity (0,1,0), BT? proves: if (I'")*(F) = F and WF(W) then
(Va, Y[ [T(y, 2, H, W) = (y,x) € F) A ((y,x) € F = o[y, z, H,W))].
Proof Assume (I")?(F) = F and WF(W). Let ItApp[I'](H, W). We have to show that, for any w,
(z € (H)wNy ¢ (H)w) = (y,z) € Fand (y,z) € F = (y € (H)w =z € (H)wuw),

ie, (R)y C F C (S)y in terms of the last lemma. (R),, C F is from the last lemma with G = I''(F).
Since F' and G are interchangeable in the lemma, we also have F' C (S),,.

This seems to be the best we can say about a fixed point F of (I'")2, and F itself is not necessarily
the stage comparison of I'. Nevertheless, as Stage Comparison Theorem tells us (on the informal level),
the stage comparison strict preorder is a least fixed point and therefore a subset of F'. Main Lemma in
the next section tells us how to cut out the stage comparison from F' and the proof is based on this
“sandwich” property. (However, Main Lemma states more: We can cut out the stage comparison from
any F with this “sandwich” property, and we do not need to check if such F' is a fixed point of (I")2.)

Corollary 6 For an operator I' of arity (0,1,0), if " o I'"(R) = R and if O is defined from R as in
Main Lemma then SCSP[I'](O).

This is not significant in number theory (i.e., the case BT? = ACA,) since to take the accessible
part of R, as required in Main Lemma, we need some principle as strong as A} inductive definition.
However this is significant in set theory, since, as we saw or as is well known, the accessible part is A}
definable and therefore available in the base theory.

As for the first order systems, the proofs above and the proof of Main Lemma given below actually
show that, if BT!  £!-Ref, IDJr defined as in Remark 6 over BT, is interpretable into 1D, (and
therefore so is ID,,) defined over BT1 in such a way that £ is preserved.
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5 Main Results
5.1 Main Lemma and its consequences

Theorem 7 (Main Lemma) Let I be of (0,1,0). The following is provable in BT? + A}(I")-TT.
For given R, if R*, P,O and H satisfy the following:

R ={(z,y)| (3o € Finseq)(c(0) =z Ao(lo| = 1) =y A (Vk < |o| = 1)({o(k),o(k +1)) € R))};
P = {x| “x is in the accessible part of R” A (Vz € (R*),)(z € I'((R):))};
O=(RN(PxP))U(P°xP)={{z,y)|(z,ye PN {z,y) e R)V (x ¢ PNy € P)};

H={(z,y)|[(xe PNy el((0))V(z¢PNryE F(Uzepf((O)z)))}7
then following holds, where x| = (R*),; Olx = ON(zlxzl); Hlx = {{u,2) € H|u € zl}:

(Va,y, 2)[(01[ ] (y, x, H] 2,01 2) — (y,z) € R) A ({y, ) € R — 02[I'|(y, 2, H|2,0]2))]
— WF(0) ASCSP[I)(0) A P = {z | (3v)(z € T'((0),))}.

Remark 7 (1) As one can see, R* denotes the reflexive transitive closure of R. The others P, O and H
are A}(F) definable from R and the accessible part of R, and hence can be seen as A (F)-formulae
containing the accessible part as a parameter. Thus this theorem provides a sufficient condition for us
to construct the stage comparison strict preorder. .

(2) In the first order setting mentioned in Remark 6, we can interpret ID} in ID, with a new predicate
(and axiom) for the accessible parts. More generally, the iterated inductive definition whose last stage is
I/Q"'—type is interpretable in the same but the last stage replaced by the two stages, the first of which is
ID-type and the second is ID-type (restricted to ITY operators). See Remark 11 (IV) in Section 8.

Corollary 8 (1) For any operator I' of arity (0,1,0), BT? + AN, WF)-CA proves:

(BH,W)WFW) AL (y,xz, H,W)) = (y,z) € R) SCSP[I'|(O)
R)0) ( Ty 2 5 o (o WA EO s o o) > @O (o)

(2) For a class F of formulae, BT? + II}(F, WF)-Red + F-SLFP.
(3) If F is closed under derivations,

BT? + I1"-LFP - F-SLFP « F-LFP < F-FP.

Proof (1) Immediate from Theorem 7. (2) Since 0;[I']’s are A}(I), this is by Corollary 3.
(3) By rephrasing Corollary 6, we have this since IT)-LFP gives us the accessible parts.

Actually, we can prove Corollary 8 (1) directly and it might be more comprehensible than Main
Lemma. The reason why we formulate Main Lemma as above is, however, to make it easier to see
that our argument survives also in the first order setting. For, there are no first order analogues of
GH,W)Y(WFW) A0 [I'(y,x, H,W)) and of (VH,W)(WE(W) — 63['|(y,z, H,O)). In this sense, Main
Lemma is a quite refined and seemingly stronger result.

Let us discuss the significances of this corollary with F = A{. In number theory, these are less
significant: IT{-LFP itself is strong enough to imply I1{-CA; since WF is IT{-complete, I1{(WF)-Red
is equivalent to I13-Red while A}-SLFP is proved by IT{-CA. However, in set theory (and in higher
order number or set theory with global well-ordering [17, Definition 5]), these are: Since IT{-LFP is
proven and WF is equivalent to Wf which is A}, these mean that A}-SLFP, A}-LFP and A}-FP are
all equivalent; and that IT{-Red implies A}-SLFP and hence A}-LFP.

Letting F = AL, in Corollary 8 (2), we have BT + IT} , ,-Red - A} ,-SLFP, which might be
new even in number theory, where AL 19-SLFP is as in Remark 1. Among examples of F applicable to
Corollary 8 (3) are essential Al’s (i.e., non-prenex Al’s). Note that [4] shows A}-FTR, - WF(«).

Corollary 9 (i)(a) BT? - A}-SLFP > A}-LFP; (b) BT? + I[I{-LFP + A}-LFP « A}-FP.
(ii)(a) BT? - A}-SLFTR ¢ A}-LFTR; (b) BT? + I19-Ref - A}-LFTR <« A}-FTR.
(iii)(a) BT? - A}-SLFTR,, <+ A}-LFTR,,; (b)) BT? + II9-Ref - A}-LFTR,, ++ A}-FTR,,.
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Proof For (ii)(a) and (iii)(a), we can replace one step of taking stage comparison strict preorder (in

AL-SLFTR) by the following two stages, that is, taking a (least) fixed point of derived operator, and

then taking the accessible part as required in Main Lemma (in A}-LFTR). Thus A}-LFTR.., —

A}-SLFTR,,. This is enough, because 2-a = « if « is limit, and otherwise 2-a = o + k for some k € w.
For (ii)(b) and (iii)(b) II9-Ref allows us to define the accessible parts by the Aj-formula WF.

5.2 Proof of Main Lemma

Now we are proving the Main Lemma. We are working in BT? (as before). Let us assume that R*, P
O and H are as in the premise. Assume (b) and (f) below for all z,y, z:

() 01N (y,xz,Hl2,012) = (y,x) €ER () (y,x) € R — 6:[I')(y,x, Hlz,0|2).

Lemma 11 (a) If y € P then (R), = (O)y. (b) Ify € P and y € (R), theny € (0),. (¢) If x € (O),
for some y then x € P. (d) WF(O).

Proof First note that P is R-downward closed, i.e., z € P implies (R), C P. Then (a) - (c) follow from
the definitions immediately. (d) holds since we define O by restricting R to a subset P of its accessible
part and by putting all elements outside of P on the top (as maximal elements).

Lemma 12 TtApp(H,O), and for any x € P, (H)o, = (0),.

Proof First we prove (a) (H)o. = (0), and (b) ItApp(H |z, Olx) by induction on x € P along O.
(a) For y € (O)y, Lemma 11 (c) implies y € P and, by the definition of P, y € I'((R),) = I'((0),) =
(H)y C (H)og since (R), = (O), by Lemma 11 (a). Conversely, let y € (H)og, say y € (H). and
z € (0)z. If & ¢ (H), then 61[I'|(z,y, Hlz,0lz), by the induction hypothesis (b) for z, and so by (b)
and x € P,y € (R)y = (O),. Suppose z € (H), for contradiction. By (f), z € (O), = (R), implies
02[I)(x, z, Hlz,0]z) and, by ItApp[I'|(H [z,0]z) the induction hypothesis (b), z € (H)o. = (O), by
induction hypothesis (a) for z, contradicting Lemma 11 (d).
(b) We have to show (Vy € z|)((H), = I'((H)oy))- By induction hypothesis, it remains to show (H), =
I'((H)os), which follows from (a) (H)o, = (O), and the definition of H.

To complete the proof, we have to show (H), = I'((H)o,) for x ¢ P. If x ¢ P then (0O), = P and

50 (H)e = I'(U.ep I'((0):)) = I'(U.¢(0), (H)=) = I'((H)oz)-
Lemma 13 (a) For all z, (H), C P and (b) P =J,cp I'((O)z) = I'(P).

Proof (a) We prove this by induction on z along O. Let y € (H),.. Since if y € (H)o, then by induction
hypothesis y € P, we may assume y ¢ (H)o,. We have to show y € P.

To see that y in the accessible part, it suffices to show (R), C P. Let z € (R),. Then, by (1),
02[I'|(y, z, H [z,0] ), by which y € (H), implies z € (H)o, C P by induction hypothesis.

It remains to show (Vz € yl)(z € I'((R).)). Since we have shown (R), C P C {z|z € I'((R),)} and
since P is R-downward closed, what we have to show is y € I'((R),).

To prove this, it suffices to show (H)o, C (R)y, sincey € (H), = I'((H)oz) C I'((R)) follows. Take
z € (H)oz- By y ¢ (H)os, we have 01[I'|(y, 2z, H| ,0lx) and so z € (R), by (b).
(b) (i) P C U,ep I'((0),): For z € P, by definition and Lemma 11 (a), € I'((R),) = I'((0).).
(ii) Upep I'((0)z) C I'(P): For x € P, by Lemma 12 and (a), I'((0).) = I'((H)oz) C I'(P).
(i) T'(P) © P I there is y ¢ P, by (2) and (i), P> (H)y = I'Uyep I((O)2)) > T(P).

Proof of Theorem 7. We first see that SCSP[I'](O) holds. (a) of Definition 11 is obviously satisfied.

To see (b) of SCSP[I'](0), assume z € I'((0),) and y ¢ I'((0),).If z ¢ P,then I'((0),) = I'(P) = P
by Lemma 13 (b) and hence z € (O), by the definition of O. Otherwise z € (H), and y ¢ (H),, which
means 61 [I'(y,z,H | 2,01 z) and = € (R),. Now, by Lemma 13 (a), we have z € (H), C P and, by
Lemma 11 (b), z € (O),,.

Lemma 12 implies (c) (O)s = Uyc(0), I'((O)y) for € P. If z ¢ P, Lemma 13 (b) implies (O), =
P = UyeP I'((0)y) = Uye(O)z I'((0)y).

Next we see P = {z|(Jv)(z € I'((O),)}. Lemma 13 (b) implies one inclusion: P C {z|(Jv)(z €
I'((O)y)}. For the converse, Lemma 13 (a) implies that, for v € P, I'((O),) C P, and Lemma 13 (b)
implies that, for v ¢ P, I'((0),) = I'(P) = P.
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6 Strictness of IT] (WF)-Red — A}-SLFP

In Corollary 8, we have seen that I1{(WF)-Red implies A}-SLFP. In this section we prove that this
implication is strict, or, more precisely, IT} (WF)-Red proves the consistency of A}-SLFP. The proof

is divided into two parts: In the second part, we show the strict hierarchy theorem for A}-SLFTR,

or, equivalently, for A-LFTR«, i.e., if @ < 3 then A}-SLFTR,s implies the consistency of (BT?4)
A-SLFTR«; in the first part we show that IT; (WF)-Red is located above this hierarchy, i.e., I1{ (WF)-Red
implies A}-SLFTR and therefore A}-SLFTR. for any reasonable o (which includes A}-SLFP as the
case of a = 0, which means w® = 1).

6.1 Above the hierarchy

Proposition 14 (1) BT? + WF(a) + I1{(F, WF)-Red I F-SLFTR,, and
(2) BT? + I} (F,WF)-Red - F-SLFTR.

Proof Let I' be of arity (1,1,1). Below let I'(x,Y) denote AX.I'(z, X,Y).
We prove (V€ < a)(Vu,v)(01 (&, u,v) — 02(&, u,v)), where 61 (&, u,v) and 62(§, u,v) are

(30, H, W) ((¥n=€)(SCSPLL (1, (OT™)]((0)y) AWF((O)y)) A (WE(W) AO1[I'(€, (OF)](u, v, H,W))) ;
(YO, H,W) ((vn=€)(SCSPII"(n, (OFM)((0)y)AWE((0))) = (WE(W)—=6:[I'(€, (OF)](u, v, H,W))).

Let (Y7=€)(SCSP(I (1, (O1))]((01)y) AWF((O1),)), WF(W1) and 61[I'(€, (O1)*)](u, v, Hy, W1). To prove
02(&, u,v), take Oz, Hy, W with (Yn<&)(SCSP[I'(n, (O2))]((O2)y) AWF((O2),)), WF(W>). We have to
show 0o[I(€, (O2)9)](u, v, Hy, Ws). Theorem 4 with AJ-TI on < & shows (O] = (O2)*". Thus
(O17¢ = (O2)¢, and hence what we have to show is O3[I'(&, (O1)%¢)](u,v, Hy, W3), which is from
WF(Wy), WF(W2) and 61[I"(&, (O1)%)](u, v, Hy, W1) because of Corollary 3.

Since 0y is X1 (F, WF) and 6, is II{(F, WF), by applying II{(F, WF)-Red, we have R with

(V€ € a)(Vu, v)[(01(&, u,v) = (&, (u,v)) € R) A ((§ (u,v)) € R = 02(€,u,0))]- (%)

Now we apply the procedure of Main Lemma coordinate-wise: Let R* be such that, for any £ < «,
(R*)¢ is the reflexive transitive closure of (R)¢ and F such that (F), is the accessible part of (R)e, i.e.,
(F)e = {z| (R*)¢ is well founded on ((R*)¢),}. Define P and O accordingly. By definition, WF((O)g¢)
for all ¢ < a. Now we prove SCSP[I'(&, (OT%)]((O)¢) by induction on € < «. By Main Lemma and by
the construction above, it suffices to show that, for any v and v,

(3H,W)(WFE(W) A 61T, (OF®)](u,v, H,W)) = (u,v) € (R)¢; and
(u,0) € (R)g = (VH,W)(WF(W) — 65T (€, (OF)](u, v, H,W)),

which are immediate from the induction hypothesis and (x).

Similarly to the standard proof of BT? + Y1-TI+ Al-CA I A}-TR, Theorem 4 implies:

Proposition 15 (i) BT? + F-SLFP + X} (F, WF)-TI + Al(F, WF)-CA + F-SLFTR.
(ii) BT? + F-SLFP + ¥} (F, WF)-TL, + Al (F, WF)-CA I F-SLFTR.,.

6.2 Hierarchy theorem for fixed point transfinite recursion

Our strategy to prove consistency is to construct a coded first order part sharing model (FOPS model,
for short). This is a generalization of coded w-model in [18, Definition VII.2.1] and was called coded
LOPS model in [17, Definition 31], where the lower order correspond to the first order in the present
setting.

In the rest of this section, we always assume the existence of 7Y as required in Definition 9. Therefore
we do not know if we can apply the following results to BGZ = NBG — Repl.
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Definition 15 (coded FOPS model) A coded FOPS model is second order M, viewed as encoding
the £2-model whose first and second order parts are {z | T} and {(M), | T} respectively. Define

MEe(x) = o(x) if ¢ is atomic; MEey = (MEe)O(M =) for O = AV, —;
ME(Qz)p(r) = (Qu)(MEp(z));  MEQX)p(X) = (Qz)(MEp((M),)) for @ =V,3.

Proposition 16 BT? + A}-LFTR o1 F IM(M |= BT?+A}-LFTR,«).
Proof Let LFHier[Y](F,w®*!), i.e., for any v < w®*!, (F), is a least fixed point of T((F)=7). Define

M = {<<§7e7y>7z> ‘Tlo(ev <Z7y>,®, (F)§)7€ cw, &< wa—i—l}.

The only non-II} axiom of BT? is A}-CA (where Choice is treated by a new predicate for well-
ordering), or equivalently, ¥{-CA, which is an instance of Y9-FP, i.e., X{-LFP_o. Thus we have to
show M = (X9 A II?)-LFP,., i.e., for a (29 A I19) operator of arity (1,1, 1) with parameters

I =Xy X, YAz |o(z, 90,9y, X, Y, (M)<’Yla517y1>7 s (M)<’Yk7ek7yk>)}

where 71, ...,vx < w®t!, has the hierarchy of least fixed points along w® of the form (M) 5,6,y With
§ < w*tl since being a least fixed point of a A} operator is downward persistent for coded FOPS
models. Take v < w**! so that v1,..,7, < 7. Then (M), ¢, yy's are A§ definable from y;’s, v;’s and
(F)=7. Let f(&) = (y,~,&) for £ < w®. By diagonalization, there is e € w such that, for any £ < w® and

2,

f(eaz>f(€)7X7 (F)_<’Y+€) A SD(Z7:UO7§7 (X)<e,f(£)>7 {<77a95> ‘JJ € ((F)’Y+77)<e,f(77)>777 < g}a (M)<'yl,el,y1>7 )

(F)y+€) (e, ¢y I aleast fixed point of AX {z[¢ (2,50, &, X, {(n, ) [ 2 € (F)y4n) e.p(m)» =€} M(y.e3))}
since (F)q4¢ is a least fixed point of Y'((F)=7%¢). Now, {(£,2) |2 € (F)y+¢) (e, (e))» E<w} = (M) (y4we e, f)
for some e’ € w. This is what we require, where vy + w® < w1,

Remark 8 If we are dealing with the first order theories, this proof shows, in terms of Section 8,
ID o1 F “{((& e, y), 2) | (e, (2,9), 0, (L)e), e € w, & < w1} = BT?4+A-LFTR,”.

With the next lemma we can conclude that the implication from A{-LFTR,a+1 to A}-LFTR,«
cannot be reversed, since A}-LFTR 11 implies A}-TR,, (if BT? 4+ A}-LFTR,,« is consistent).

Lemma 17 For an L3-theory T, BT? + A}-TR,, + (3M)(M = T) — Con(T).

Proof Since only first order quantifiers are involved in the clauses of the recursive definition of M | ¢
given above, A}-TR,, allows us to define the satisfaction relations S so that ("¢ a) € S <+ M E ¢(a).
Now, by induction on derivation, we can prove that if T'F ¢ then (T¢7,x) € S for any x. Thus T+ L
implies M = L, a contradiction.

Example 10 As noted in [18], when BT? = ACAy, any coded FOPS model (or coded w-model) sat-
isfies full induction scheme L%-Ind. Similarly, when BT? = NBG, a coded FOPS model satisfies full
transfinite induction L%-TI, full set separation L%-sSep and full set collection L%-sColl, where

F-TI WF(W) — TI[o](W) for any F-formula ¢; F-T1, Tlj¢|(a) for any F-formula ¢;
F-sSep (Vx)(Jy)(Vz)(z €y <> z € x A ) for any F-formula ¢ in which y is not free;
F-sColl (Vy € 2)(32)¢p — (Fu)(Vy € 2)(3z € w)p for any F-formula ¢ in which u is not free.

Corollary 11 Let Sch be any scheme which is satisfied by any coded FOPS model. Then BT? +
AJ-LFTR,o41 F Con(BT? + A}-LFTR« + £2-Sch).

By combining the results from the last subsection, we have:

Corollary 12 Let Sch be any scheme which is satisfied by any coded FOPS model. Then
(1) BT? + WF(a) + II} (WF)-Red + Con(BT? + A}-SLFTR,, + £3-Sch).
(2) BT? + WF(a) + A}-LFTR,, + £2-Sch I A}(WF)-CA (under enough consistency).
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Proof (1) is by WF(a)) — WF(a+1). (2) We may assume that Sch contains TIs+1 for some 3 with w? =
a. If the derivability were true, then by Proposition 15, BT? +A}-SLFTR,, + X} (WF)-TL, 511 + £2-Sch
(which we assume to be consistent) yields a FOPS model of itself and hence its own consistency.

As an instance, we have NBG + A}-FTR,, + £%-T1,-sSep, -sColl I/ A}-CA (and hence i/ X{-Coll,
by Lemma 1), which contrasts with the results in number theory (see [1], [18, Theorem V.8.3]): Over
ACA,, the weakest A}-FP is equivalent to A}-TR and hence implies X}-Coll and Aj-CA.

Remark 9 The natural question here is whether the contrast on the implication of Al-CA from A}-FP
survives in the sense of consistency-wise implication. Namely, do BT? + AL-FP and BT? + AL-FP +
Al-CA have the same proof-theoretic strength? The answer is yes. Either by the method of recursively
saturated model (see [18, IX.4]; for the modification required for A}-FP, see [17, Remark 38]) or by
the so-called asymmetric interpretation (for the modification required for A}-FP, see [8]) we can prove
the IT} conservation of BT? 4+ A}-FP + ¥}-Coll over BT? 4 A}-FP. Here A}-FP can be replaced
by A}-FTR,, and, in the presence of II9-Ref (or the Al-ness of WF), by A}-FTR, A}-LFTR and
AJ-SLFTR, as well as A}-LFTR,, and A}-SLFTR,,.

Thus the implication of X{-Coll or of Al-CA is among dissimilarities in the sense of logical impli-
cation whereas it is among similarities in the sense of consistency-wise implication.

6.3 Dependent transfinite recursion

Having the results in the last subsections, especially Proposition 14, we naturally wonder if AJ-LFTR
is equivalent to I1{-Red. We can separate them, by the same method as the author’s previous work
[17] which separated A}-TR and A}-FP. The method was a new kind of way of iteration of a given
construction (e.g., elementary comprehension), called dependent transfinite recursion, which can be seen
as a transfinite recursion of transfinite recursion itself. As pointed out there [17], this can be applied not
only to the comprehension constructions but also to other constructions, like fixed points and least fixed
points. Besides the natural philosophical motivation for this new kind of iteration, this actually helps
us to show, in set theory, that IT}-Red is strictly stronger than A}-LFTR and that A}-LFTR is not
capable of implying Al-CA.

Definition 16 The fized point 2-fold dependent transfinite recursion is the following schema:

F-FTR? WF(~W) A (Vw, Y)WF(= 1) = (3H)FHier [T (H, ®yeqai- )= i),

for any binary relation v =) v and u >—§9)’w v, defined by F-formulae 6 (u,v) and 6°(u,v,w,Y)
with parameters respectively, and for any F operator I" of arity (1,1, 1),

where Y [w denotes {({(w’,u),z) € Y |w =1 w'} and where

(W', u) (Berap-y =) (W v) & (W =D w’) Vv (W =" Au G v).
The order =) is called the preceding order-
F-LFTR?, least fized point 2-fold dependent transfinite recursion, and F-SLFTR?, strong least fized
point 2-fold dependent transfinite recursion, are defined in the same way with FHier[-](-,-) replaced by
LFHier[-](-,-) and by SLFHier[-](-,-) respectively.

Here the well-founded relation @wefd(}(l))>g)rﬁf depends on the resulting hierarchy H in the following

manner: If * is the minimal element of =), since H[* = (§, the well-founded relation >-(13)r’: is fixed at

first, not depending on H. Then, by non-dependent (least) fixed point transfinite recursion along >g)rf,

we have (H) . ,’s. If we assume that we have a family of (H), 4’s for all w’ <) w (as induction
hypothesis), then, since >§3)r’;" is now fixed, we can apply non-dependent (least) fixed point transfinite
recursion along it to obtain (H), z’s. The schemata formalize such informal construction, and this is
why we call such a scheme dependent transfinite recursion.

Thus, if the iterant construction is deterministic (like comprehension and least fixed point, as opposed

to fixed point, which is not unique), the resulting hierarchy is unique:
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Lemma 18 In the same syntactic situation as in the definition above, if LFHier[I'](H, @wefd(>(1))>g)[;zu)

and if LFHier[I(G, ®pega o) - ah”) then G = H, provided that WE (= (M) A (Vw, Y)WEF(={2").

We can further generalize it by allowing =1 to depend on H. Iterating this generalization,
Definition 17 We define the following schemata for k € w:
FFTRF (Vay, oo wo, VI WE (=000 ) s (3H)FHier[ig] (H, <= 7);
(3)sw®,e e wI

for any F-formulae ¢ and >y (for j < k), where

O en

<wk7 ...7U}0>(Hj§k>g))<’l)k, ...,’U0> iff (U)k>(k)1}k) VeV (wk:vk AN ANwp=v1 A w0>H[(wn,--- 1) V0

F-LFTR*™! and F-SLFTR*'! are defined accordingly. Moreover, F-FTR*™! F-LFTRF"' and
F-SLFTRE'! denote the schemata with the most preceding order =) restricted to a.

As also pointed out in the previous work, we can further define Z-FTR*”, F-LFTR” and F-SLFTR",
by considering w-sequences f such that, for all but finite k € w, f(k) is minimal in >§(w\(k+1)) (like Ve-
blen hierarchy), and we can replace this w by any well-order, which, again, depends on the intermediate
stages of resulting hierarchy H, and so on.

Our previously obtained results can easily be generalized to such dependent transfinite recursions as
follows, where for (iii) we need the same trick as [17, Theorem 33], i.e., we collect all the well-founded

relations defined from previous parameters into a disjoint union, by a A} formula.

Corollary 13 (i) BT? - A}-SLFTR* ™ « A-LFTR ™, BT?+1I9-Ref - A-LFTR* ™!  AJ-FTR"™!.
(ii) BT? - AJ-SLFTR:™ < A-LFTRY™'; BT? 4 I19-Ref - A}-LFTRE o AL-FTRET
(iii) BT? + I13-Ref + A-LFTR'L!, - Con(BT? + A}-LFTR!! + £2-Sch).
(iv) BT?+II}(WF)-Red - A}-SLFTR*"!; BT?+A}-SLFP+ X} (WF)-TI+ A} (WF)-CA - A}-SLFTR* 1.
(v) BT? + AJ-LFTRE™ 4 £2-Sch i AL(WF)-CA (and so i/ X} (WF)-Coll, t II} (WF)-Red),
if BT? + II9-Ref (and under enough consistency), for any scheme Sch which is satisfied by any
coded FOPS model

In particular, we can conclude, in set theory, that I1{-Red is strictly stronger than A}-LFTR by
(iii) and (iv), and that A}-LFTR is not capable of implying Al-CA by (v) with k = a = 1.

There is a result which might support the view that the dependent transfinite recursion is the iteration
of transfinite recursion: BT? 4 A}-TR" plus Aj-DCgq (A} dependent choice along the global well-
ordering whose length is denoted by £2) is IT}-conservative over BT?+A}-TR”%\,; and BT?+A}-FTR"
plus A}-DCy, is I13-conservative over BT%—A%-FTRZ?;W, which shall be included in the author’s future
work. Here {2 does not need to be of the order type Ord. These (with n = 0) should be compared with
(and seen as extensions of) the following well-known results in number theory (e.g., [8]): ACA,+A}-DC
is II1-conservative over ACAg + A}-TR,«; and ACAg + A}-FP + A}-DC is I13-conservative over
ACA( + A-FTR .

7 Conservation Results for Some Axioms in NBG

All the results in second order set theory whose equivalents in second order number theory do not hold,
that we saw so far, are based on IT9-Ref. However, the standard proof of it (or more generally Aj-Ref)
heavily depends on Found in NBG, the status of which as an axiom of set theory has been somehow
controversial. Though, even in the absence of it, Skolemization argument allows us to prove A}-Ref, if
we have Choice, the status of which has also been controversial. Then the natural question is: What
happens if we take, as base theory, NBG™ with at most the local choice LC (or, equivalently, the axiom
of choice in the first order formulation)?

We can conclude that the statuses of these axioms do not matter for the investigations of consistency
strengths or proof-theoretic strengths of the schematic extensions of BT? (and of corresponding first
order systems ID,, or fba) More precisely, we can prove the equiconsistency between the most systems
with and without these axioms. Let us start with a preparation.

18



Definition 18 (relativization) Z is called transitive (or Trans(Z)) if (Vz € Z)(Vy € x)(y € Z). For a
formula ¢ and an operator I', % and I'# are defined as follows:

U(y,X)? = (y,X) if ¢ is atomic; (1 Ove)? = (1)Z O () for O = AV, —;

(Qy¥)? = (Qye 2)®7): (RX)Y)? = (QX)(v?);
Ay XX {z] (2,7, X)}Z = Ay XX {z]|z € Z A Z(2,,y,X)}.

Remark 10 (1) (X =Y)? is (Vz € Z)(2 € X +> x € Y) and hence does not imply X =Y.

(2) Up to now we did not consider the field fd(W) = {z| (Jy)({y,z) €W V (z,y) € W)} by treating
z ¢ fd(W) as a minimal element, i.e., (W), = . In this section, however, it is more convenient to restrict
the quantifiers in SCSP[I'] (w in Definition 11), and in Hier[I'], FHier[I'], LFHier[I"] and SLFHier[[']
(i.e., x in Definitions 8 and 12), to the fields (of A or W). It is easy to see that these modifications
preserve the axiom schemata in the sense of provable equivalence.

Lemma 19 (absoluteness) Recall WE(W) from Remark 5. Let 0 state the Xy -ness of Wt and the
decreasingness of Wit (i.e., X CY AN WIE(Y) — WE(X)) (both of which hold in ZF).
NBG™ proves the following: If Trans(Z) and Z is closed under Mostowski pairs, then

(i) Hier['Z](HN Z,W) « (Hier[['|(H,W))? for any W C Z;
(ii) FHier[IZ)(H N Z,W) < (FHier[T|(H, W))? for any W C Z;
(i) LFHier[4](HNZ, W) < (LFHier[I')(H, W))Z for any W C Z;
(iv) SCSP[I"Z](W) < (SCSP[I'|(W))Z for any W C Z;
(v) SLFHier[I"?](H N Z,W) « (SLFHier[I"|(H, W))Z for any WCZ;
(vi) WE(W) < WEZ(W), if (a) W,0rd C Z, (b) (Vz € Z)(z0W € Z), (c) Z= Uacora(Va)? (where Ord
is not relativized to Z) (d) Ay-Ref and (e) 6%.

Proof (i)-(v) are from Remark 10 (all the first-order quantifiers are bounded by fd(W)CZ), since second
order quantifiers are not changed by the relativizations and since I" is F then so is I'%.

(vi) Assume (a)-(e). WE(W) — WEZ (W) is easy. Suppose, for contradiction, ~Wf(W) and WfZ ().
(d) yields transitive a with (-Wf)*(W), i.e., (-Wf)*(W N a). By upward persistency of X formulae,
we have ~Wf(W Na). W Na C (V,)? for some a € Ord by (c). WfZ(W) implies WtZ(W N (V,,)?).
By (b) we have W N (V)% € Z, and so (e) implies Wf(W N (V,,)%), contradicting (=Wf)*(W N a) and
Wnac (Vy)?.

We first treat Found. The main idea is to restrict the domain to what is called well-founded part
W = {xz | Wi(eltrh(x))}, where trh(z) is the transitive hull of x, the least transitive superset of x.

Proposition 20 Let F be A}, X} or IT}. Let T be NBG™ plus any combination of

- LC, Choice, A(F)-CA, F-Red, F-TR, F-FTR, F-LFTR, F-SLFTR, and
- F-TR,, F-FTR,, F-LFTR,, F-SLFTR,,
where the order = for a is AY-defined with ZF~ = WF (=) A (=C 20).

Then T + Found can be interpreted into T by relativizing (the first order part) to 20.

Proof We are working in NBG~. (NBG™)¥, LC — (LC)¥ and Choice — (Choice)¥ are obvious.
To see (Found)¥, let (Vx € 20)((Vy€z)(y€ X)) — z€X). For z € 20, since {z} € 20, we have
TI{z |z € W — = € X}](eltrh({z})) (cf. Remark 5) which implies z € X.

To show F-LFTR — (F-LFTR)%?, assume WF(W)¥. Let W' = W N 2. Then, by definition,
WF(W'). For an F operator I', F-LFTR yields H with LFHier[I'™™](H,W’). (LFHier[I'|(H, W))¥
follows from Lemma 19. We can similarly treat F~-SLFTR, F-FTR, 7-TR, and a-restricted versions
of them.

It is straightforward to treat A(F)-CA. For F-Red, if ((Vz)(p(z) V ¥ (z)))¥, we can apply F-Red
to (Vo)[(x € W — ¢¥(2)) V (z € W — ¥ (x))] to get desired Z.

It seems impossible to deal with F = X0 or IT?, since the relativization to 27 does not preserve them.
With F-Coll, it also seems impossible to deal in this way, but possible, by a detour via Remark 9, which
is free from Found: E.g., NBG™ + A}-LFTR + X{-Coll contains NBG™ + A}-FTR and so interprets,
by 20, NBG + A}-FTR which is, by Remark 9, I13-equivalent to NBG + A}-FTR + Y{-Coll and, by
our main result, to NBG + A}-SLFTR + X{-Coll.
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Theorem 14 Let T be NBG™ plus any choice of LC, Choice, X1-Coll, A}-TR, A}-FTR, A}-LFTR,
AL-SLFTR, A}-TR,, A}-FTR,, A)-LFTR,, and A}-SLFTR,, (with the same condition on o as
above). Then T and T + Found are equiconsistent.

Next we treat the other controversial axioms, LC and Choice, by the notion of constructibility. Let
L., be the a-th level in the constructable hierarchy. (Though L, is a set, it can be denoted by a capital
letter, for it is identified with {z |2 € L}.) Let us restrict the first order domain to £ = (J,copq La- In
this case we have to restrict also the second order, for otherwise Sep does not hold: For z € £, nothing
guarantees x N X € £. How should we do this?

Should we extend the notion of constructibility to classes, in the same way as Simpson [18, VII.3-4]
did for sets in E?V? In the “standard” model (V, Vi41) for strongly inaccessible k, this works well: £
and the interpretation of constructibility predicate for the classes are L,; and L NV, respectively, and
famous Condensation Lemma tells us LNV, = L,. However, the lemma does not seem to hold in “non-
standard” models. We need another way to restrict the second order domain, as below. Note that by the
previous result we can freely use Found, which makes the three variants of fixed point construction be
equivalent.

Proposition 21 Let T be NBG plus any combinations of A}-TR, Aj-SLFTR, A}-TR,,, A-SLFTR,,
where « is as in Proposition 20. Then T 4+ Choice is interpretable into T'.

Proof The interpretation [ defined below obviously interprets Sep, i.e., (Sep)".
(Qre)' = (Qr € £)¢" and (QX¢)' = (QX € £%)p" where £2 = {X|(Vz € £)(zN X € £)}.

To see (Repl)', let ((Vz € a)(Ty)((z,y) € X)), i.e., (Vz €a)(3E)(3y € Le)((z,y) € X). Repl yields 8 €
Ord with (Vz € a)(3¢<B)(Fy € Le)({z,y) € X). So ((Vz €a)(Iy € Lg)({z,y) € X))" with Lg € £.

The proof of (A}-CA)' (as well as (A}-TR,)" and (A}-SLFTR,)") is included in the proof of
(AJ-TR)' (and (AJ-SLFTR)') below, but not depending on () for which we need (NBG)'. Thus
without circularity we have (NBG)".

Note that, by (NBG)', definition of (-)', Lemma 19 (vi) and NBG respectively, for X € £2,

(WE(X))' & (WE(X))' « (WE(X))® < WE(X) < WF(X). (1)

We prove (A}-TR)' and (A}-SLFTR)". Let (WF(W))' with W € £2. We may assume W C £. By
(), A-TR or A}-SLFTR yields H with Hier[I'*](H, W) or SLFHier[I'*](H, W). By Lemma 19 (i)(v),
it remains to show H € £2. Take 2z € £. We have to show H Nz € £.

Since we have replacement for A} with any parameters (not necessarily in £2), the standard proof of
reflection within £ yields a = (V,,)* containing 2 and all the first-order parameters from I" with a = 6
(where 0 is from Lemma 19) and either (Hier[I'|(H, W))* or (SLFHier[I"|(H,W))*. By Lemma 19 (i)(v)
with Z = a, Hier[I'*](H Na,W Na) or SLFHier[I"*|(H Na, W Na). Since (a, P*(a)) F BGZ + IT. -CA
(where recall BGZ = NBG — Repl), on the other hand, (a,P*(a)) F A}-TR A AL-SLFTR. Thus
(Hier[I"*])*(h, W N a) or (SLFHier[I'%])*(h, W Na) for some h € £, since W Na € £. Again by Lemma
19 and (I'*)* = I'*, the superscript £ can be omitted. By the uniqueness of such h, H Na = h and so
HNnz=zNn(HNa)=zNhe L

8 First Order Systems

Whereas we have been working on second order languages, as was mentioned several times many of our
results can be expressed in first order settings, in the same sense as, in number theory, the first order
systems ID,, and ID,, can be seen as refinements of the second order A}-FP and A}-LFP respectively.
In what follows, £ is the first order part of £2, i.e., the language Ly of the first order set theory or that
L}, of the first order number theory; and BT" is (a variant of) Zermelo-Fraenkel set theory or Peano
Arithmetic.

Definition 19 Let £ be a language extending £' and T a schematically extension of BT' in L.
L[Xo, ..., Xx] is £ augmented by unary predicates Xg, ..., X where X;(y) is denoted by y € X;. Fol-
lowing this convention, A}, X% and IT2 have the obvious meanings in £[X]. An L-operator form has of
the form Ay AX, Y .{z|¢(2,y,X,Y)} as in £2. Let F be a class of L][X, Y]-formulae.

(1) F-ID,[T] is the L' = LU{Fp| I is a F operator of arity (1,1,1)}-theory generated by
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— T with all the schematic axioms extended to the language L';
= (Ve < a)((Fr)z = I'(, (F1)x, (Fr)=")).

(2) F-ID,[T) is the £L” = LU{Lp | I is a F operator of arity (1,1,1)}-theory generated by

— T with all the schematic axioms extended to the language L£”;
- (Vz < a)((Lp)s = 'z, (Lr)z, (Lr)=*)); and
— (Vo < a)(V)(y € I'(z, 9, (Lr)™*)—=¢(y)) = (Vy € (Lr)a)e(y)) for any L”-formula ¢.

(3) F-ID}[T] is the £ = LU{Or | I is a F operator of arity (1,1,1)}-theory generated by

— T with all the schematic axioms extended to the language £";
— (Vo < @)SCSPAX.I(z, X, (Or)™*)]((Or),); and
— (Vo < a)TT[p]((Or).) for any L"'-formula .

Sometimes we omit “A}” and “[BT']”: e.g., both ID, and ID,[BT'] denote A}-ID,[BT"].
Note that F-ID,[F-IDg[T]] is mutually interpretable with F-IDgyo[T] for reasonable F.

Remark 11 We have the following interpretability results in all of which £-formulae are preserved:

(I) Remark 3 (3) can now be extended to: (X V H?)—I{BQ[T] and (X9 V II?)-ID4[T] are mutually
interpretable with Aé—fﬁa[T] and with A}-ID,[T] respectively.

(IT) Remark 5 (2) states that I1V-ID,[T] is interpretable in T" if T - £-Ref.

(ITT) Remark 6 is now extended to: Aj-ID4[T] is interpretable into A}-ID[T].

(IV) Remark 7 (2) states that AL-ID}[T] is interpretable into I19-ID;[AS-ID[T]].

By (IV) and (II), ID{[ZF] is interpretable into 1:51[ZF], More generally, fBa[ZF], ID,|ZF] and
IDY[ZF] are all pairwise mutually interpretable in such a way that all £;-formulae preserved.

Remark 12 Proposition 16 shows that BT? + Aj-LFTR,,« + £L2-AxSch can be interpreted into ID a1,
where £2-AxSch denotes the axiom schemata (i.e., induction schema in number theory; separation,
collection and transfinite induction schemata in set theory). For the converse, we can interpret ID;FQ+1 into
BT?+A}-SLFTR, . +£2-AxSch as follows: By induction on n, we can show (3'H)SLFHier[I'](H,w®-n).
Then Op can be interpreted as

{{&,z) | (3n € w)(3H)(SLFHier[['|(H,w*n) A (£ <w®n) A (z € (H)e))}

Thus, by Corollary 9 (iii)(a), the theories BT?+A§-LF TR, +£2-AxSch, ID .+ [BT'], ID?, ., [BT"]
and BT?4+A}-SLFTR,« +£2-AxSch are mutually interpretable.
If BT! - £-Ref, we can add BT?+A}-FTR,,« +£2-AxSch and ID .1 [BT"].

9 Generalization of BT?

As mentioned several times before, most of our results have analogues in higher order number theory
and in higher order set theory. In other words, although we have been considering BT? as ACA, or
(variants of) NBG (or BGZ), we can consider BT? as any systems with certain conditions without
losing most results. Among such theories is AJ+T2-CAg from [17].

In this section we see the certain conditions which guarantee the general treatment of our proofs in
the previous sections.

Definition 20 (s.e.(£)) For a first order language £ with at most finitely many sorts and with equalities
for all the sorts, the second order extension s.e.(£) is defined as follows.

(sort) The sorts of s.e.(L) are those of L, called first order, and a distinct one called second order.
(functions) The function symbols of s.e.(£) are those of £ with the arity assignment preserved.
(predicates) The predicate symbols of s.e.(£) are those £ with the arity preserved, and a distinct binary
one €, whose first and second arguments are of first order and of second order, respectively.
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Note that, although the equalities are included in £, the equality for the second order is not included
as a primitive symbols and is defined by extensionality and the finiteness of sorts.

The languages £%; of second order number theory and L% of second order set theory are our proto-
typical examples of second order extension. Indeed they are the second order extensions of the language
L} of first order number theory and of the language L} of first order set theory.

Since second order extension is itself a first order language with one more sorts (with the defined
equality for the second order), we can apply the operator s.e. repeatedly.

Example 15 The languages E?VH (or Eg“) of n+1-th order number (or set) theory is the second order
extension of that LY (or L, respectively) of n-th order number (or set) theory.

By convention, lower case Latin letters denote the terms (or objects, from a semantical point of view)
of the first order, while upper ones denote those of the second order. We define A}, X1 IT1 and their
relativizations A§(F), X}(F) and IT}(F) as usual.

Along the line of Example 15, X} and I} in L% are, in the traditional terminology, denoted by X7
and II}} respectively. In our terminology, all the orders strictly below the n+41-th are considered as the
first order and only the n+1-th order as the second order.

Assumption 21 (BT?, A), X0, I1°) BT? denotes any s.e.(L")-theory satisfying the following:

1. the only non-II{ -axiom of BT? is A}-CA:

A-CA (VX,x)(32)(V2)(p(2,x,X) <> 2 € Z), for any A} formula ¢ without free Z;

2. there are A} formulae € w and x < y such that BT? F (VX)((w, <, X) = PA[X]), where PA[X]
is PA, formulated only with <, with the induction scheme extended to L)\ [X];

3. there are A} formulae finseq(z,n) and ev(x,k;v) such that BT? proves the basic properties ex-
pected from the intention “x is finite sequence of length n” and “k-th component of x is v”, e.g.,
(Fz)finseq(x,0), (Vx)(Vn € w)lfinseq(z,n) — (Vk < n)(3w)ev(z, k;v) A (Vu)(3z)(finseq(z,n + 1) A
ev(z,myu) A (Vk < n)(Fv)(ev(z, k;v) Aev(z, k;v)))];

4. there is a class F of formulae, containing atomic formulae and their negations, such that
(a) there is a F-formula pair(z,y;z) such that F is closed under the quantifiers of the forms

(Fy)(pair(z,y; 2) A ...) and (Vy)(pair(z,y;z) — ...)

and that BT? - (Y, y,u,v)[(32)pair(z, y; 2) A (V2)(pair(z, y; 2) A pair(u, v;2) — 2 = u Ay = v)];
(b) (optionally) there is a F-formula m(e,w,z, X,Y) at most e,w,x, X,Y free, in which X occurs
only positively, such that for any F-formula p(w,z, X,Y) in which X occurs only positively,

BT? + (Vz, X, V) [Gw)p(w, z, X,Y) < Fuw)r(Te™, w,z, X, Y)].

In what follows, we fix such F and pair(z,y; z), which are denoted by AY and “(x,y) = z”. Then we
can define X0 and II? starting with X3 = I1IJ = AY, and relativizations X2 (F) and I2(F) accordingly.
(V). denotes {z|(z,z) € Y} as usual. Based on m, we define the X-positive XY universal formula:

(e, z, XT,Y) = Guw)r(e,w,z,X,Y).

Remark 13 Since AY contains all atomic formulae and their negations, and since BT? is on classical
logic, for any elementary formula ¢(x) there are k and ¥(x,y1, ..., yx) in A with BT? F (Vx)[p(x) <
(Vy1)(Fy2)---(Qur) (%, Y1, ..., yx)]- Thus, AL-CA can be replaced by X9-CA.

By Assumption 21.1 and 21.2, BT? contains induction on w for all A} formulae.

Example 16 In the cases of L2 = L% and L* = L%, ACAy and NBG (and its variants, with a
modification for Choice, that is, we introduce a new predicate W ) can be BT? with 4(b) satisfied. BGZ
can also be BT? but not the optional 4(b).

For £? = £7\,+2 or = Eg”, Ag“-CAO defined in [17] can be BT? with 4(b), with a modification: We
require that k-th order objects be also k+1-th order, and we define 2*T1 €k yk+1 by (FJuk €k yF+1)(2F+1 =
u®), so that the highest order objects may have objects of all the lower orders. This is inessential, because
k-th order part can be embedded into k+1-th order by singleton.

However, we need more assumption for reflection principle: Though Definition 18 allows us to define
the relativization for second order objects in general £2, for first order objects as required in A}-Ref,
we have to specify the way how to consider first order objects as second order.
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Assumption 22 We assume there is an L' formula, denoted by x € vy, without other free variables,
such that A is closed under quantifiers bounded by this €, i.e., of the form (Qx € y).

Example 17 For L' = L}, the language of set theory, we can choose the elementhood € as the specified
binary relation. For L' = L, that of number theory, we can choose, say, the AY(exp) relation “the x-th
digit of binary expression of y is 17 (see Remark 4). For L' = L L3 those of higher order number
and set theories, we take the relation (3u™)(z"t! = (y"*1),) v a"tt €™ y"*tl (c¢f. Example 16), where
(y)u 1s the section of y at u, as defined in [17, Definition 3].

Though € we have introduced must not be confused with the relation symbol also denoted by € in
Definition 20, if we identify a first order a with the second order {z|z € a}, the two relations can be
identified. Accordingly we let ¢® denote pZ for Z = {x |z € a}. Based on this convention, F-Ref defined
in Definition 10 makes sense in general £2 with our assumptions.

Example 18 For £? = LQS, as mentioned before Aj-Ref holds in NBG and in NBGC™.
For AJ2-CAy from [17, Definition 5], Léwenheim-Skolem argument yields Ay*2-reflection.
Note that, in all of these examples, the clause (VX )(3x)(x = “a N X7”) is redundant.

Thus all the results in Sections 3, 4, 5, 6 and A, except Subsection 3.3, can be generalized for such
general BT?, with literally the same proofs (with {2 being the order-type of the fixed global well-ordering),
where Subsections 6.2 and 6.3 require the optional 4(b). We could say that Figure 1 shows the contrast
between BT? with countable first order and BT? with reflection. Note that since the framework of [4]
is much more general the results obtained there also hold for our BT?.

We close this subsection by informally mentioning the generalization of equiconsistency results in
Section 7 to the higher order set theory (with the formulation given in [17]).

For the conservation between the extensions of AgT'-CAy from [17, Def.5] with and without Found
in the first order, it seems convenient to restrict also the higher order domains (except the highest) as
follows: The second order domain to 202 = {z! |z! C 20}; the third to 233 = {2? | 2? C 20?}; and so on.
Then, since z* € 20%+1 is Af (while z* is of type k, i.e., k+1-th order), the argument for Proposition
20 and Theorem 14 works well for n+3-th order set theory.

For global well ordering on the lower order parts, we only need the notion of constructibility for lower
orders because then the argument of Proposition 21 survives. This is planned to be discussed in the
author’s future work [16].

A Disanalogy to Conventional Ordinal Analysis

In the proof of Proposition 21, we used a fact of the form: Strong principles (e.g., even full comprehension) hold in the sense
of a reflecting first order object a, because the last clause of our version of reflection implies (QX)p®(X) > (Qz)¢®(x). This
explains (only informally) why the analogues of conventional ordinal analysis do not work for NBG (and other Afj-CAg’s).

One might ask if the supremum of provably well-founded A(l) relations of NBG can be described as Eg, which Jéger
and Krahenbiihl [7, §3] introduced as the set-theoretic analogue of the ordinal ¢ to obtain analogues of some results known
in number theory, and if that of NBG + Aé-TR can be described by defining the analogue of Iy similarly, and so on.
These are not the case as shown below.

Let < be the analogue of any known notation system of recursive ordinal (of course, here is some ambiguity, e.g., the
definition of Ey is obtained by replacing some occurrences of w in the definition of e9 with {2 but some w remaining). It
is at least A(l). All such notations are provably well-founded in at least full second order number theory. This is the case
even for the notations for the strongest systems whose ordinal analysis has ever been done. Thus it is natural to assume
BGZ+ITL-CA - WF(-). By reflection in NBG, we have a with =-WF () — (=WF(>))®. Since (ITL,-CA)? as explained
above and (BGZ)®, we have (WF(>))?® and so WF(-).

Thus we could conclude (informally, not as a formal mathematical theorem) that the supremum of provably well-founded
A9 relations of NBG (and of Ag+2—CA07S) is far beyond our knowledge; not to mention that of the extensions.
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