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Abstract

We show that the principle of � model re�ection for ��
n�� formulas is equiv�

alent over ACA� to the scheme of ��
n
bar induction� This extends and re�nes

previous results of Friedman and Simpson�

� Introduction

The scheme of � model re�ection in second order arithmetic has been introduced
in Friedman ��� and basically states that for every true formula A of second order
arithmetic� possibly with parameters� there exists a countable � model of the theory
ACA� containing these parameters so that A is true in this model� In ��� it is also
announced that the principle of � model re�ection is equivalent to the principle �BI	
of bar induction� A detailed proof of this important result is given in Simpson �
��

Friedman�s result provides the equivalence of the full scheme of � model re�ection
and the full scheme of bar induction� It is of course a very natural question to ask
how much � model re�ection corresponds to how much of bar induction� Building
upon work of Friedman and Howard� Simpson ��� provides� among other results� the
equivalence of � model re�ection restricted to 
�

� formulas and bar induction for 
�
�

formulas�

In this paper we will establish the �ne structure of the equivalence between � model
re�ection and bar induction and show that for all n � �� � model re�ection for 
�

n��

formulas is equivalent �over ACA�	 to bar induction for 
�
n formulas�

It is more or less obvious that �
�
n���RFN	 entails �
�

n�BI	� For establishing the
converse direction we make use of Sch�utte�s notion of deduction chain adapted for
� logic and a careful analysis of the logical complexities involved�

� The theories ��
n�BI� and �

�
n���RFN�

It is the purpose of this section to introduce the theories 
�
n�BI� and 
�

n���RFN� for
each natural number n � �� We will immediately notice that 
�

n�BI� is contained in

�
n���RFN� in a straightforward manner�
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For technical reasons which will become clear in the next section of this paper�
we choose a Tait�style formulation of the language L� of second order arithmetic�
In addition� it is convenient for our purpose to distinguish free and bound vari�
ables� More precisely� L� includes free number variables a� b� c� u� v� w� � � � and bound

number variables x� y� z� � � � as well as free set variables U� V� V� � � � and bound set

variables X� Y� Z� � � �� Further� L� comprises the usual function and relation sym�
bols �� �� �� ���� � as well as the symbol � for elementhood between numbers and
sets� In addition� there is a symbol � for forming negative literals�

The number terms r� s� t� � � � of L� are de�ned as usual� the set terms are just the set
variables� Positive literals of L� are all expressions R�s�� � � � � sn	 and �s � U	 for R
a symbol for an n�ary relation symbol� The negative literals of L� have the form �E
so that E a positive literal� We often write �s �� t	 and �s �� U	 instead of ��s � t	
and ��s � U	� respectively� The formulas A�B�C� � � � of L� are now generated from
the positive and negative literals of L� by closing under disjunction� conjunction as
well as existential and universal number and set quanti�cation� The negation �A of
an L� formula A is de�ned by making use of De Morgan�s laws and the law of double
negation� Moreover� the remaining logical connectives are abbreviated as usual�

An L� formula is called arithmetic if it does not contain bound set variables �but pos�
sibly free set variables	� we write 
�

� for the collection of these formulas� Moreover�
an L� formula is called proper 
�

n if it has the form

��X�	��X�	 � � � �QnXn	A

with A arithmetic� The class of 
�
n formulas consists of the proper 
�

n formulas�
and for all k less than n the proper 
�

k formulas and their negations� A formula is
called ��

n if its negation is a 
�
n formula� Obviously� every 
�

n formula is logically
equivalent a proper 
�

n formula and similarly for ��
n formulas�

We presuppose standard notation for coding sequences of natural numbers� h� � �i is
a primitive recursive function for forming n tuples ht�� � � � � tn��i� Seq denotes the
primitive recursive set of sequence numbers� lh�t	 gives the length of the sequence
coded by t� i�e� if t � ht�� � � � � tn��i then lh�t	 � n� �t	i denotes the ith component
of the sequence coded by t if i � lh�t	�

In the following we make use of the usual way of coding an in�nite sequence of
sets of natural numbers into a single one by writing s � �U	t instead of hs� ti � U �
Accordingly� we have for each L� formula A its relativization to the set U � denoted
by AU � which is obtained from A by replacing all quanti�ers ��X	�� � �X � � �	 and
��X	�� � �X � � �	 in A by ��x	�� � � �U	x � � �	 and ��x	�� � � �U	x � � �	� respectively� Note
that AU is always arithmetic� Finally� elementhood U �� V between sets has to be
read in the obvious way as ��x	�U � �V 	x	�

A set U of natural numbers can be regarded as a binary relation by stipulating s U t
for hs� ti � U � In the sequel we let LO�U	 denote the usual arithmetic formula which

�



expresses that the binary relation U is a linear ordering� Furthermore� we use the
following standard notions�

PROG�U�A	 �� ��x	���y	�y U x	 A�y		 	 A�x	��

TI�U�A	 �� PROG�U�A		 ��x	A�x	�

WF�U	 �� ��X	TI�U�X	�

WO�U	 �� LO�U	 
 WF�U	�

The stage is now set in order to introduce the theories 
�
n�BI� and 
�

n���RFN� for
each natural number n � �� All these theories comprise the standard system ACA�

of second order arithmetic which includes comprehension for arithmetic formulas
and induction on the natural numbers for sets� It is well�known that ACA� is �nitely
axiomatizable by a 
�

� sentence� say FACA� cf� �
��

The schema of 
�
n bar induction comprises for each 
�

n formula A the statement

�
�
n�BI	 ��X	�WO�X	 	 TI�X�A	��

The theory 
�
n�BI� extends ACA� by each instance of �
�

n�BI	� Observe that induction
on the natural numbers is available in ACA� � �
�

n�BI	 �at least	 for 

�
n �and hence

also for ��
n	 formulas�

Let us now turn to the schema of 
�
n�� � model re�ection� Given a 
�

n�� formula
A�U	 which contains at most the set variable U free and no free number variables�
this re�ection principle guarantees the existence of a countable coded � model of
ACA� which contains U and models A� More formally� �
�

n���RFN	 denotes the
schema

�
�
n���RFN	 A�U	 	 ��X	�U �� X 
 F

X
ACA


 AX�U	�

for each 
�
n�� formula A�U	 with at most U free� Accordingly� 
�

n���RFN� denotes
ACA� augmented with each instance of �
�

n���RFN	� It is obvious that 

�
n�� � model

re�ection for 
�
n�� formulas containing arbitrary set and number parameters follows

from �
�
n���RFN	 as stated above� This fact is stated in the following lemma�

Lemma � Let A�U�� � � � � Um	 be a 
�
n�� formula with at most the indicated set pa�

rameters and possibly additional number parameters� Then 
�
n���RFN� proves

A�U�� � � � � Um	 	 ��X	�U�
�� X 
 � � � 
 Um �� X 
 F

X
ACA


 AX�U�� � � � � Um	��

In this paper we aim at showing that �
�
n�BI	 and �
�

n���RFN	 are equivalent over
ACA�� One direction of this equivalence is immediate� namely that �
�

n�BI	 follows
from �
�

n���RFN	�

Theorem � We have that 
�
n���RFN� proves each instance of �
�

n�BI	�

�



Proof� We work informally in 
�
n���RFN� and assume that U is a linear ordering

such that we have a failure of TI�U�A	 for a speci�c 
�
n formula A� i�e� there is an

u so that
��x	���y	�y U x	 A�y		 	 A�x	� 
 �A�u	� ��	

Obviously ��	 is equivalent to a 
�
n�� statement and� hence� by �
�

n���RFN	 there
exists a countable coded � model V of ACA� such that

��x	���y	�y U x	 AV �y		 	 AV �x	� 
 �AV �u	� ��	

By arithmetic comprehension let W � fx � AV �x	g� Then we have by ��	 that
PROG�U�W 	 and u �� W � Hence� U is not a wellordering� This completes our
argument� �

The rest of this paper is concerned with the proof of the reverse direction of the
above theorem� i�e� that 
�

n�BI� proves each instance of �
�
n���RFN	�

� Deduction chains in � logic

In this section we deal with the construction of an � model which re�ects a speci�c

�
n�� formula� More precisely� given a 
�

n�� formula A�U	 with set parameter U and
a set I � N we �rst introduce an adaptation of Sch�utte deduction chains �cf� ���	
for � logic depending on A�U	 and I� Then we show that there exists an � model
of ACA� which contains I and re�ects A�U	 provided that the tree of all deduction
chains for I and A�U	 is not wellfounded�

We have to introduce some notation� Terms and formulas of L� are called constant

if they do not contain free number variables� Then each constant L� term t has a
uniquely determined value tN in the standard model N � Moreover� each constant
literal which is not of the form t � U or t �� U is either true or false in N �

For introducing deduction chains we work with �nite sequences �������� � � � of
constant L� formulas rather than individual L� formulas� Such a �nite sequence �
is said to be axiomatic if it contains a true literal or two formulas s �� U and t � U
so that sN is equal to tN� The reducible sequences are those sequences which are not
axiomatic and contain at least one formula which is not a literal� The reducible part

of a reducible sequence � is the rightmost formula in � which is not a literal�

The next step is to choose a subset I of the natural numbers and a constant 
�
n��

formula ��X	B�X�U	 which contains U as it only free set variable� Furthermore�
let

U�� U�� U�� � � �

be an arbitrary but �xed enumeration of the free set variables of L�� In addition�
we write the constant 
�

� formula FACA as ��X	C�X	� Finally� Dk�I� is de�ned to
be the formula �k � U�	 provided that k belongs to I and �k �� U�	 otherwise�






Depending on a set of natural numbers I� a 
�
n�� formula ��X	B�X�U	 and all the

choices made above we now introduce the notion of deduction chain� Our approach
is very similar to the one in Sch�utte ���� However� it takes into account that we
interpret the number quanti�ers in the sense of � logic as ranging over N �

De�nition � A deduction chain for a set of natural numbers I and a constant 
�
n��

formula ��X	B�X�U	 is a �nite sequence

��������� � � � ��k

of �nite sequences of constant L� formulas which is constructed as follows�

�� �� is the sequence �B�U�� U�	� �C�U�	� �D��I��

�� For all natural numbers i less than k� �i is not axiomatic�

�� For all natural numbers i less than k� If �i is not reducible� then �i�� is the
sequence

�B�Ui��� U�	� �C�Ui��	� �Di���I�� �i�


� For all natural numbers i less than k� If �i is reducible with distinguished part
E� then �i can be written in the form

��

i� E� �
��

i

so that ���

i contains only literals� Then �i�� is determined as follows�

�a	 If E is the formula E� � E�� then �i�� is the sequence

�B�Ui��� U�	� �C�Ui��	� �Di���I�� �
�

i� E�� E�� �
��

i �

�b	 If E is the formula E� 
 E�� then �i�� is either the sequence

�B�Ui��� U�	� �C�Ui��	� �Di���I�� �
�

i� E�� �
��

i

or the sequence

�B�Ui��� U�	� �C�Ui��	� �Di���I�� �
�

i� E�� �
��

i �

�c	 If E is the formula ��x	F �x	� then �i�� is the sequence

��x	F �x	� �B�Ui��� U�	� �C�Ui��	� �Di���I�� �
�

i� F �m	� ���

i

for m being is the least natural number so that F �m	 does not occur in
the sequences ��� � � � ��i�

�d	 If E is the formula ��x	F �x	� then �i�� is the sequence

�B�Ui��� U�	� �C�Ui��	� �Di���I�� �
�

i� F �m	� ���

i

for some natural number m�

�



�e	 If E is the formula ��X	F �X	� then �i�� is the sequence

��X	F �X	� �B�Ui��� U�	� �C�Ui��	� �Di���I�� �
�

i� F �Um	� �
��

i

for m being the least natural number so that F �Um	 does not occur in
the sequences ��� � � � ��i�

�f	 If E is the formula ��X	F �X	� then �i�� is the sequence

�B�Ui��� U�	� �C�Ui��	� �Di���I�� �
�

i� F �Um	� �
��

i

for m being the least natural number so that Um does not occur in �i�

It is obvious that the set of all deduction chains for I and ��X	B�X�U	 forms an �
branching tree� We call it the deduction tree for I and ��X	B�X�U	 and denote it
by D T�I� ��X	B�X�U	�� The following lemma �the proof of which is obvious	 will
be crucial for the next section�

Lemma � Let I be a set of natural numbers and ��X	B�X�U	 a constant 
�
n��

formula� Then all formulas in the deduction tree D T�I� ��X	B�X�U	� are constant


�
n formulas�

In our further considerations we will distinguish between wellfounded deduction
trees and non�wellfounded ones� The case of wellfounded deduction trees will be
postponed to the next section�

Until the end of this section we assume that I is a set of natural numbers and
��X	B�X�U	 is a constant 
�

n�� formula which contains at most the set variable U
free so that D T�I� ��X	B�X�U	� is not wellfounded� Then there exists an in�nite
sequence

��������� � � �

so that each initial segment ��� � � � ��k of this in�nite sequence belongs to the de�
duction tree D T�I� ��X	B�X�U	�� Take �� to be the set of all formulas which occur
in some �k� The following observations are easily veri�ed�

��	 �� does not contain literals which are true in N �

��	 �� does not contain formulas s �� Ui and t � Ui for constant terms s and t so
that sN is equal to tN�

��	 If �� contains E� � E� then �� contains E� and E��

�
	 If �� contains E� 
 E� then �� contains E� or E��

��	 If �� contains ��x	F �x	 then �� contains F �n	 for all natural numbers n�

��	 If �� contains ��x	F �x	 then �� contains F �n	 for some natural number n�

��	 If �� contains ��X	F �X	 then �� contains F �Um	 for all natural numbers m�

�



� 	 If �� contains ��X	F �X	 then �� contains F �Um	 for some natural number
m�

�!	 �� contains the formulas �B�Um� U�	 for all natural numbers m�

���	 �� contains the formulas �C�Um	 for all natural numbers m�

���	 �� contains the formulas �Dm�I� for all natural numbers m�

Based on �� we now assign a subset val�Um	 of the natural numbers to all free set
variables Um�

val�Um	 �� f tN � t is a constant L� term and �t �� Um	 belongs to ��g

From property ���	 and de�nition of the formulasDk�I� we can immediately conclude
that val�U�	 is our given set I� Furthermore� let M be the disjoint union of the values
val�Um	 of all free set variables� i�e�

M �� fhi�mi � m � N and i � val�Um	g�

In view of the properties ��	"� 	 a simple induction on the length of the constant
formula F yields that

��	 F � �� �
 N �j� F M

This implies� in particular� because of properties �!	 and ���	 that the set M validates
arithmetic comprehension and our given 
�

n�� formula in the sense that

N j� ��X	B�X� I	M and N j� ��X	C�X	M �

In other words� starting o# from the assumption that D T�I� ��X	B�X�U	� is not
wellfounded we could produce an � model of ACA� which contains our initial set I
and re�ects our given 
�

n�� formula�

Careful analysis of the previous arguments shows that they can be formalized in
comparatively weak theories� for example in 
�

��BI�� After standard coding of the
syntax of L�� the notion of deduction tree is obviously arithmetic in the given set
I� Hence� depending on the G�odelnumber g of the formula ��X	B�X�U	 we can
�nd an arithmetic L� formula DTg�V� w	 so that DTg�I� s	 expresses that s is a
sequence number coding a �nite sequence of constant L� formulas which belongs to
the deduction tree D T�I� ��X	B�X�U	��

The only critical part of the formalization of the preceding argument is the proof
of the formalized version of ��	� However� by making use of a ��

� truth de�nition
of the arithmetic formulas one can show by 
�

� induction on the natural numbers
that the arithmetic formulas F M are false for all F in ��� Because of the property
of such truth de�nitions as stated in Lemma  below we obtain ��X	B�X� I	M and
��X	C�X	M from the truth of these two formulas� Therefore� we have the following
theorem�

�



Theorem � Let A�U	 be a 
�
n�� formula which contains at most the set variable U

free and assume that g is its G�odelnumber� Then 
�
��BI� proves

��f	��x	DTg�V� $f�x		 	 ��X	�V �� X 
 F
X
ACA


 AX�V 	���

� Wellfounded deduction trees

The previous theorem corresponds more or less to Sch�utte�s principal semantic
lemma� In this section we are mainly concerned with an analogue of the so�called
principal syntactic lemma� which deals in our present situation with wellfounded
deduction trees�

In the sequel it will be convenient to have a more general class of 
�
n formulas� the

so�called extended 
�
n formulas or E
�

n formulas�

De�nition � The class of L� formulas E
�
n is de�ned by induction on n as follows�

�� E
�
� coincides with the class of arithmetic formulas�

�� E
�
n�� is the least class of formulas which contains the E
�

n formulas and their
negations and is closed under disjunction� conjunction� bounded numerical
quanti�cation as well as universal number and universal set quanti�cation�

The following lemma will be needed below� It readily entails that 
�
n�BI� proves bar

induction also for E
�
n formulas�

Lemma 	 For each E
�
n formula A there exists a 
�

n formula B with the same free

variables as A such that 
�
n�BI� proves A� B�

Proof� This lemma is proved by induction on n� The proof is routine except for the
fact that one uses ��

n induction on the natural numbers in order to be able to ex�
change a bounded universal number quanti�er with an existential set quanti�er� But
�
�

n�BI	 entails 

�
n induction on the natural numbers and� hence� also ��

n induction
is available in 
�

n�BI�� �

For the following arguments we make use of the fact that for all n � � there exists
a standard truth de�nition Trn�u� V�W 	 for all constant 
�

n formulas which itself is
an E
�

n formula� Informally� Trn�u� V�W 	 is interpreted as�

u is the G�odelnumber of a constant 
�
n formula which is true in the standard model

provided that the set variable U� is interpreted by V and the set variable Ui for i � �
is interpreted by �W 	i���

We omit mentioning all the standard properties of this truth de�nition and con�ne
ourselves to the following lemma�

�As usual f� g� � � � range over functions and �f denotes the course of value of the function f �
i�e� �f�u� � hf���� � � � � f�u� 	�i�

 



Lemma 
 �� Let A�U�� � � � � Uk	 be a constant 
�
n formula which contains at most

the set variables U�� � � � � Uk free and assume that g is its G�odelnumber� Then


�
��BI� proves that

A�V� �W 	�� � � � � �W 	k��	 � Trn�g� V�W 	�

�� Let ��X	B�X�U	 be a 
�
n�� formula which contains at most the set variable

U free and assume that � is the primitive recursive function which assigns

the G�odelnumber of the formula �B�Uk� U�	 to each natural number k� Then


�
��BI� proves

��X	B�X� V 	 � ��X	�Trn���u	� V�X	�

The second assertion of this lemma is an immediate consequence of the �rst� Its
proof uses a standard argument and is left to the reader�

Theorem � Let ��X	B�X�U	 be a constant 
�
n�� formula which contains at most

the set variable U free and assume that g is its G�odelnumber� Further� let Ass�V 	
denote the formula

��X	B�X� V 	 
 ��f	��x	�DTg�V� $f�x		�

Then 
�
n�BI� proves

Ass�V 	 
 DTg�V� s	 	 ��Z	��w � lh�s		Trn��s	w� V� Z	�

Proof� In the following we work informally in 
�
n�BI� and assume

��X	B�X� V 	 
 ��f	��x	�DTg�V� $f�x		� ��	

Hence� we know that the deduction tree T for V and ��X	B�X�U	�

T � fu � DTg�V� u	g ��	

is a wellfounded tree� Consequently� by reasoning in ACA� only �cf� Simpson �
�	�
the canonical Kleene�Brouwer ordering KB�T 	 of T is a wellordering� Now let E�u	
denote the L� formula

E�u	 �� DTg�V� u	 	 ��Z	��w � lh�u		Trn��u	w� V� Z	� ��	

Clearly� E�u	 is an E
�
n formula and� therefore� trans�nite induction is available

with respect to E�u	 along KB�T 	 in 
�
n�BI� by Lemma �� The veri�cation of

PROG�KB�T 	� E	 �
	

is now a straightforward matter and follows essentially from the construction of T �
One only has to recall that all formulas occurring in T are 
�

n formulas �cf� Lemma

	 so that Trn is the adequate truth predicate for these� Moreover� in each step of
the proof of �
	 one makes use of our assumption ��X	B�X� V 	 which by Lemma
 entails that the formulas �B�Uk� U�	 are false� and a similar argument is used for
the formulas �C�Uk	 and �Dk�V �� Hence� �
	 holds and an application of �
�

n�BI	
yields ��x	E�x	 as claimed� This �nishes our argument� �

!



Corollary �� Let ��X	B�X�U	 be a constant 
�
n�� formula which contains at most

the set variable U free and assume that g is its G�odelnumber� Then 
�
n�BI� proves

��X	B�X� V 	 	 ��f	��x	DTg�V� $f�x		�

Proof� Again work informally in 
�
n�BI� and assume ��X	B�X� V 	� If the deduction

tree for V and ��X	B�X�U	 were wellfounded� then an application of our theorem
to the �code of the	 root

�� � �B�U�� U�	� �C�U�	� �D��V �

of this tree yields an immediate contradiction since all the formulas in �� are false
when U� is interpreted by V � �

Combining this corollary with Theorem � gives us that indeed 
�
n�BI� proves each

instance of �
�
n���RFN	�

Corollary �� Let A�U	 be a 
�
n�� formula which contains at most the set variable

U free� Then 
�
n�BI� proves

A�V 	 	 ��X	�V �� X 
 F
X
ACA 
 AX�V 	��

Together with Theorem � this entails the main result of this article�

Main Theorem We have that the theories 
�
n�BI� and 
�

n���RFN� are equivalent�

We want to emphasize again that the theories 
�
n�BI� and 
�

n���RFN� have been
de�ned for n � � only� and the above equivalence is only true for such n� the
corresponding theory 
�

��BI� is the theory ACA� whereas the crucial principle entailed
by 
�

��RFN� is the fact that each set is contained in an � model of ACA�� the proof�
theoretic ordinal of 
�

��RFN� should be 	���
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