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Abstract

Recently, much work has been carried out to study simplicial interpretations of modal
logic. While notions of (distributed) knowledge have been well investigated in this
context, it has been open how to model belief in simplicial models. We introduce
polychromatic simplicial complexes, which naturally impose a plausibility relation on
states. From this, we can define various notions of belief.
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1 Introduction

Simplicial interpretations for modal logic are currently avidly researched; see,
e.g., [3,7,8,10,12] due to their close connection with distributed computing [9].
At its core lies the epistemic interpretation of simplicial complexes of various
kinds. Let V be a set of vertices. Each vertex corresponds to a local state of
an agent, and we say that this vertex is of that agent’s color. In the simplest
case, a simplicial complex (S, V) is a pair where S is a set of subsets of V that
is closed under set inclusion. Vertices that belong to the same set must be of
different colors, and maximal elements of S represent global states. An agent a
cannot distinguish two global states if its local state is included in both. Hence,
simplicial complexes offer sufficient structure for an epistemic interpretation.
While (distributed) knowledge has been studied extensively in this context, it
has been open, see [4], how to model belief on simplicial structures such that

(i) belief depends only on the topological structure of the simplicial complex;
(ii) the principle of knowledge-yields-belief holds.

In this brief announcement, we present polychromatic simplicial complexes,
i.e., complexes that are not necessarily properly colored. We define a plausi-
bility relation between the states based on the multiplicity of a color within a
state. If the color of an agent a has a lower or equal multiplicity in a state X
than in a state Y, then a considers X to be at least as plausible as Y. This
relation is a wellfounded preorder, and hence, we can use the machinery of plau-
sibility models [1,2] to define various notions of belief such as plausible belief
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and safe belief. Moreover, our structures also satisfy the knowledge-yields-belief
principle.
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Systems [4], especially the working group on representing epistemic attitudes
via simplicial complexes.

2 Simplicial Knowledge

We quickly recall the standard definitions for distributed knowledge on sim-
plicial complexes [7,8,12]. In the subsequent section, we will extend them to
incorporate notions of belief.

Let Ag be the set of finitely many agents, and let Prop be a countable set
of atomic propositions. We define the language of knowledge Lx for G C Ag
and p € Prop inductively by the following grammar:

pu=pl-¢|oNd]|[~]ad.

The remaining Boolean connectives are defined as usual. In particular, we
set L := p A —p for some fixed p € Prop. We write alive(G) for —[~]gL and
dead(QG) for [~]gL.

Definition 2.1 Let V be a set of vertices. C = (S, V) with S C Pow(V) \ {0}

is called a simplicial complex if
for each X € S and each ) #Y C X, we have Y € S.

We call the elements of S faces. A face that is maximal under inclusion
is called a facet. We denote the set of facets of C by F(C). A coloring is a
mapping x : V — Ag. A coloring is proper if it assigns a different agent to each
vertex within a face. We use x(U) for the set {x(u) | v € U}.

Definition 2.2 Let C' = (5,V) be a simplicial complex. A simplicial model
C = (C,x,W,{) is a quadruple where
(i) C is a simplicial complex;
(ii) x : V — Ag is a proper coloring;
(i) F(C) CW C S is a set of worlds;
(iv) €: W — Pow(Prop) is a valuation.
Given a simplicial model, a group of agents G C Ag cannot distinguish
two worlds X, Y € W, denoted by X ~¢ Y, if and only if G C x(X NY).
We call ~g the epistemic indistinguishability relation. If G contains only a

single agent a, we write X ~, Y and [~], instead of X ~, Y and [~](4,
respectively.

Definition 2.3 For a simplicial model C = (C, W, x, ¥¢), a world X € W, and
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a formula ¢ € Li, we define the relation C, X I- ¢ inductively by

C,XIFp ifft  peldX)

C, X I = it CX W

CXoAd  iff  CXI¢and M, X Ik

C,XIF[Naod  iff X ~gY impliesC,Y IF ¢ forall Y € W.

We say that agent a is alive in a world X if a € x(X). The set of worlds
in which a group G C Ag is alive is defined as

Alivec(G) ={X e W | G C x(X)}.

Lemma 2.4 Let C = (C, x, W, {) be a simplicial model. For each G C Ag, the
relation ~¢ is an equivalence relation on Alivec(G) and empty otherwise.

3 Simplicial belief

We now drop the requirement that the coloring of a simplicial model must
be proper. The resulting models are called polychromatic. We will define a
wellfounded preorder on the states of a polychromatic model, which will serve as
a plausibility relation [1,2]. This makes it possible to interpret various notions
of belief on simplicial models.

It is straightforward to verify that Lemma 2.4 does not hold for polychro-
matic models because ~g need not be transitive. Indeed, consider the set of
vertices {0, 1,2,3} and the complex consisting of the facets

X :={0,1}, Y:={1,2}, and Z={2,3}

with a coloring y that assigns the same agent a to every vertex. We find that
X~ YandY ~, Z, but not X ~, Z.

In order to re-establish transitivity of ~g, we must require that for any
three worlds X, Y, Z € W and any group of agents G C Ag:

GCx(XNY)and GC x(YNZ)implies G C x(X N Z). (%)
Definition 3.1 A polychromatic model is a simplicial model where:
(i) the coloring is not required to be proper;
(ii) condition (%) holds.
Definition 3.2 Let (C, x, W, ¢) be a polychromatic model. We define the mul-
tiplicity of a € Ag in a world X by
ma(X) = [{v e X [ x(v) = a}|

where | - | denotes the cardinality of a set. Note that if agent a is alive in a
world X, then m,(X) > 1.
For X, Y € W and a € Ag, we write

X <, Y iff ma(X) < ma(Y).
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The multiplicity of a color within a face induces for each agent a a well-
founded relation <, on worlds. We call this the (a priori) plausibility relation.
Notice that <, is a priori in the sense that it does not refer to the actual world,
i.e., it does not account for possibility. We introduce a local plausibility relation

o = <o N,

which captures the agent’s plausibility relation at a given state. Further, we
write X >, Y if and only if mx(a) > my(a) and we use >, and <, in the
obvious way. The following lemma shows that the indistinguishability relation
can be given in terms of the local plausibility relation.

Lemma 3.3 ~,= J,U>,.

From the relation >,, we get a corresponding modal operator [>],, which
is referred to in the literature as safe belief [2]. Our language of knowledge and
belief Lxp extends L by the modal operator [>>], for each agent a € Ag. It is
inductively defined by as follows:

pu=pl=d| oA |[~ao ]| [B]ad

where p € Prop. As usual, the dual of safe belief is defined as (), = —[>], .

Definition 3.4 For a polychromatic model C = (C, x, W, ¥), a world X € W,
and a formula ¢ € Lip, we define the relation C, X IF ¢ inductively by

C,X1IlFp iff peldX)

C, X Ik =¢ iff  C,XWo

C, XN iff  C,XI¢and M, X IF

C, X IF[~]go iff X ~gY implies C,YIF¢ forallY e W
C, X Ik [>]ad iff Xr>,Y implies C,YIF¢ forallY e W.

As usual with plausibility models, we can not only define safe belief but
also other notions of belief.

Definition 3.5 Let C = (C, x, W, {) be a polychromatic model. For X € W
we define

Ming, (X)={Y eW |Y ~, X and }Z e W.Z <, Y}

Since <, is wellfounded, we find that Ming, (X) # 0 if agent a is alive in
the world X.

We can now extend our language Lxp with a new modality B, for each
agent a. We use the following truth definition.

Definition 3.6 For a polychromatic model C = (C, x, W, ¥), a world X € W,
and a formula ¢ € Lxp, we define

C,XIFByp iff Y €Ming, (X) impliesC,Y IF¢ forallY € W.
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The modality B, models agent a’s (most plausible) belief. It is well-known
that B, can be expressed in terms of the [>], modalitiy [2,11].

Lemma 3.7 Let C = (C,x, W, {) be a polychromatic model, a an agent, and
X € W such that a is alive in X. We find that

C,XIFBop if and only if C,X IF (>)4[>]ap-

Our model satisfies the knowledge-yields-belief principle. In particular, we
have the following lemma.

Lemma 3.8 Let C = (C,x, W, ¥) be a polychromatic model and X € W. For
any agent a and any formula ¢, we have

C, X IF[~ap = [Pl and C, X IF [>]ap — Baop.

4 Conclusion and future work

We presented the first interpretation of belief on a simplicial structure that de-
pends only on the topological structure without requiring additional machinery
like belief functions. Our approach consists of dropping the requirement that
the coloring must be proper and using the multiplicity of color within a face as
an inverted plausibility measure.

The study of polychromatic models is still in its infancy, and many ba-
sic properties need further investigation. For instance, simplicial models are
proper, i.e. different worlds can be distinguished by at least one agent. For-
mally, Goubault et al. [6] express this as

alive(G) A dead(G°) A ¢ — [~]a(dead(G€) — ¢)

being valid, where G° stands for the complement of G. This no longer holds
for polychromatic models.

Moreover, the analysis of polychromatic models is an important step to-
wards simplicial models that are based on simplicial sets [5]. Informally, one
could say that the actual vertex is repeated in such a model, and not just the
color. In this case, the property (x) trivially holds and must not be imposed
as a restriction on the model.
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